
Commun. Korean Math. Soc. 34 (2019), No. 2, pp. 533–542

https://doi.org/10.4134/CKMS.c180148

pISSN: 1225-1763 / eISSN: 2234-3024

COMMUTANTS OF TOEPLITZ OPERATORS WITH

POLYNOMIAL SYMBOLS ON THE DIRICHLET SPACE

Yong Chen and Young Joo Lee

Abstract. We study commutants of Toeplitz operators acting on the

Dirichlet space of the unit disk and prove that an operator in the Toeplitz
algebra commuting with a Toeplitz operator with a nonconstant polyno-

mial symbol must be a Toeplitz operator with an analytic symbol.

1. Introduction

Let D be the unit disk in the complex plane C. The Sobolev space L 2,1 is
the completion of the space of all smooth functions f on D for which

‖f‖ =

{∣∣∣∣∫
D
f dA

∣∣∣∣2 +

∫
D

(∣∣∣∣∂f∂z
∣∣∣∣2 +

∣∣∣∣∂f∂z̄
∣∣∣∣2
)
dA

}1/2

<∞,

where dA denotes the normalized Lebesgue measure on D. The space L 2,1 is
a Hilbert space with the inner product

〈f, g〉 =

∫
D
fdA

∫
D
ḡ dA+

∫
D

(
∂f

∂z

∂g

∂z
+
∂f

∂z̄

∂g

∂z̄

)
dA.

The Dirichlet space D is then a closed subspace consisting of all analytic func-
tions in L 2,1. Let P denote the orthogonal projection from L 2,1 onto D .
Given a function ϕ ∈ L 2,1, the Toeplitz operator Tϕ with symbol ϕ is densely
defined on D by

Tϕf = P (ϕf)

whenever fϕ ∈ L 2,1.
In this paper, we are concerned with the commutants of Toeplitz operators

on the Dirichlet space D . For a bounded operator L on a Hilbert space H, we
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recall that the commutant of L is the set of all bounded operator S on H such
that SL = LS on H.

On the Hardy space of the unit disk, Brown and Halmos [2] first obtained
a complete description of commuting Toeplitz operators asserting that two
Toeplitz operators with general bounded symbols commute if and only if either
both symbols are analytic, or both symbols are co-analytic, or a nontrivial
linear combination of the symbols is constant. Also, the commutants of several
kinds of Toeplitz operators have been described as in [5], [7] and [12].

Later, the corresponding problem for Toeplitz operators acting on the Berg-
man space of the unit disk has been also studied. Axler and C̆uc̆ković [1] proved
that the result of Brown and Halmos still holds for harmonic symbols. Also,
C̆uc̆ković [6] showed that operators belong to the intersection of the Toeplitz
algebra and commutant of a Toeplitz operator with monomial symbol must be
Toeplitz operators with analytic symbols. Later Tikaradze [11] extended the

result of C̆uc̆ković [6] to Toeplitz operators with polynomial symbols.
On the Dirichlet space D under consideration, Duistermaat and the second

author [8] characterized harmonic symbols of Toeplitz operators belong to the
commutant of a Toeplitz operator with harmonic symbol. More explicitly, for
bounded harmonic symbols u, v whose their derivatives with respect to z and
z̄ are all bounded, it is shown that TuTv = TvTu on D if and only if either u, v
are holomorphic or u, v and 1 are linearly dependent. This result shows that
the commuting property on the Dirichlet space D has a different phenomenon
from that on the Hardy space or Bergman space.

Motivated by the results mentioned above, in this paper we continue to study
the describing problem of commutants of Toeplitz operators on the Dirichlet
space. We consider nonconstant polynomial symbols of Toeplitz operators and
find their commutants in the norm closed subalgebra generated by Toeplitz
operators on D . More explicitly, we prove that an operator in such a subalgebra
commuting with a Toeplitz operator with a nonconstant polynomial symbol
must be a Toeplitz operator with an analytic symbol; see Theorem 9. In the
course of the proof, we study the characterization problem of the multiplication
operators with analytic symbols, which might be of independent interest; see
Propositions 2.

In Section 2, we characterize boundedness and compactness of multiplication
operators with analytic symbols. Such characterizations will be very useful in
our proofs. In Section 3, we prove our main theorem.

