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ON A CERTAIN EXTENSION OF
THE RIEMANN-LIOUVILLE FRACTIONAL
DERIVATIVE OPERATOR

KOTTAKKARAN SOOPPY NISAR, GAUHAR RAHMAN, AND ZIVORAD TOMOVSKI

ABSTRACT. The main aim of this present paper is to present a new exten-
sion of the fractional derivative operator by using the extension of beta
function recently defined by Shadab et al. [19]. Moreover, we establish
some results related to the newly defined modified fractional derivative
operator such as Mellin transform and relations to extended hypergeo-
metric and Appell’s function via generating functions.

1. Introduction and preliminaries

We begin with the well-known Riemann-Liouville (R-L) fractional derivative
of order p is defined (see [5,18]) by

(L) D@} = s [ 0= e R <o
(=) Jo
For the case m — 1 < ®(u) < m where m = 1,2, ..., it follows

0L (/@) = o or f()

pRE
(12) i [ r0e -,
and
(1.3) D7) = F(I;(i:i)l)xa-ﬂ, R(o) < —1.

The researchers (see [7,8,11,14,21]) investigated the various extensions and
generalization of fractional derivative operators.
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The extended R-L fractional derivative of order p is defined in [12] by
(1.4)

DL hinh = g [ FO =0 e (< 2 Jat, R <
For the case m — 1 < 3‘3( ) < m where m = 1,2,..., it follows
(1.5) DL f(z);p}

= L or{ ey

_am 1 ® ot pz?
= g v Jy (00 e (g ).

An extension of fractional derivative operator established in [1] is given by

(1.6) 9“{1‘ )ip;q}

—p—1 px qx
/ f(@) exp ( il t))dt’ R(pw) <0
For example,
B (V + ]-7 _:U’)
@g xl’;paq =1 — 2y ’
t Jamt T(—p)

where B, ;(x,y) is the extended Beta function (see [9]) defined by

1
Byy(z,y) = / (1= )1 E, o (O)dt, 2,9, p,q € C, R(p), R(q) >0,
0

where &, 4(t) = e ¥~T%. For p = q we denote B, , by B, and for p = ¢ =0,
we get classical Beta function defined by

(1.7) B(x,y) = /Olt“a —t)¥tdt, (R(z) >0, R(y) > 0).

For the case m — 1 < ®(p) < m where m = 1,2, ..., it follows

Du{f(x);p,q} = ;ilm@ﬁ_m{f(x);p,q}

= gl r(fu1+ m) /Ox =7
(1.8) X exp <_ptx - (mqf t)) dt}.

Recently, Rahman et al. [16] define an extension of extended R-L fractional
derivative of order p as

DH ()i pr g, M p }F(im/jﬂt)(x

(1.9) X 1F1 [/\;,0;—%} 1F1 [)\;p;—

(xqf t)}dt, R(u) < 0
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where 1 F; is the confluent hypergeometric function.
For the case m — 1 < ®(u) < m where m = 1,2, ..., it follows
(1.10)

D8{f(2);p,q, A, p}

o
= o O {f(x);p,qv)\,ﬁ’}
am 1 v px qx
— _ 4y~ mtm—1 C e T [P
dxm{r(_ﬂ+m) 0 f(t)(.ib t) 1F1 {/\7p7 ¢ ] 1F1 |:)‘apa (Z’—t)}dt}’
where R(p) > 0 and R(q) > 0. It is clear that when A = p, then (1.9) reduce
to (1.6).
The Gauss hypergeometric function which is defined (see [17]) as
. . o > (Ul)n(JZ)n "
(1.11) 2F1(01’02’03’Z)*ZWH’(|Z| <1),
n=0
where (0),, is the Pochhammer symbol and o1, 03,03 € C and o5 # 0, —1, -2,
—3,.... The integral representation of hypergeometric function is defined by
(1.12)
['(o3)

1
F - [l S tagfl 1—¢ o3—o2—1 1 — 2t)" 91t
2 1(0170270372) 1—\(0_2)1—w(0_3 _0_2) /0 ( ) ( z ) 9
(R(o5) > R(o2) > 0, |arg(1 - 2)| < ).
The Appell series or bivariate hypergeometric series and its integral repre-
sentation is respectively defined by

o = (0)men(02)m(03)nz™y"
(113) Fl (017 02,03;04;T, y) = m;:O (04)m+nm!n!
for all 01,02,03,04 € C, 04 #0,—1,-2,-3,..., [z < 1,|y| < 1.

