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BOUNDS AND INEQUALITIES OF THE MODIFIED
LOMMEL FUNCTIONS

SAIFUL R. MONDAL

ABSTRACT. This article studies the monotonicity, log-convexity of the
modified Lommel functions by using its power series and infinite product
representation. Some properties for the ratio of the modified Lommel
functions with the Lommel function, sinh and cosh are also discussed. As
a consequence, Turan type and reverse Turan type inequalities are given.
A Rayleigh type function for the Lommel functions are derived and as an
application, we obtain the Redheffer-type inequality.

1. Introduction

The Lommel functions [10, 11] are the particular solution of the inhomoge-
neous Bessel differential equations

(1.1) xzf::)y(x) + zf), () — (V? — 2, (2) = 2T,
which are usually denoted as s, , and S, ,, [2,18] and S, , [17] given by
(1.2)

T +1 —V v .’E2
Suw (%)= Grtnr—pe1 P2 (1% N —7) ;
S\ p—1
£(2) =] S0 (2)= Sy (2) + EE—T (L)AL ], (),
S (@)= S () 412 cos (FU2) D (e r () LY ),

where J, and ngl) are respectively the Bessel and the Hankel function of the
first kind. The above functions satisfy the recurrence relation

(1.3) furon(@) =2 — ((n+1)> = %) £, (2).

The application of the Lommel functions can be seen in various branches
of mathematics and mathematical physics. The mathematical properties of
the Lommel functions are available in the literature [5-7,9,13,14,16,17]. Like

the modified Bessel functions, the analogous of the Lommel functions is the
modified Lommel functions. This functions first appear in the theory of screw
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propeller [8] and later analysed in [12,15,17]. The modified Lommel function
g, is a particular solution of the differential equation

(1.4) 2’y (2) + 2y’ (@) — (2° + 1)y (2) = 2",

and satisfies the relation g, , () = i~(#*Vf, ,(iz). Clearly, g, , satisfies the
recurrence relation

(1.5) gut2.(2) = ((F‘ +1)? - V2) uw () — gt
For k € {0,1,2,...}, consider the function
L — L — (1:'2
(1.6) or(z) =112 (1; pokt?, #;*7) ,

where z € R and p € R such that p — & is not in {0,—1,—2,...}. In [3], it
is shown that ¢y is an even real entire function of order one and poses the
Hadamard factorization

(1.7) wuszIQ— L >,

where £7), 1. are all zeroes of . The infinite product in (1.7) is absolutely
convergent. The function ¢y have close association with the Lommel function
Su,v by the relation

xu—k+1/2
Sk = .
n—k 1/271/2(1;) (,LL*k')(,LL*k'+1)SDk(x)

(1.8)

For p € (0,1), it is shown in [9] that S,_;/2,1/2 has only one zero in each of the
interval

Iop_1 ()= ((2n71+g) m, (2n—1+p) 7r) and Ip, (p)= (2n7r, (2n+g) 7r> .

In this article we consider the function L, , as
(1.9) Lyuy(x) =i~ #*Vs, (i)

B s 1.u—u—|—3.u+1/—|—3.x2

T v+ De+r+n 0T 2 0 2 )
The function L,, ,, is known as the modified Lommel function. We also consider
the normalized modified Lommel functions as

(1.10) Mo () = (=v+ 1) (u+v+1)a "L, ()
_ i r2n

More details about the modified Lommel functions can be seen in [15,18,19].
The Section 2 in this article is devoted for the investigation of the monotonic-

ity properties of A\, ,. Log-concavity and log-convexity properties in terms of

the parameters p and variable = are also investigated. As a consequence, direct
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and reverse Turan-type inequalities are obtained. The ratio of the derivatives
of A\, with sinh and cosh also considered in this section.

In Section 3, the special case for the Lommel and the modified Lommel func-
tions related to ¢y are considered. This section investigate the monotonicity
and log-convexity for the product and the ratio of the Lommel and the mod-
ified Lommel functions. At the end a Redheffer-type inequality for both the
Lommel and the modified Lommel functions is derived.

Following lemma is required in sequel.

Lemma 1.1 ([4]). Suppose f(z) = > peyarz® and g(z) = > 5 biex®, where
ar € R and by, > 0 for all k. Further suppose that both series converge on
|z| < r. If the sequence {ay/by}r>0 is increasing (or decreasing), then the
function x — f(x)/g(x) is also increasing (or decreasing) on (0,7).

Notably, the above lemma also holds true when both f and g are even, or
both are odd functions.

