Commun. Korean Math. Soc. 34 (2019), No. 2, pp. 543-555
https://doi.org/10.4134/CKMS.c180157
pISSN: 1225-1763 / eISSN: 2234-3024

APPLICATIONS OF JACK’S LEMMA
FOR CERTAIN SUBCLASSES OF HOLOMORPHIC
FUNCTIONS ON THE UNIT DISC

BATUHAN CATAL AND BULENT NAFI ORNEK
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classes of holomorphic functions in the unit disc £ = {z: |z| < 1} and

on OF = {z:|z| = 1}. For the function f(z) = 2% + c32% + caz® +---

defined in the unit disc E such that f(z) € Aq, we estimate a modulus
zf'(2)

ABSTRACT. In this paper, we give some results on for the certain

of the angular derivative of HE) function at the boundary point b with
b;;g’;) = 1+ a. Moreover, Schwarz lemma for class A, is given. The

sharpness of these inequalities is also proved.

1. Introduction

Let H denote the class of functions f(z) = 2% + ¢32% + c42* + - - - which are
holomorphic in F = {z : |z| < 1}. Also, let A, be the subclass of H consisting
of all functions f(z) which satisfy

7(z) 202 —a+1
(1.1) %<Zf’(z))>_ 31— a) ,z€E,

where 0 < a < 1.

One of the simplest results of the complex function theory for holomorphic
functions is both the classical Schwarz lemma and Jack’s lemma. The Schwarz
lemma and Jack’s lemma have a very important role in the geometric func-
tion theory. A general form for these two lemmas, which are very simple and
commonly used, is as follows:

Lemma 1.1 (Schwarz lemma). Let f : E — E be a holomorphic function with
f(0) =0. Then |f(2)|] < |z| for all z € E, and |f'(0)| < 1. In addition, if the
equality |f(2)| = |z| holds for any z # 0, or |f'(0)| = 1 then f is a rotation,
that is, f(z) = ze'?, o real ([7, p. 329)).
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Lemma 1.2 (Jack’s lemma). Let f(z) be a non-constant and holomorphic
function in the unit disc E with f(0) = 0. If | f(z)| attains its mazimum value
on the circle |z| = r at the point zg, then

20 f'(20)
f(z0)

where k > 1 is a real number ([8]).

:k7

For historical background about the Schwarz lemma and its applications on
the boundary of the unit disc, we refer to [2,6]. Also, a different application of
Jack’s lemma is shown in [14,19].

In this work, we show an application of Jack’s lemma for certain subclasses
of holomorphic functions on the unit disc that provide (1.1) inequality. Also, we
will give Schwarz lemma for this class. Moreover, we will give at the boundary
Schwarz lemma for this class.

Let f(z) = 22+ c323 + 42 + - -+ be a holomorphic function in the unit disc
E. Consider the function
g9(z) —2

(1.2) O(z) = m,

where g(z) = Z}{(/g) and f(z) € A,. O(z) is holomorphic in the unit disc and
O(0) = 0. We show that |O(z)| < 1 for |z| < 1. We suppose that there exists
a point zg € F such that

max 0(2)] = [©(z0)] = 1.

|2]<|z0|
From the Jack’ lemma, we have
ZQ@/(ZQ)

_ eiﬁ
@(ZO) - ) @(20)

=k.

Therefore, from (1.2) we obtain

["(z0)\ 3 azp®'(29) 200 (20) 2 (1 —aB(zp)) 3
R (ZO (%) ) =% ( 1—a0(z0) T 1-0(z)  1-6(z) 1)

ke'? ke 2(1— e
=R|- are — + c — + ( - )—1 .
1—ae?  1—¢ 1— e

Since
ake? i 1 —ak cost —a +isinf
—_—— = . = =—qa
1 — aet® e —a cosf —isinf —« 14+ a2 —2acosh’
ket? _ k B k _, cosf —1+isinf
1—¢®  e% -1 cosf—isind—1 (cosf — 1) + sin? 0