['(o4)

Fl (0‘1,0‘2,0’3,0’4;1',y) = m

1
(1.14) X / 7 (L =)7L — at) T2 (1 — yt) TR,
0

R(o4) > R(o1) > 0, |arg(l —x)| < 7 and |arg(l —y)| < 7.
Chaudhry et al. [2] introduced the extended Beta function is defined by

1
(1.15) B(o1,09;p) = Bp(01,02) = / t71 (1 — t)‘”_le_fﬂpfﬂ dt,
0

where R(p) > 0, R(o1) > 0, R(o2) > 0, respectively. When p = 0, then
B(01,02;0) = B(o1,02).
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The extended hypergeometric function introduced in [3] by using the defini-
tion of extended Beta function B,(d1,d2) as follows:

By(o2 +n,03 — 032) z™

(o—l)nﬁa

o0
(1.16) Fy(o1,09;03;2) = Z
n=0
where p > 0 and R(o3) > R(o2) > 0, |2] < 1.
In the same paper, they defined the following integral representations of
extended hypergeometric and confluent hypergeometric functions as
1
B(oz,03 — 02)

(1.17) x /01 7211 — )77 1(] _ )~ exp <t<1f t>> dt,

B(og,03 — 02)

F,(01,09;03;2) =

(p >0, R(oz) > R(o2) >0, |arg(l —z2)| < 7).
The extended Appell’s function is defined by (see [12])

(1.18)
= By(oy+m+n,04 —01) amy"
F . . . — E P ’ m 3)n™ 1 >
1(017027037047m7y7p) = B(0'170'4 _ 0_1) (0-2) (03) m!nl

where p > 0 and R(04) > R(o1) > 0 and |z}, [y| < 1.
Ozerslan and Ozergin [12] defined its integral representation by

(1.19)  Fi(o1,02,03;04; 2 p)
1
B(O-lv 04 — 01)

1
t01*1 1—t¢ og4—0o1—1 1 — ot —032 1 —ut —03 -p dt
<[ gren e ()

(R(p) >0, R(oa) > R(01) >0, Jarg(l —z)| <7, |arg(l —y)| <m).

It is clear that when p = 0, then the equations (1.16)-(1.19) reduce to the well
known hypergeometric, confluent hypergeometric and Appell’s series and their
integral representation respectively.

Very recently Shadab et al. [19] introduced a new and modified extension of
Beta function as:

(1.20) B2(01,09) = /01 =11 — )72 B, <_t(1p— t)> dt,

where R(o1) > 0, R(o2) > 0 and E, (-) is the Mittag-Leffler function defined
by

(1.21) Ba() =S — "
7;) I'(an +1)




ON A CERTAIN EXTENSION OF THE RIEMANN-LIOUVILLE 511

Obviously, when o = 1 then B;(.Z‘, y) = Bp(z,y) is the extended Beta function
(see [2]). Similarly, when o = 1 and p = 0, then Bj(z,y) = Bo(x,y) is the
classical Beta function.

Shadab et al. [19] also defined extended hypergeometric function and its
integral representation

F(01,09;03;2) = oF1 (01, 09;03; 2, p, @)

P
i Ba(02+n,03702) A
1.22 = P —
( ) ;(Gl)n B(O’Q,Ug —(72) n!

= B(os +n,03 — 09;p, ) 2"

=2 (o) ol

o B(og, 053 — 09) n!

where p,a > 0, 01,092,035 € C and |2| < 1.
1
B(oa;03 — 09)

(1.23) x /01 to2 (1 — ¢)aoa— (] )", (—t(lp_ t)) dt,

where £(p) > 0, R(a) > 0, R(o3) > R(o2) > 0. Obviously when a = 1, then
the hypergeometric function (1.23) will reduce to the extended hypergeometric
function (1.17) and similarly when o« = 1 and p = 0 then the hypergeometric
function (1.23) will reduce to the hypergeometric function (1.12).

For various extensions and generalizations of beta function and hypergeomet-

ric functions the interested readers may refer to the recent work of researchers
(see e.g., [4,10,12,13]).

F(o1,02;03;2) =

2. Extension of Appell’s functions and its integral representations

We start the section by deriving the relation of (1.20) with multi-index
Mittag-Leffler function [6] as follows:

Proposition 2.1. For R(p),R(c1),R(02), R(«) > 0, the following relation
holds true:

wsinm(oy + 02) (2,1-01—02) (—p)
sin 7oy ) (sinmoy) (@1 (L1-01),(1,1-02) p),

(21) Bg(al,ag): (

where Eéi:i;?ll’?_’i)l))(Ll_Uz)(—p) is the multi-index Mittag-Leffler function [6].