2. Monotonicity pattern

Theorem 2.1. Suppose that p,p1 > —1 and v,v; € R such that p £ v and
w1 £ v, are not negative odd integer. Then the following assertion are true.
(i) Suppose that p1 > > —1 and (uy — p)(u1 + p+6) > v — v2. Then,
the function x +— X, (2)/ Ay, 0 (@) is increase on (0,00).
(i) If u £ v+ 3 > 0, then the function p — X\, ,(z) is decreasing and
log-convex on (—1,00) for each fized v € R and x > 0.
(ili) If pEv+3>0, then the function v +— X\, ,(x) is log-convex on R for
each fixed p > —1 and x > 0.
(iv) The function x )\i]fu(:v)/cosh(x) is strictly decreasing if (u — v +
N(p+v+3)>2.
(v) The function x — )\ikjl(x)/ sinh(x) is strictly decreasing provided (u—
v+5)(np+v+5)>12.

Proof. First consider a sequence {w,} defined by

S (a—b)n(a+b),
" (e—d)p(c+d),’
where a,b, c,d are real numbers such that a + b and ¢ + d are not negative

integers or zero.
Then a calculation yield

Wni1 (a—b+n)la+b+n) > 1
wy, (c—=d+n)(c+d+mn) ~
provided a? — b2 + 2an 4+ n? > ¢ — d? + 2cn + n?, which is equivalent to
2(a—c)n+a®—b* - +d* > 0.
The last inequality holds for all n > 0 if @ > ¢ and a® — b%> — 2 +d? > 0.

)
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Choose a = (u1 +3)/2,b=11/2, ¢ = (1 +3)/2 and d = v/2. Then, a > cis
equivalent to 1 > p and a? —b? — ¢ +d? > 0 reduces to (puy — p) (g1 +p+6) >
v? — 2. This establish the fact that under the hypothesis in (i) the sequence
{wy} is increasing. Since in this case {w, } represent the ratio of the coefficients
of Ay (x) and Ay, o, (), the result in (i) follows, in view of Lemma 1.1.

Two prove (ii) and (iii), consider the function

I () 1 (222)
T (5 )T (P 1)

gn(p,v) =

The first and second partial differentiation of log(g, (1, v)) with respect to

1,
gy 108(on (k)
1
- () v () () ().
62
37 log(gn (1))
=L ) (e () (2 )
2
= wlog(gn(/‘a”»-
Here, ¥(x) = I'(z)/I'(x) is the digamma function which is increasing and

concave on (0,00). Thus

adn(,v) 9

gn(,LL,I/) B @
2 2

1o} 0
= > 0.
I log(gn(p,v)) = 75 1og(gn(p,v)) 2 0

log(gn(p,v)) <0 and

This conclude that p +— A, (2) is decreasing and log-convex on (—1, 00). Also,
v = Ay (2) is log-convex on R for each fixed p > —1 and « € R. This prove
(ii) and (iii) in view of the fact that the sum of log-convex functions is also
log-convex.

A computation yield

2.1) A2 (@) = % (2n + 2K)! e

(H572) s (H572) 4R (20)!

It is well-known that

cosh(x Z

n=0




BOUNDS AND INEQUALITIES OF THE MODIFIED LOMMEL FUNCTIONS 577

In view of Lemma 1.1, it is enough to know the monotonicity of the sequence
{an}n>0 where

(2n 4 2k)!

(=572), (5552, 4t

Qyy =

Now, for all n > 0 and k > 0, the ratio

Qnt1 (2n+2k+2)(2n+ 2k + 1)
= = - <1,
an  A(EE k) (B E A+ k)

provided (p —v+3)(p+v+3) > 2.

Similarly,
)\(2k+1)((£) _ i (2n + 2k + 2)!x2n+1 and
Hov —v+3 +v+3 "
(2 2) n=0 (# 2 )n+k+1 (NT)n—i-k—H 4 +k+1(27’b + 1)'
. i 2n
. x
sin(x) = nz::o )’

together with Lemma 1.1 yields that )\LQ ]5“)(3:) /sin(x) is decreasing if the

sequence {S, }n>0 where

(2n + 2k + 2)!

P = 75—
! (IL ;+3)n+k+1 (%M)n-i-k-i-l

An+k+1 (2n 4 1)! ’
is also decreasing. Again for all n > 0 and k > 0, the ratio

Bry1 (2n + 2k +4)(2n + 2k + 3) -
B AEEE 4n4+k+1) (LB tn+k+1)

provided (u — v +5)(p + v+ 5) > 12. Hence the conclusion. O

From Theorem 2.1, we have few interesting consequence. For example, the
log-convexity of p+— A, . (z) means, for any a € [0, 1] and for p1, po > —1,

(23) Aap,ljL(lfct)p,z,I/(x) < Azl,lj('x)A;l,t:,laj(x)'

