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CESARO-HYPERCYCLIC AND HYPERCYCLIC OPERATORS

MoHAMMED EL BERRAG AND ABDELAZIZ TAJMOUATI

ABSTRACT. In this paper we provide a Cesaro-hypercyclicity criterion and
offer two examples of this criterion. At the same time, we also characterize
other properties of Cesaro-hypercyclic operators.

1. Introduction

Let H be a separable infinite dimensional Hilbert space over the scalar field
C. As usual, N is the set of all non-negative integers, Z is the set of all integers,
and B(H) is the space of all bounded linear operators on H. A bounded linear
operator T : ‘H — H is called hypercyclic if there is some vector x € H such
that Orb(T,x) = {T™x : n € N} is dense in H, where such a vector z is said
hypercyclic for T'.

The first example of hypercyclic operator was given by Rolewicz in [11].
He proved that if B is a backward shift on the Banach space [P, then AB is
hypercyclic if and only if |A| > 1.

Let {e,}n>0 be the canonical basis of {*(N). If {wy}ne>1 is a bounded
sequence in C\{0}, then the unilateral backward weighted shift T : [?(N) —
I2(N) is defined by Te, = wpen_1, n > 1, Teg = 0, and let {e, }nez be the
canonical basis of [2(Z). If {wy}nez is a bounded sequence in C\{0}, then
the bilateral weighted shift T' : [?(Z) — [2(Z) is defined by Te,, = wpe,_1.
The definition and the properties of supercyclicity operators were introduced
by Hilden and Wallen [8]. They proved that all unilateral backward weighted
shifts on a Hilbert space are supercyclic.

A bounded linear operator T' € B(H) is called supercyclic if there is some
vector & € H such that the projective orbit C.Orb(T,x) = {\T"z : A € C,n €
N} is dense in X. Such a vector x is said supercyclic for T. Refer to [1,3,7,14]
for more informations about hypercyclicity and supercyclicity.

A nice criterion namely hypercyclicity criterion, was developed indepen-
dently by Kitai [9] and, Gethner and Shapiro [6]. The hypercyclicity criterion
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has been widely used to show that many different types of operators are hyper-
cyclic. For instance hypercyclic operators arise in the classes of composition
operators [2], adjoints of multiplication operators [6], cohyponormal operators
[5], and weighted shifts [12].

For the following theorem, see [1,7].

Theorem 1.1 (Hypercyclicity Criterion). Suppose that T € B(H). If there
exist two dense subsets Xy and Yy in ‘H and an increasing sequence n; of
positive integer such that:

(1) T2 — 0 for each x € Xy, and
(2) there exist mappings Sy, : Yo — H such that Sp,y — 0, and TS,y
— y for each y € Yy,

then T 1is hypercyclic.

In [12] and [13], Salas characterized the bilateral weighted shifts that are
hypercyclic and those that are supercyclic in terms of their weight sequence.
In [4], N. Feldman gave a characterization of the invertible bilateral weighted
shifts that are hypercyclic or supercyclic.

For the following theorem, see [4, Theorem 4.1].

Theorem 1.2. Suppose that T : 1?(Z) — [?(Z) is a bilateral weighted shift
with weight sequence (wy,)nez and either w, > m >0 for alln <0 or w, <m
for all m > 0. Then:

(1) T is hypercyclic if and only if there exists a sequence of integers ny, — o0
such that limg_, o0 H?il wj =0 and limy_, oo H;ﬁl wl,,- =0.
(2) T is supercyclic if and only if there exists a sequence of integers ng — oo

such that limkﬁoo(]_[?il wj)(H;‘il ﬁ) =0.

Let M,,(T') denote the arithmetic mean of the powers of T € B(#), that is

1+ T+T? 44T
n

Mn(T) s n € N*,

If the arithmetic means of the orbit of x are dense in H, then the operator T'
is said to be Cesaro-hypercyclic. In [10], Fernando Ledén-Saavedra proved that
an operator is Cesaro-hypercyclic if and only if there exists a vector x € H
such that the orbit {n='T"xz},>1 is dense in H and characterized the bilateral
weighted shifts that are Cesaro-hypercyclic.

For the following proposition, see [10, Proposition 3.4].