2. Multiplication operators

In this section, we characterize the boundedness and compactness of the
multiplication operator with analytic symbol in terms of certain Carleson mea-
sures. This will be useful in our characterizations.
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A positive Borel measure µ on D is called an D-Carleson measure if there
exists a constant C > 0 for which(∫

D
|f |2 dµ

) 1
2

≤ C||f ||

for every f ∈ D . See [10] or [13] for several characterizations for D-Carleson
measures. We let M be the space of all u ∈ L 2,1 for which u ∈ L∞(D) and the
measures |∂u∂z |

2dA, |∂u∂z̄ |
2dA are D-Carleson measures. Here Lp(D) = Lp(D, dA)

denotes the usual Lebesgue space on D.
In our characterization of multiplication operators, certain kernel functions

will play an important role. We introduce two kernel functions. For a ∈ D, we
let

Ea(z) =
z

1− āz
, Sa(z) =

1

(1− āz)2
, z ∈ D.

Put ea = (1 − |a|2)Ea and sa = (1 − |a|2)Sa. Then we check e′a = sa and
||ea|| = 1. Also, it is well known that

f(a) = 〈f, Sa〉L2(1)

for analytic f ∈ L1(D); see Section 4 of [15] for details. Here and in what
follows, we use the notations

〈ϕ,ψ〉L2 =

∫
D
ϕψ̄ dA, ||ψ||L2 = 〈ψ,ψ〉2

for functions ϕ,ψ ∈ L2(D). For any analytic function f ∈ L2(D), it is also well
known that (1 − |a|2)|f(a)| → 0 as |a| → 1; see Theorem 2.1 of [14] and its
remark. In particular, we have

lim
|a|→1

(1− |a|2)|f ′(a)| = 0(2)

for every f ∈ D .

Proposition 1. ea converges weakly to 0 in D as |a| → 1.

Proof. Note ea(0) = 0 for all a ∈ D. It follows from (1) and (2) that

lim
|a|→1

〈f, ea〉 = lim
|a|→1

(1− |a|2)〈f ′, Sa〉L2 = lim
|a|→1

(1− |a|2)f ′(a) = 0

for every f ∈ D , which shows that ea converges weakly to 0 as |a| → 1, as
desired. The proof is complete. �

Given u ∈ L 2,1, we let Mu denote the multiplication operator with symbol
u defined by Muf = uf .

We now characterize the boundedness and compactness of multiplication
operators with analytic symbol. Proposition 2(b) below is known; for example
see Theorem 5.1.7 of [9] where a different argument was used.

Proposition 2. Let u : D → C be a function. Then the following statements
hold.
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(a) If u ∈M , then Mu : D → L 2,1 is bounded.
(b) If u is analytic on D, then Mu : D → D is bounded if and only if

u ∈M .
(c) Mu : D → D is compact if and only if u = 0 on D.

Proof. First we prove (a). Note that ||ϕ||L2 ≤ ||ϕ|| for every ϕ ∈ D . Since
u ∈M , it follows that there exist constants C1, C2 for which

||Muh||2 = ||uh||2

= |
∫
D
uh dA|2 +

∫
D

(
|∂u
∂z
h+ uh′|2 + |∂u

∂z̄
h|2
)
dA

≤ ||u||2∞
∫
D
|h|2 dA+ C1||h||2 + ||u||2∞

∫
D
|h′|2 dA+ C2||h||2

≤ (||u||2∞ + C1 + ||u||2∞ + C2)||h||2

for every h ∈ D , which implies the boundedness of Mu : D → L 2,1.
Now, assume u is analytic and prove (b). First suppose Mu : D → D is

bounded. Since u = Mu1, we note u ∈ D . Fix a ∈ D. Since u′ea is analytic in
L2(D), we have 〈u′ea, Sa〉L2 = au′(a) by (1). It follows from (1) again that

〈Muea, ea〉 = 〈uea, ea〉
= 〈u′ea, sa〉L2 + 〈usa, sa〉L2

= (1− |a|2)
[
〈u′ea, Sa〉L2 + 〈usa, Sa〉L2

]
= (1− |a|2)

[
u′(a)a+ u(a)sa(a)

]
= (1− |a|2)u′(a)a+ u(a).