In particular, if 4y = p+a > —1land ps = p—a > —1 for p,a € R, and o = 1/2,
then the above inequality gives the reverse of the Turan’s type inequality for
the modified Lommel functions as

)‘i,y(x) < /\u+a,u(5'3)>‘u—a,u(x)~

Similarly, the log-convexity of v+ A, . (z) gives

)‘i,u(x) < )‘u,wra(x))‘u,ufa(x)-
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3. Redheffer type bound

In this section we prove the Redheffer-type inequality for some special kind
Lommel and modified Lommel functions. From (1.7) and (1.8) it follows that

ZM+1/2 o0 2
(31) S,u,—1/2,1/2(1') /J/+1 H ( > ’

nu 0,n

and this implies

zu+1/2 S
(3.2) L_1/21/2(x) =i *7V28, 191 /0(i2) = .
u—1/2,1/2 u—1/2,1/2 ,u+1 H 77/L0n

j=1

From (1.10) we have

o0 22
(3:3)  Aucayeaye() = plp+1)27H" vV, 1/2,1/2( H< )

7j=1 nuao n

Also consider the normalized Lommel function as

(34)  Ay_ijpaye(@) = plp+ 1228, 1 nap(x) = ] ( o > -

j=1 % 0,n

Applying logarithmic differentiation on (3.3) gives

(3.5) Ni—1/2.1/2(@) :i 2

2 u—1/2,12(%) N o+ a2

n=1

A calculation gives

2n—2

oo 2nz
/\/ X Zn:l n—v+3 ptvE3Y\ yn 92
66 tm @ g, S S 2
z—0 Z/\;L,V(CE) z—0 Zn:() (=259) Z( EEPET) g (b+3)2—v
Now (3.5) and (3.6) together give the useful identity
o0
1 4 1
3.7 = = )
0 D TR e Rk TR [Ty

For simplicity in sequel, we will use the notation 7, , for 7,0, the nt" positive
zero of ¢g(x).

Next we state and proof some results involving the function \,_1 /21,2 and
A,—1/2,1/2- The monotonic properties of I'Hospital’ rule as state in the following
result are useful in sequel.

Lemma 3.1 ([1, Lemma 2.2]). Suppose that —co < a < b < o0 and p,q
[a,b) — oo are differentiable functions such that ¢'(x) # 0 for x € (a,b). If
p'/q is increasing (decreasing) on (a,b), then so is (p(z) —p(a))/(q(z) — q(a)).

Next we will state and proof our main result in this section.
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Theorem 3.1. Suppose that ;1 > —1 and I, := (=1u,1,Mu,1)-
(1) The function =+ X, _1/2,1/2(x) is increasing on (0,00).
(2) The function x v+ X,_1/2,1/2(x) is strictly log-convex on I, and strictly
geometrically convex on (0,00).
(3) The modified Lommel functions \,_1/2.1/2(x) satisfies the sharp ewpo-
nential Redheffer-type inequality

2 2\ % 2 2\ bu
M1 T+ M1+
(3.8) (51 ) < Au—1/2,1/2(2) < <”’1 )

Wﬁ@ — x?
2
onl,. Here, a, =0 and b, = % are the best possible constant.
(4) The function x v+ X, _1/2.1/2(x)Ny—1/2,1/2(x) is increasing on (=11, 0]
and decreasing on [0,1,.1).
(5) The function

Au—1/2,1/2(x) _ Ly_1/2,1/2(%)
Ay 121/2(®)  Su1/2,1/2(%)

T —

is strictly log-convex on I,,.
(6) The Lommel functions A, _1/21/2(x) satisfies the sharp exponential
Redheffer-type inequality

2 2\ % 2 2 by
M1 — T M — %
(3.9) MT < A#—1/2,1/2('r) < M27
77#,1 nl’wl

2
onl,. Here, a;, =0 and b, = % are the best possible constant.

Proof. Consider pn > —1 and « € (—1,,1,Mu,1)-
(1) From (3.5) it is evident that

(log(Au—1/2,1/2(x))) = Au-1721/2(7) _ i 2x -
e Au—1/2,1/2() 2t 22

n=1
on (0,00). Thus, for > —1, the function 2 — log(A,—1/2,1/2(x)) is strictly
increasing on (0, 00) and consequently = +— )\#_1/271/2(.%') is also increasing on
(0,00).