cosf —1+isinf _,cosf —1+isind
cos20 —2cosf + 1 +sin6 2(1 —cosb)
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and
2(1—@6“9) 1 —acosf — aisind
1—e® 7 1—cosf—isind
(I —acost —aisin®) (1 —cosf + isinb)
N 2 (1 — cos®)
_l+a—(1+a)cosf+i(l —a)sind
N 1 —cosf
we take
1" (20) cosf — « cosf — 1
R = —ak k
(Zof’(zo) “ 1+o¢2—2acos0+ 2 (1 — cos @)
1+a—(1+a)005071
1—cosf
and
" (z0) cosf — « k
1.3 R = —ak —=41 —1.
(13) <Zof’(zo) T e~ 2acosh 2Jr o
Since the right hand side of (1.3) takes its maximum value for cos6 = 1, we
have
7"(20) 1-—«a k
<—-ak———— — =
§R(Zof’(zo) =TT Coa g T
- l—a 2 “
and )
" _
§R<Zofl(zo)> S_204 oz+1'
7(z0) 2(1—a)

This contradicts our condition of the inequality (1.1). This means that
there is no point zg € E such that |©(z)| = 1 for all z € E. Thus, we obtain
|©(z)| < 1for z € E. Therefore, the function ©(z) defined at the (1.2) provides
the conditions of Schwarz lemma. If we apply Schwarz lemma to the function
O(z), we obtain

©'(0) <1
and )
2(1—a) 9'(0)] <1
19(0) = 2¢
Since
(2) = z2f'(z) = (22 + 3c32? +4deyz® + - ) 2+ 3c32 +4ey2?
== f(z) 224ttt ldcezzteg2 4
9(0) =2
and

g’(O) = C3,
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we take sl
Cc3
21l —a)————= <
(1=e) 2 - 2a* ~
and
(1.4) esl <2(1—a).
The result is sharp and the extremal function is
2
z
f(z) = FESEET)

This result yields a “A, version” of the classical Schwarz lemma for holomor-
phic function of one complex variable.

It is an elementary consequence of Schwarz lemma that if f extends contin-
uously to some boundary point b with |b| = 1, and if |f(b)| = 1 and f'(b) exists,
then |f/(b)] > 1, which is known as the Schwarz lemma on the boundary. In
[15], R. Osserman proposed the boundary refinement of the classical Schwarz
lemma as follows:

Let f : E — E be a holomorphic function with f(0) = 0. Assume that there
is a b € OF so that f extends continuously to b, |f(b)] = 1 and f’(b) exists.
Then

2
1.5 o) > —.
Thus, by the classical Schwarz lemma, it follows that
(1.6) [f'®)] > 1.

Inequality (1.5) is sharp, with equality possible for each value of |f/(0)]. In
addition, for b = 1 in the inequality (1.5), equality occurs for the function
fz)= zf_:',yz, v € [0,1]. Also, |f'(b)| > 1 unless f(z) = ze'?, 6 real. Inequality
(1.6) and its generalizations have important applications in geometric theory
of functions and they are still hot topics in the mathematics literature [1,2,5,
6,16-18].

Let us give the definitions needed for our results. A Stolz angle A at b € OF
is the interior of any triangle in F symmetric to [0, b] whose closure lies in F
except for the vertex b. Basic for this paper is the notions of the angular limit
and the angular derivative. Let b € OE. We say that the angular limit f(b)
exists if

S = _lim_ /()

zZ—r

for every Stolz angle A at b and we say that the angular derivative f’(b) exists
if the angular limit f(b) exists and

f'(b) =

for every Stolz angle A at b.

f(z) = f(b)

z—b, zEA z—0b
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The following lemma, known as the Julia-Wolff lemma, is needed in the
sequel (see [20]).

Lemma 1.3 (Julia-Wolff lemma). Let f be a holomorphic function in E,
f(0) = 0 and f(F) C E. If, in addition, the function f has an angular
limit f(b) at b € OF, |f(b)| = 1, then the angular derivative f'(b) exists and
1< [f'(b)] < oo.