(3)

Since ||ea|| = 1, it follows that

|u(a)| ≤ |〈Muea, ea〉|+ |a(1− |a|2)u′(a)| ≤ ||Mu||+ (1− |a|2)|u′(a)|
for each a ∈ D. On the other hand, (2) implies that (1−|a|2)|u′(a)| is bounded
in D. Thus, the above observation shows u ∈ L∞(D). Now, it remains to show
that |u′|2dA is an D-Carleson measure on D. Given k ∈ D , we put

ψ(z) =

∫ z

0

u′(ζ)k(ζ) dζ, z ∈ D.

Then, since ψ(0) = 0, we have

〈Muk, ψ〉 = 〈uk, ψ〉 = 〈uk′, u′k〉L2 + 〈u′k, u′k〉L2

and hence

||u′k||2L2 = |〈u′k, u′k〉L2 |
≤ |〈Muk, ψ〉|+ |〈uk′, u′k〉L2 |
≤ ||Mu||||k||||ψ||+ ||uk′||L2 ||u′k||L2

≤ ||Mu||||k||||u′k||L2 + ||u||∞||k||||u′k||L2
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for all k ∈ D . It follows that

||u′k||L2 ≤ (||Mu||+ ||u||∞)||k||
for all k ∈ D , which implies that |u′|2 dA is an D-Carleson measure. The
converse implication follows from (a).

Finally, to prove (c), suppose Mu : D → D is compact. Recall u ∈ D
because u = Mu1 as before. Note that the normalized kernel ea converges
weakly to 0 in D as |a| → 1 by Proposition 1. Thus, (3) together with (2)
shows that u(a) → 0 as |a| → 1, which implies u = 0 as desired. Since the
converse is clear, we complete the proof. �

3. Commutants of Toeplitz operators

Each point evaluation is easily verified to be a bounded linear functional on
D . Hence, for each z ∈ D, there exists a unique kernel Kz ∈ D which has the
following reproducing property

(4) f(z) = 〈f,Kz〉
for every f ∈ D . Then, it is easy to see that the kernel function Kz is given by

Kz(w) = 1 + log

(
1

1− z̄w

)
, w ∈ D.

By the explicit formula for Kz, one can see that the projection P can be
represented by the integral formula as follows:

Pψ(z) = 〈Pψ,Kz〉
= 〈ψ,Kz〉

=

∫
D

ψ dA+

∫
D

z

1− zw̄
∂ψ

∂w
(w) dA(w), z ∈ D

(5)

for every function ψ ∈ L 2,1. See [8] for details and related facts. Put

P0ψ(z) =

∫
D

z

1− zw̄
∂ψ

∂w
(w) dA(w)

for notational simplicity. Then, by a simple calculation using the above formula
for P0, we can easily see that for integers m,n ≥ 1

P0[z̄mzn](z) =

{
zn−m if n > m,

0 if n ≤ m.
(6)

For the proof of the main theorem, we need the compactness of semi-
commutators of certain Toeplitz operators. To do this, we use a decomposition
of the Sobolev space L 2,1.

For ψ ∈ L 2,1, it turns out that ψ(reiθ) is absolutely continuous on r ∈ [0, 1)
for almost every θ ∈ [0, 2π] and absolutely continuous on θ ∈ [0, 2π] for almost
every r ∈ [0, 1). In particular, the radial limit ψ|∂D defined by

ψ|∂D(eiθ) = lim
r→1

ψ(reiθ)
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exists for almost every θ ∈ [0, 2π]. See [3] or [4] for details and related facts.
We let

∆0 = {ψ ∈ L 2,1 : ψ|∂D = 0}
and D0 be the space of all functions f ∈ D for which f(0) = 0. Also, put

∆ = ∆0 + C. Then it turns out that the spaces ∆, D0 and D0 are mutually
orthogonal. It is also known that the Sobolev space L 2,1 admits the following
useful decomposition:

L 2,1 = ∆⊕D0 ⊕D0;(7)

see [4] for details and related facts.
Given a function u ∈ L 2,1, we let Su : D⊥ → D be the dual Hankel operator

with symbol u defined by

Suϕ = P (uϕ)

whenever uϕ ∈ L 2,1.
The following lemma shows that the dual Hankel operators with monomial

symbol are finite rank operators.