Proof. Using the definition of Beta function and reduction theorem of Gamma
function, we get

> (=p)" /1 -1 -1 1
BDL — g1 1 _ g2
p(01,02) nzo Tan+D) Jy & 0" ma—g®

o _\n 1
_ Z - ( p) - / t<717n*1(1 . t)agfnfldt
—T(lan+1) Jo
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:Zomp)Jrl)B(al_n oy —n)

om—l— 1) T'(o1+ 02 —2n)

I +01)(=09)l'(1 + 02)
F( O'1—O'2)F(1—|—0'1+0'2)

I'2n+1-o01—02)(—p)"
Z Fan+ D' (n+1—o)l'(n+1—03)

; or —n)'(oa —n
Z_: I( )I( )
_I(-o

n=0
Now, using the Euler’s reflection formula on Gamma function,
7r
2.2 I'ir)I'(l —r) =
(22) =) =
we get the desired result. O

Next, we used the definition (1.20) and consider the following modified ex-
tension Appell’s functions.

Definition 2.1. The modified extended Appell’s function F} is defined by

[ . . — . . .
Fl,p(01702’03a047xay) = F1(01702703,04,$»y»]97 a)

> By(o1 +m+mn,04 —01) 2™ y"
B Z (92)m(73) B(o1,04 — 01) m! n!
0 1,04 — 01 I'nl
c- B(o1 +m+n,04 —o1;p,a) 2™ y"
2.3 = E m n ,
(2:3) mn:0(02) (73) B(o1,04 — 01) m! n!

where p,a > 0, 01,02,03,04 € C and |z| < 1, |y| < 1.

Remark 2.1. Setting o = 1 in (2.3), then we get the extended Appell’s functions
(see [12]).

Now, we derive the following proposition.

Proposition 2.2. For p,q >0, 0 < z,y < %, the following inequality holds
true:

z 2y—1
(2.4) Byg(w,y) < (2p) 77 (29)7% v/T(—20 + 1,2p)0(—2y + 1, 29).
Proof. Applying the Cauchy-Schwarz integral inequality, we obtain:

1
Bua(e) = [ #7711ty e Fe
0

1 1/2 1
(/ (t“‘—le—f’/t)zdt) (/ [(1—t)y—1e—q/<1—f)}2dt)
0 0
oo 1/2 ) 1/2
= </ t%emdt> (/ t2y62qtdt)
1 1

1/2

IN
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= [>T (=22 +1,20)]"* [(20)* "' T (=2 + 1,2)]
2x—1
=(2p) 7 (29) T(=2y +1,29),
where I'(z,y) is the incomplete Gamma function. O

Theorem 2.1. The following integral representation holds true for (2.3)

(25) I (01,02,03;04;$,y;p,04)
1 1
_ —)/ $71-1(1 = )T (1 — )02 (1 — )
1 0

B(oy;04— 0

< B (- )

where R(p) > 0, R(a) > 0, R(o4) > R(o1) > 0.
Proof. Using the definition (1.20) in (2.3), we have

(2.6) Fy(01,02,03;0452, Y5 p, @)

1 1
— ta'l—l 1 _t 0'4—0'1—1
3(01;04—01)/0 ( )

~ (02)m(03)n (t2)™ (ty)"
< B <_t(1p— t)) ( 2 e d )dt'

m,n=0
Since
o (02)m(03)n(tz) ™ (ty)" _ o —o
(2.7) > oy = (1—ta)"72(1 —ty)~ 7
m,n=0
Thus by using (2.7) in (2.6), we get the desired result. O

3. Extension of fractional derivative operator

In this section, we define a new and modified extension of Riemann-Liouville
fractional derivative and obtain its related results.

Definition 3.1.
(31) DHO{f(2) /f )z — t)+1E, ( = )>dt R(p) <

For the case m — 1 < §R(,u) < m where m = 1,2, ..., it follows

(3.2) DL f(2)}
el )
- jzm { I‘(—ul—i- m) /0 f - t)ilﬁmilEa <_t(fz— t)) dt}.
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Remark 3.1. Obviously if a = 1, then (3.1) and (3.2) respectively reduces to
the extended fractional derivative (1.4) and (1.5). Similarly, if we set a = 1
and p =0 we get (1.1) and (1.2).

Now, we prove some theorems involving the modified extension of fractional
derivative operator.