Corollary 1.4. The holomorphic function f has a finite angular derivative
F1(b) if and only if ' has the finite angular limit f'(b) at b € OF.

D. M. Burns and S. G. Krantz [3] and D. Chelst [4] studied the uniqueness
part of the Schwarz lemma. According to M. Mateljevic’s studies, some other
types of results which are related to the subject can be found in ([12] and [13]).
In addition, [11] was posed on ResearchGate where is discussed concerning
results in more general aspects. The inequality (1.6) is a particular case of
a result due to Vladimir N. Dubinin in [5], who strengthened the inequality
|£/(b)] > 1 by involving zeros of the function f. Also, M. Jeong [9] showed some
inequalities at a boundary point for different form of holomorphic functions and
found the condition for equality and in [10] a holomorphic self map defined on
the closed unit disc with fixed points only on the boundary of the unit disc.

2. Main results
zf'(2)

) for the certain subclasses of

In this section, we give some results on

holomorphic functions in the unit disc on OF = {z : |z| = 1}. For the function

f(z) = 22 +c323 +cq2* +- - - defined in the unit disc E such that f(z) € A,, we
zf'(2)

estimate a modulus of the angular derivative of o) function at the boundary
point b with % = 1+ a. The sharpness of these inequalities is also proved.

Theorem 2.1. Let f(z) € A,. Suppose that, for some b € OE, f has an
angular limit f(b) at b, b7 — 14 a. Then we have the inequality

f()
SEIME

(2.1) > —

The inequality (2.1) is sharp with extremal function

2’2

f(z) = 1)
Proof. Let us consider the following function
_ 9(z) =2
Oz) = g(z) —2a’

where g(z) = Z}cé’;) Then O(z) is holomorphic function in the unit disc £ and

©(0) = 0. By the Jack’s lemma and since f(z) € A,, we take |©(z)| < 1 for
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|z| < 1. Also, we have |©(b)| =1 for b € JE. It is clear that
/
Oz) =2(1—a)—9L2)

(9(2) — 20)°
Therefore, we take from (1.6), we obtain

"(b 21q'(b
<o) =201 — o) IO _ 2150
lg(b) —2a7 1-a
and )
-«
g'(b)] >
Now, we shall show that the inequality (2.1) is sharp. Let
22) ()= —=
2.2 flz) = —= .
Differentiating (2.2) logarithmically, we obtain
2
_ o - _ _
Inf(z) =In (1—z)2(1_a) =nz*-2(1—-a)ln(l-2),
e 2, 200
fiz) =z 11—z
e 7'(2) (1-a)
zf' (= 2(1—a)z
= =2 .
Therefore, we take
! 2 (1 — a)
2= 2\ T
g ( ) (1 — Z)Q
and )
(-1) = —2,
g(=1) = — O

The inequality (2.1) can be strengthened as below by taking into account cs
which is second coefficient in the expansion of the function f(z) = 22 + c32°® +
4
CaZ™ + -+

Theorem 2.2. Let f(z) € A,. Suppose that, for some b € OE, f has an
angular limit f(b) at b, b}c(l(f)’) =1+ «a. Then we have the inequality

()Y 2(1 - a)’
(ﬂ@)rbzza—®+wa

(2.3)

The inequality (2.3) is sharp with extremal function

z l+attoat+at?
fl) = 0

les|

where a = 5725 is an arbitrary number from [0,1] (see, (1.4)).
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Proof. Let ©(z) be the same as in the proof of Theorem 2.1. Therefore, we
take from (1.5), we obtain

2 2
< / _ ’ )
Ty <101 = 15 )
Since

_ zf'(2) —9

9(z) =20 2L _9q
2+03z+(204—c§)z2+~-~—2
2432+ (2c4—3) 22+ —2a
032+(2C4—c§)22+-~-
T2(1—a) szt (2 — )2 F -

and

0 = 552

we take
2 2

el - S 7
3 —
L+ 5= @

(79, |tz
Z) Jz=b

and

T 2(1— )+ fes]