Lemma 3. For an integer k ≥ 0, the rank of Szk is at most k.

Proof. Let ϕ ∈ D⊥ be any function. By (7), we can write ϕ = f + c + g + h

where f ∈ ∆0, c ∈ C, g ∈ D0 and h ∈ D0. Recall that ∆, D0 and D0 are
mutually orthogonal. Since ϕ ∈ D⊥, we have g = 0 and hence ϕ = f + c + h.
Note P0(L 2,1) ⊂ D0. Since zkf ∈ ∆0 and ∆0 is orthogonal to D0, we see
P0(zkf) = 0 and then

P (wkf) =

∫
D
wkf(w) dA(w).

Also, if we write h(z) =
∑∞
j=1 anz

j for the Taylor series expansion of h, we see

from (6)

P (wkh)(z) =

∞∑
j=1

ajP (wkwj)

=
∞∑
j=1

aj

[∫
D
wkwj dA(w) + P0(wkwj)

]

= ak

∫
D
|wk|2 dA(w) +

k−1∑
j=1

ajz
k−j

=
ak
k + 1

+

k−1∑
j=1

ak−jz
j

for all z ∈ D. It follows that

Szkϕ(z) = P (wkf + wkc+ wkh)(z)
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=

∫
D
wkf(w) dA(w) + czk +

ak
k + 1

+

k−1∑
j=1

ak−jz
j

which implies that Szk has at most rank k. The proof is complete. �

We let the notation B denote the algebra consisting of all bounded operators
on D and K be the algebra of all compact operators on D .

For u ∈ M , the multiplication operator Mu : D → L 2,1 is bounded by
Proposition 2(b). So the Toeplitz operator Tu is also bounded because Tu =
PMu. The following will be very useful in our proof.

Proposition 4. For an integer k ≥ 0 and u ∈M , we have Tzku−TzkTu ∈ K.

Proof. Note that

[Tzku − TzkTu]f = P (wkuf)− zkP (uf)

= P [wk(uf − P (uf))]

= Szk(I − P )Muf

for all f ∈ D , which shows that Tzku − TzkTu = Szk(I − P )Mu on D . Note
Mu is bounded by Proposition 2(a) and Szk is compact because it is a finite
rank operator by Lemma 3. Thus Tzku− TzkTu is compact on D . The proof is
complete. �

The following simple lemma shows that a bounded operator commuting with
Tz is a Toeplitz operator with an analytic symbol.

Lemma 5. Let S ∈ B. If STz = TzS on D , then S = Tϕ for some analytic
ϕ ∈M .

Proof. Put g = S1. Since STz = TzS by the assumption, we have Szk = zkg for
every k = 0, 1, . . .. Then, by the similar argument as in the proof of Theorem
1.4 of [6], we see Sf = gf = Mgf for every f ∈ D . Note g ∈M by Proposition
2(b) because S is bounded. Thus S = Tg on D . The proof is complete. �

Before we prove the main result, we first consider special cases of polynomial
symbols as preliminary steps.

Proposition 6. Let p be a nonconstant polynomial which is not of the form
q(z`) where q is a polynomial and ` > 1 is an integer. If S ∈ B commutes with
Tp on D , then S = Tϕ for some analytic ϕ ∈M .

Proof. By Proposition 0.1 of [11], there exists an open set U ⊂ D such that

p(z)− p(w)

z − w
6= 0

for all z ∈ D̄ and w ∈ U , which implies that

[p− p(w)]D = (z − w)D , w ∈ U.(8)
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On the other hand, by (4), we can see

T ∗uKw(z) = 〈T ∗uKw,Kz〉 = 〈Kw, uKz〉 = u(w)Kz(w) = u(w)Kw(z)(9)

for all u ∈ D and z, w ∈ D. Since TpS = STp, we have Tp−p(w)S = STp−p(w)

and hence S∗T ∗p−p(w) = T ∗p−p(w)S
∗ for all w ∈ U . It follows from (9) that

T ∗p−p(w)S
∗Kw = 0 and then S∗Kw is orthogonal to the range of Tp−p(w) for all

w ∈ U . Note that for w ∈ U , the range of Tp−p(w) is (z − w)D by (8) and
Kw is orthogonal to (z −w)D . Thus, we can find a function χ on U such that
S∗Kw(z) = χ(w)Kw(z) for all z ∈ D and w ∈ U . It follows from (4) that