Theorem 3.1. The following formula hold true,

(33) @g{zn;p7o¢} = F(—,u)

2ZT7H R(p) <0

Proof. From (3.1), we have

z 22
(3.4) D p,at = F(iu) /O t"(z — t)*ufl E, <t(§— t)> dt.

Substituting ¢ = uz in (3.4), we get

DE{Z";p,at = ! /1(uz)’7(z —uz) P E —ﬁ dt
SRR = “\Tw—u)
n—p 1
- / u"(1—u) "1 E, (_p> dt.
L(=p) Jo u(l —u)
In view of (1.20) to the above equation, we get the required result. (I

Theorem 3.2. Let R(p) > 0 and assume that the function f(z) is analytic
at the origin with its Maclaurin expansion given by f(z) = ZZO:O anz™ where
|z| < & for some § € RT. Then

DU f(2)} = DU{f(2)ip 0} = Y an®¥{z";p, a}

n=0

(3.5)

By(n+1,—p)z"
Proof. Using the series expansion of the function f(z) in (3.1) gives
D8{f(2);p,a} = / Za (z—t) " 'E —ﬁ dt.
# ’ " N\ tz—t)
The series is uniformly convergent on any closed disk centered at the origin

with its radius smaller than §, so does on the line segment from 0 to a fixed z
for |z| < 4. Thus it guarantee terms by terms integration as follows

DL{f(2)ip,a} = g“"{r(lm /OZ t"(z—t)" "1 E, (—W(fz:w)) dt

oo
= Z an®4{z"; p, a}.
n=0
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Now, applying Theorem 3.1, we get
1 o0
D4 f(2):p,a} = am > anBg(n+1,—p)2" ", R(p) <0,
n=0
which is the required proof.
Example 3.1. The following result holds true:
T & 2"
1 zZ. — a — -
(3.6) Dh{e*;p,a} = ) HZ:OBP (n+1,—p) "k

Using the power series of exp(z) and applying Theorem 3.2, we have
1
7 z, _ Y n,
(3.7) DE{e*;p,a} = E_O n!i)z {z";p,a}.

Now, applying Theorem 3.1, we get the desired result.
Theorem 3.3. The following formula holds true:

(38) DI (1 - 2)Pipa) = m— DFE (B ),

where f(p) > R(n) >0 and |z| < 1.
Proof. Apply the definition (1.4), we have
DI 1~ 2) Fip,a}

— A, anl _ B ,Eufnfl —_ pz?
o ), a0 E< t(z—t))dt

Substituting ¢ = zu in the above equation, we get

DI (1~ 2) Fip,a}

Zu—l 2

= 5 /01 w1 — uz) B (1 — )R, (—pz) du

uz(z —uz)

L(p—n

_ F(’:_ln) /01 WL~ u2) P (1 — )R, (_u(lpu)) du.

Using (1.23) and after simplification we get the required proof.

Theorem 3.4. The following formula holds true:

(3.9) DI (1~ az) (1 - b2) " Pip,a}
F(n) p—1
= 721‘ F naa7ﬁ;u;azabz;paa )
L'(p) a !

where R(p) > R(n) > 0, R(a) >0, R(B) >0, |az| <1 and |bz| < 1.

515
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Proof. Consider the following power series expansion

(1= a2 (1 =12) = 32 (@) (), o

m n!

m=0n=0

Now, applying Theorem 3.3, we obtain
DI (1~ az) (1 —bz)ip,a}

= Z(a)m(ﬂ)n(%n%@?’“{zn*m*”*l;p,a}-
m=0n=0 : !

Using Theorem 3.1, we have
DIHLH 1 —az) (1 — bz) P p, a}

- @@ DO B O AR ) s
o= m! n! T(uw—mn)
Now, applying (2.3), we get

r
D1 2" (1 — az)” (1 — bz) Pip,a} = P((Z;Z’”Fl (n, v, B; p; az, bz; p, @) .
O

Theorem 3.5. The following Mellin transform formula holds true:

T P
sin(7r) I'(—p)T'(1 — ra)
where R(n) > —1, R(p) <0, N(r) > 0.

(3.10) M{D‘;j;(z");p%r}: Bn+r+1,—p+r),

Proof. Applying the Mellin transform on definition (3.1), we have
M{DL("ip - v}

> r—1 HeY
/Op DL (2")dp

et [ ()l
27;1,71 o) z 22

o =l R U R R G IO
PUSTs 1

=t [, e (gt g

From the uniform convergence of the integral, the order of integration can be
interchanged. Thus, we have

(3.11) M{@g;g(z");p%r}

- e ([ () )
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Letting v = (3.11) reduces to

p
u(l—u)?’
M{DE(")ip — 1)

_ FZ("__:) /O L (1 = gyt ( /O Tl B, (<) dv) du.