Proposition 1.1. Let T : 1*(Z) — 1*(Z) be a bilateral weighted shift with
weight sequence (wp)nez. Then T is Cesaro-hypercyclic if and only if there
exists an increasing sequence ny of positive integers such that for any integer
q,

. NnE Witq __ . ng—1 wg—i __
limy oo [ 1,54 Tt =00 and limy o [[:5, = 0.
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In this paper we will give an example of a hypercyclic and supercyclic oper-
ator which is not Cesaro-hypercyclic and vice versa. Furthermore, we provide
a Cesaro-Hypercyclicity Criterion and offer two examples of this criterion. At
the same time, we also characterize other properties of Cesaro-hypercyclic op-
erators.

2. Main results
Suppose {n"1T™ : n > 1} is a sequence of bounded linear operators on H.

Definition 2.1. An operator T' € B(H) is Cesaro-hypercyclic if and only if
there exists a vector € H such that the orbit {n='T"z},>1 is dense in H.

The following example gives an operator which is Cesaro-hypercyclic but
not hypercyclic.

Example 1 ([10]). Let T the bilateral backward shift with the weight sequence

|1 ifn <0,
YUn=13 2 ifn>1.

Then T is not hypercyclic, but it is Cesaro-hypercyclic.

Now, we will give an example of a hypercyclic and supercyclic operator which
is not Cesaro-hypercyclic.

Example 2. Let T the bilateral backward shift with the weight sequence

{2 if n <0,
Wy =

3 ifn>0.

Then T is not Cesaro-hypercyclic, but it is hypercyclic and supercyclic.
Proof. By applying Theorem 1.2 and taking n, = n, we have

and

Furthermore, we have

n

" 1 1,1

li ; — )= lim (=—=)(=)=0

Jim ([Lwn(] =) = Jim (5050

Jj=1 j=1

Therefore by Theorem 1.2 the operator T is hypercyclic and supercyclic. How-
ever, for all increasing sequence n; = n of positive integers and taking g = 0,

we have

. W; . 1
lim —H9 = lim —— = 0,
n—oott M n—o0 N2"

i=
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from Proposition 1.1, T is not Cesaro-hypercyclic. (]

The following example gives us an operator which is Cesaro-hypercyclic but
not hypercyclic and supercyclic.

Example 3. Let T the bilateral backward shift with the weight sequence

% if n <0,
w, =
" n+1 ifn>0.

Then T is Cesaro-hypercyclic, but it is not hypercyclic and supercyclic.
Proof. By applying Proposition 1.1 and taking ny = n and ¢ = 0, we have
(n+1)!

n
. Wi .
lim ”J: lim ~—& = oo,
n—eo tT M n—oo n

=

and

Ly 1
lim H = — lim — = 0.
n—00 - o n n—oo 712“
1=

Therefore by Proposition 1.1 the operator T' is Cesaro-hypercyclic. On the
other hand, we have

j=1
and
Jim ([T ([ ) = Jim (0 D)2") = .

Therefore by Theorem 1.2 the operator T' is not hypercyclic and supercyclic.
O

Definition 2.2. We say that T € B(H) is Cesaro-topologically transitive if
for every nonempty open subsets U and V' of H there exists n > 1 such that

Lw)nv # 0.

Definition 2.3. We say that T € B(#H) is Cesaro-mixing if for every nonempty
open subsets U and V of ‘H there exists m > 1 such that TT"(U)OV %0, Yn >
m.

In the proof of the following lemma, we use a method of the proof of [6,
theorem 1.2]. The set of Cesaro-hypercyclic vectors for T is denoted by CH (T).

Lemma 2.1. An operator T € B(H) is Cesaro-topologically transitive if and
only if CH(T) is dense in H.



CESARO-HYPERCYCLIC AND HYPERCYCLIC OPERATORS 561

Proof. Fix an enumeration {B,,n > 1} of the open balls in H with rational
radii, and centers in a countable dense subset of . By the continuity of the
sequence TT the sets

Tn
G = U{(W)*l(Bk): n € N*}
are open. Clearly CH(T) equal to

({Gr:keN}.

Now let T" be Cesaro-topologically transitive and let U by an arbitrary
nonempty open set in H. Then for all k¥ € N* there exist n(k) in N* such
that

Tn(k)

o
which implies that U N Gy # 0 for all k. Thus each Gy, is dense in H and so
by the Bair Category Theorem C'H(T) is also dense in H.