Sf(w) = 〈Sf,Kw〉 = 〈f, S∗Kw〉 = 〈f, χ(w)Kw〉 = χ(w)f(w)

and then [STzf − TzSf ](w) = 0 for all w ∈ U and f ∈ D . Thus S commutes
with Tz and the result follows from Lemma 5. The proof is complete. �

Moreover, if S is compact, we have some more as in the following proposition.

Proposition 7. Let S ∈ K and m ≥ 1 be an integer. Let p be a nonconstant
polynomial which is not of the form q(z`) where q is a polynomial and ` > 1 is
an integer. If S commutes with Tp(zm) on D , then S = 0.

Proof. For each j = 0, 1, . . . ,m− 1, we put

Ej := span{znm+j : n = 0, 1, 2, . . .}.

Then we can check that zmEj ⊂ Ej and D =
∑m−1
j=0 Ej . Let Pj : D → Ej

be the orthogonal projection and define ej : D → Ej by ej(z
n) = znm+j

for n = 0, 1, . . .. It’s clear that ej is invertible. Set fj = e−1
j Pj . Then we

see ejTp = Tp(zm)ej and fjTp(zm) = Tpfj for each j = 0, 1, . . . ,m − 1. For
0 ≤ i, j < m, we put Si,j := fjSei. Then, since STp(zm) = Tp(zm)S, we have

Si,jTp = fjSeiTp = fjSTp(zm)ei = fjTp(zm)Sei = TpfjSei = TpSi,j

and hence Si,j commutes with Tp for each i, j. By Proposition 6, Si,j = Tϕi,j

for some analytic ϕi,j ∈ M . But, since S is compact, so is each Si,j . By
Proposition 2(c), we have ϕi,j = 0 and then Si,j = 0 for all i, j. Note that

Sej(z
n) =

m−1∑
k=0

PkSej(z
n) =

m−1∑
k=0

ekfkSej(z
n) =

m−1∑
k=0

ekSj,k(zn) = 0

for all n = 0, 1, . . . and j = 0, 1, . . . ,m − 1. Hence Sej = 0 for all j and then
S = 0 as desired. The proof is complete. �

Recall that the Toeplitz algebra T is the norm closed subalgebra of B
generated by all Toeplitz operators with symbol in M . The following will be
useful in the proof of the main theorem.

Lemma 8. Let S ∈ T . Then STz − TzS ∈ K.
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Proof. If we first assume S = Tu for some u ∈M , then STz−TzS = Tuz−TzTu
is compact by Proposition 4 (with k = 1). Then, by using the cannonical
homomorphism Ψ : B → B/K given by Ψ(T ) = T + K , we have

Ψ(Tu)Ψ(Tz) = Ψ(Tz)Ψ(Tu)

for every u ∈ M . If we assume S = Tu1
· · ·Tun

where uj ∈ M , the above
implies that Ψ[STz−TzS] = 0 and hence STz−TzS ∈ K . Now, for an arbitrary
operator S in T , we have S = limSk where each Sk is a finite sum of the form
Tu1 · · ·Tun . It follows that STz − TzS is the limit of the compact operators
SkTz − TzSk and hence compact as desired. The proof is complete. �

Now, we are ready to prove our main theorem.

Theorem 9. Let S ∈ T and p be a nonconstant polynomial. Then STp = TpS
on D if and only if S = Tϕ for some analytic ϕ ∈M .

Proof. First suppose STp = TpS. Put S = STz − TzS for simplicity. Note
S ∈ K by Lemma 8. Since STp = TpS by the assumption, we can easily see

STp = STpTz − TzTpS = TpSTz − TpTzS = TpS

and hence S commutes with Tp. Now, by an application of Proposition 7, we
see S = 0. Then, Lemma 5 gives the desired result. The converse implication
is clear. The proof is complete. �
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