Now, we shall show that the inequality (2.3) is sharp. Let

z l+attoat+at? di

(2.4) f(Z) — 62 0 t(1+2at+t2)
Differentiating (2.4) logarithmically, we obtain

In f(z) =Ine (14 2at112) .

t(1+2at+t2) 7

2 f5 Lptieatialay ) /Z 1+ at + aat + at?
0

'(z) _21+a2+aaz+a22

f(z) 7 z(1+2az+22)
and
z2f'(z) 1+az+ aaz + az?
9(2) = f(2) B (14 2az + 22)
Thus, we get
J(2) = 2((1 + aa + 202) (1 + 2az + 2?)

(1+2az + 22)°
5 (2a 4 22) (1 + az + caz + az?)
(14 2az + 22)°
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and )
2(1-a)
gDl = si——"
2(1—a) + [es|
The last inequality shows that the equality intended is obtained. O

The inequality (2.3) can be strengthened as below by taking into account ¢y
which is third coefficient in the expansion of the function f(z) = 2% + 323 +
4
CaZ™ + -

Theorem 2.3. Let f(z) € A,. Suppose that, for some b € OFE, f has an

angular limit f(b) at b, b?:(l()b) =1+ a. Then we have the inequality

'(2)
S
SETAE 2(2(1 - ) = o)’ )

4(1—a) —es)® +14(1 — a) ey + (3 — 2a) ¢

The equality in (2.5) occurs for the function
flz)=2* (" - 1)0‘71 :

Proof. Let ©(z) be the same as in the proof of Theorem2.1. Let us consider
the function

) = 5

where B(z) = z. The function ¥(z) is holomorphic in E. According to the
maximum principle, we have [¥(z)| < 1 for each z € E. In particular, we have

‘ ‘Cd|

and
wwN—M“_ﬂEf${““*
Furthermore, it can be seen that
be'(b) , ~ bB'(b)
o) ©°(0) = [B'(b)| = BOb)
Consider the function
FERRCEICY
1-— (0)19(2)

This function is holomorphic in FE, |d(z)] < 1 for |z| < 1, d(0) = 0, and
|[d(b)| =1 for b € OE. From (1.5), we obtain

2 R S 1 ()]
Wﬁ\d(bﬂf‘ 5 [0 (b)]

1 — 9(0)9(b)
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L+ [9(0)] /o /
< U0 = [B(b)[}-
1—19(0)|
Since )
1—]9(0
d(z) = POy,
(1 - 19(0)19(2))
and
|4(17&)C4+(372Q)C§|
|d/(0)| _ |19/(0)| _ 4(1_0)2 _ |4 (1 - Oé) c4+ (3 - 20[) C§|
1— |9(0)]? ol \? 4(1-a) —les)*
[9(0)] 1— (2('105[)()) (1—a)” — e
we take
2 2(1—a)+|es| J 2[9'(®)]
1+|4(17Q)C4+(372a)c§| < 2(1—0[)—02{ -« —1 ’
A1 —a)Z—Jeg2
2(4(1—a)®—les|?) < 201=a)t|es| | 2l9®) _ 1
4(1—a)?—|es?+[4(1—a)ea+(3—2a)cd| — 2(1—a)—[cs] -« )
2(2(1—a) —|es])? 2g'(0)]
4(1—a)2—\03\2+|4(1—a)04+(3—2a)c§| < l1-a 1’
2(2(1—o) —es)? 2|9’ ()]
1+ 4(1—a)?—|es|2+[4(1—a)ea+(3—2a) 2| S s
and

1-a 2(2(1 - ) — Jes])®
o= 5% (14 — ;)
4(1—a) —es|"+14(1 —a)es + (3 —2a) ¢3]
Now, we shall show that the inequality (2.3) is sharp. Let