Conversely, if CH(T) is dense in H, then each set Gy. This implies that T
is Cesaro-topologically transitive. O

)N U)N By # 0

Theorem 2.1 (Cesaro-Hypercyclicity Criterion). Suppose that T € B(H). If
there exist two dense subsets Xy and Yy in H and an increasing sequence n; of
positive integer such that:

1) & Jx — 0 for each x € Xy, and
(2) there exist mappings Sy, : Yo — H such that Sp,;y — 0, and Tnn_j Sn,Y
— y for each y € Yy,

then T is Cesaro-hypercyclic.

Proof. Let U and V are two nonempty open sets in H, then chose = € Xo NnU
and y € VNYp and let z; = 2+ Sp;y. Then as j — oo, 2; —>a:and TZJ =
J

TJ TJ

Snjy — y. Thus for large j we have z; € U and L Lz €V. By

Lemma 2 1 CH(T) is dense in H and this implies clearly that T' is Cesaro-
hypercychc. O

Suppose T : [?(N) — [?(N) is a unilateral weighted shift given by Te,, =
Wpen—1,n > 1,Tey = 0. Let {e, }n>0 be the canonical basis of [?(N). We may
define a right inverse S of T" as Se; = %ej+1.

Example 4. Taking n; = n > 1 and suppose lim, o [} ; “2* = co and

limy, o0 [T0, ! 2=t = (. Let Xo =Yy = span{e; : j € N} and S,, = S™, where
S is the rlght 1nverse of T. So we get

" "_1w. )
e = izte. 5 0forall jeN.
¢ E) p— or all j
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Furthermore, we have

n

Spej =5"e; = —=—— =0
" Tl wie
and
G ™ n
—Spei —eill = ||—. =—¢i1, —ei|| = 0.
I Sues —esll = 1 —esen =l

Hence TTnSnej — ¢; for all j € N. Thus T satisfies the Cesaro-Hypercyclicity
Criterion with respect to n; = n.

Example 5. Let B : [>(N) — [?(N) be a backward shift with weight w,, =
1,n>1and T = AB, where |\| > 1. Then T is Cesaro-hypercyclic.

Proof. Let B(x1,Z2,...,Tn,...) = (T2,23,...,Tp,...) for all (z;);en € 12(N
and S™(zo,71,...) = 75 (0,0,...,20,21,...). Let Yo = Xy be the set of all
vectors in [2(N), where Yo = {(y1,¥y2,---,Yn,0,0,...) € *(N) : n € N}. Now

Yy is dense in [2(N), and TTx = % = 0 for every x € Yj, and also we
have S"y = % (0,0,...,90,%1,...) = 0 as n — oo, since |A| > 1. Moreover,
TTnS"y = Wy = B"(0,0,...,90,Y1,--.) = (Y1,%2,...) = y. Therefore, by
Theorem 2.1, T' = AB is Cesaro-hypercyclic. ]

Proposition 2.1. Let T € B(H) satisfy the Hypercyclicity Criterion with
respect to a sequence {n;}. Then T is Cesaro-mizing.

Proof. We show that T is Cesaro-mixing. Let X and Y be dense sets in H,
that are given in the Cesaro-hypercyclicity Criterion. Let U and V are two
nonempty open sets in H, then choose z € XoNU and y e VNY, and e >0
such that B(z,e) C U and B(y,e) C V. By Theorem 2.1, there exists j, € N* so
that for all j > jo, || TLz|| < e, |[Sn, (y)|] < e, and || L Sn;(y) —yl| <e. Then

n; n; v
for each j > jo we have z; = 2+ S,y € B(z,e) C U and Tn; zj € B(y,e) C V.
That is, Tnn_j (U)NV #£0,¥j > jo. Hence T is Cesaro-mixing. O
J

Let J:={(z,y) € H x H;I(un)nen C X : up, — z and %nun -y}

Proposition 2.2. Let T € B(H) and J be dense in H x H. Then T is Cesaro-
mizing.

Proof. Let U and V are two nonempty open sets in H. Since J is dense in
H x H, we can find x € U and y € V such that (z,y) € J. By definition
of J, there is a sequence (up)nen+ C X such that u, — = and TTnun = .
Then, there exists ky € N* such that u,, € U and TTun €V Vk > ky. Hence

TT"(U) NV # 0, Yk > ko. That is T is Cesaro-mixing. O
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