(2) Again from (3.5) it follows that

/
>‘;171/2,1/2($) _ i 2(W3,7L - 332)
Au—1/2,1/2(x) — (Tt x2)2

Clearly, the function x — )\L_1/271/2(I)/)\M_l/gjl/g(z) is increasing for z €
(=M1, Mu,1)- This is equivalent to say that the function z + X,_1/21/2(7) is
log-convex on (=71, Mu1)-
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Another calculation from (3.5) yields
/ oo
ZN1y2,1/2(@) _ Z Az,
Mi=1/2,1/2(2) = 0+ 2%)?
This implies that the function @ — x| _; 5 /0(®)/Au—1/2,1/2(x) is strictly
increasing for x € (0,00) and hence & + A, _1/2,1/2(2) is geometrically convex
on (0, 00).
(3) Consider the function
_ log(Au—1/2,1/2(fE))
log(n 4 + x2) —log(n? | — x2)

Denote p(z) = log(A,—1/2,1/2(x)) and q(2) == log(nj; ; +22) —log (1} ; —2?)
on z € [0,00). In view of (3.5), it follows that

gu(T) :

P@) _ Mn — 2t N1jp1p(®) 1 i My —

ql((E) - 41"77;2;,,1 )\#,1/271/2(.’15) - 277’%71 el ’I]Ehn + x2

4

and then
d (p 22222+l
dr \ ¢'(z) Mt 2=y (e + )
Thus, p'(z)/q'(x) is decreasing,.
Therefore,

p(x) —p(0) _ p(z)

Gu\T) =
W= @ = a0 @)
is decreasing too on [0,7,,,1) and hence

a, = lim g,(z) <gu(z) < iLII}JgH(x) =b,.

3?—>77M11
Finally,
. (@) _P@) M 1 U
lim —/= =0 and lim——= =" = J
e=ma g (1) w0 ¢'(x) 2 ; Man 2+ 2)(n+3)

implies a,, = 0 and b, = 77> ; /(2(1 + 2)(1 + 3)).
(4) From (3.6) and (3.4), it is evident that

o0 x4
)‘u—l/2,1/2(»T)Au—l/z,l/z(CC) = H (1 - > .

Thus, by the logarithmic differentiation it follows that

!
(Au1/2,1/2(33)1\#1/2:1/2(96))) o 4a3

)\,ufl/2,1/2($>A,u71/2,1/2($)

Since = € I,,, the conclusion follows.
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(5) From (3.4), we have the logarithmic differentiation of (A,_1/21/2(x)) ™"

as
oo

(10g (A1 /2172 ) = 30 22

n—1 Man — L

and ) )
_ — M T
(108 ((pmrjonpa @) ™) = 23 =g >0
n=1 My

This conclude that the function z +— (A,_1/2,1/2 (x))~! is strictly log-convex on
1,,. Finally, being the product of two strictly log-convex functions, the function

Mu—1y2,1/2(®)  Ly_q/21/2(%)

AH—1/2,1/2($) B S;L—1/2,1/2($)

is also strictly log-convex. Note that the log-convexity of x +— X,_1/21/2()
follows from part (2) of this theorem.

(6) To prove this result first we need to set up a Rayleigh type functions for
the Lommel function. Define the function

(3.10) (27”) Zn;im, m=1,2,....

Logarithmic differentiation of (3.4) yield

xA (x)
-1/2, 1/2
A—1/2)2( z) Z

n=
00 00
1'2 me

2m °
nu [O— Mayn

Interchanging the order of the summation it follows that

o oo 2m+2

zA 1
3 p—1/2, 1/2 2 E 2 2 E m m
( 11) 2m+2 7(127#) 2 :
m=1

Ap‘ 1/2, 1/2 m=0n= 1
Consider the function
log(A—1/2,1/2(2))  pu(x)

(3.12) ul@) = og (1 - ) " qu(@)’

1
The binomial series together with (3.11) gives the ratio of pj, and g, as

IA271/2,1/2(I)

2m m
(3.13) Pu(2) I Vv O N D Lotz )
GO e (e ) S

w1 1,1
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Denote d,,, = nﬁf’foﬁzl). Then

=~ (Mg

. _ 2m+2  (2m+2) _  2m  (2m) _ My Hy
dm+1 dm*n#,l Qo Mu 1%, = 2m 2
=1 Tun \ Mi,n

-1 <0O.

This is equivalent to say that the sequence {d,,} is decreasing, and hence by
Lemma 1.1 it follows that the ratio pj,/qj, is decreasing. In view of Lemma 3.1,
we have ¢, = p,/q, is decreasing.

From (3.12) and (3.13), it can be shown that

’ Z Z
. . Dbu\T . Dbu\T . b\
lim ¢, (x) = lim f‘( ) = lim fj( ) = lim fj( ) :77/3 10453%
z—0 =0 ¢! ()  2—0 q, (x) =0 q (x) ’ ’
and
/ 00 2 2
. . p,(x . My — <
lim ¢,(z) = lim L) = lim Z % =1.
TNy, 1 TN, 1 q,u,(x L M1 n=1 nu,n -z
It is easy to seen that niwla,(le =by. O
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