(2.6) flz)=2% (" - 1)0‘71 .
Differentiating (2.6) logarithmically, we obtain

Inf(z) =Inz*+1In (2% — 1)0471 ,
fl(z) 2 2z
o) 2l la
and )
! 2
o) =F 5 24 @m0 75
Therefore, we take
, 4z (22 — 1) — 423 4z
9 = o) T = ()

and
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Since c3 = 0 and ¢4 = 1 — «a, we take

1 a 2(2(1 — ) — |es))? )

1+ =1-oa.
2 ( 4(1—a)® —es) + 41— a)es + (3 —2a) ¢

O

In the following theorem, the relation between the Taylor coefficients c3 and
cq are given for f(z) = 22 + c32% + gzt + -,

Theorem 2.4. Let f(z) € Ay, 282 _ 9 has no zeros in E except z = 0 and

f(z)
cs > 0. Suppose that, for some b € OF, f has an angular limit f(b) at b,
b]{(l(f)’) =14 «. Then we have the inequality
(2.7) [4(1—a)es+ (3—2a) 3| <4(1—a) cﬂnﬁ .

The results (2.7) is sharp for the function given by
J2 et (aatay)
’ (HJfE “‘(2(1673@)>t
f(z)=e ;

where 0 < c3 < 1 and In (ﬁ) < 0.

dt

Proof. Let ¢z > 0 and let us consider the function J(z) as in Theorem 2.3.
Taking account of the equality (2.5), we denote by In¥(z) the holomorphic
branch of the logarithm normed by condition

In9(0) m( “ )) =In

2(1 -«

2(1ia)

cs
In{———— .
() <0
Take the following auxiliary function
Ind(z) — In¥(0)
L(z) = ——F—— =
) = W) Tm o)
It is obvious that L(z) is a holomorphic function in E, L(0) =0, |L(z)| < 1 for

|z] < 1. Therefore, the function L(z) satisfies the assumptions of the Schwarz
lemma.

+ i arg (2(1Cia)) <0, c5>0

and

Since
/o) — 21n9(0) ¥ (z)
L) = (In¥(z) + In9(0))* 9(2)
and
L(0) = 21n9(0) 9¥'(0)

(In9(0) + In¥(0)) 9(0)
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we obtain
|4(17Q)C4+(372Q)C§|
= -1 [¥(0) _ 1 1(1—a)?
-1 [4(l-a)a+(B3-2a)c |
" 2In ey 2(1—a)cs
and
[A(1—a)ea+(B-2a)c3| <4(1-a) cﬂnﬁ .

Now, we shall show that the inequality (2.7) is sharp. Let

14t c3
o 1—atel— 11n(2(1—o<))

I (146 IS m(%(f;a) ))t

dt

(28) f(2) =e
Differentiating (2.8) logarithmically, we obtain

1t ()
. 2 lfat,el_t 2(1—a) dt

0 (Fte%m(ﬁ%)))‘ 21 atersi n(zrts)
In f(z) =Ine :/2 Aibi i,
0 (1 — teT-t M 20-a) )t

f'(2) 9 1-— ozzeii—ij In(55y)
f(z) (1 _ Zeﬁ—zln(ﬁ)) z
and 1
(2) = 2f'(2) _ 51— azets: n(zmts)
f(Z) 1*2’61 zln(ﬁ) .
So, we get
9(z) =2+2(1 - a) zp(2),
where

o122 n(5s)
(2'9) p(z) = 11z ( (C3 ))'
2(1—«

1— zet=m

Therefore, we take

9() =2 _

czz+ (2c4 —c3) 22 + - -
( z 3) =2(1-a)p(z),
03+(204—c§)z+---:2(1—a)p(z)
and )
2c4 — C
p(0) = oo

2(1—a)’
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From (2.9), after simple calculations, we get

P(0)= Q{m <2(1Ci a))} (2(1Ci a)) " (2(1Ci 0‘)>2'

Thus, we obtain

C3

17
M50 -a)

[A(1—a)es+ (B —20) 3| =4(1— ) .
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