By using the following formula,

L)L —r)
Nw'T(y — ra)

(3.12) /0 vrflEiﬁ(—wv)dv = T

fory=90=1and w =1, we have

Ha(2m); Ty = 2T (1 = 1) 1u’7+7“ W)
M{gz;p( )ip — } T(—)T(1 = ra) / (1 ) d
2Z"THT(mT(1 —

_ r)
- T(=p)I(1 - ra) Blytr+1,—pt).

Now, using (2.2) we get the desired result. O
Theorem 3.6. The following Mellin transform formula holds true:

. _ ™ B+r,—p+r)
M{DEe((1 - 2)*); =z
{@Z’p ( 2)%)ip = r} * sin(mr) T(—p)0(1 — ra)
(3.13) Xo Fy (A, r+1;1 —p+2r;2),

where R(p) > 0, R(u) <0, R(r) >0

Proof. Applying Theorem 3.5 with n = n, we can write
m{oLp (- 2)p -}
oo
A .
= Z ( "M{”Df‘;g(z"),p — 7"}
o n! ’

_ _Imra—r i ()\)HB(n +r+l—ptr)z"

D(—p)T'(1 —ra) — nl
_, I'(mr(1—-r) (AN n2"
i U ALV N 1,— .
M YR z_:o narE L opdr) =
In view of (2.2), we obtain the required result. O

4. Generating relations

In this section, we derive generating relations of linear and bilinear type for
the extended hypergeometric functions.
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Theorem 4.1. The following generating relation holds true:

z

41 > Yn 2Fry (A1, 875 2) 8" = (1— 1) o FF, (A,B;v; ) :

n! 1-—1t

n=0
where |z] < min(1,]|1 —¢]|), R(a) > 0, R(v) > R(B) > 0.
Proof. Consider the following series identity

(1= = =1 - - =]

Thus, the power series expansion yields

(4.2) S Wy (t) (=)=

n! 1—2z
n=0

Multiplying both sides of (4.2) by z°~! and then applying the operator D77
on both sides, we have

ol [i Pe-n (1) =]

= (1- g (1 - t) N B

Interchanging the order of summation and the operator @fjp”a, we have

i %@Z—pv;a [zﬁ_l(l — z)_)‘_”} t"

n=0

et e )]

1—t
Thus by applying Theorem 3.3, we obtain the required result. (]

Theorem 4.2. The following generating relation holds true:

n!

(43) Y ) 2Ff, (6 —n, By 2)t"=(1— )Py (x\,é,ﬂ;v; —Zi_t;p, a> ;

n=0

where |z| < ﬁ, R(6) >0, R(B) >0, R(y) > R(\) > 0.

Proof. Consider the series identity

t 1-8
[1—(1—z)t]—ﬂ:(1—t)—5[l+1’z t] .
Using the power series expansion to the left sides, we have
- (/B)n nyn __ -8 —zt 178
(4.4) >R = (1-1) [1_1_J .

n=0
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Multiplying both sides of (4.4) by 2¢71(1 — 2)~° and applying the operator
”D?;_p’“a on both sides, we have

@i\:pv;a [T;) %Za—l(l _ 2)76+ntn}

—BayA—vyia | A—1 -5 AN
—(1-t)"D); [z (=27 (1- = }
where R(A) > 0 and |zt| < |1 — ¢t|, thus by Theorem 2.1, we have

i (B)n @,\ 'y(x{ )\—1(1 _Z)—§+n:|tn

n'

n=0
By \—v;a | JA—1 -6 —zt 7
— (11—t} [z (1= (1- 1= }
Applying Theorem 3.4 on both sides, we get the required result. ([

Theorem 4.3. The following result holds true:

(4.5) DU_me [Zn—lEp (Z):| _ P i (1)n Ba(77+n [ — 77):

' p 70 T(p—n) = T(yn+08) " nt’
where 7,0, u, o0 € C, N(p) > 0, N(p) > §R(7]) > 0 and EY ;(z) is Mittag-Leffler
function (see [15]) defined as:

(16) B = Y st

n

n=0

Proof. Using (4.6) in (4.5), we have

D1_pie [zn_lEg’(g(Z)} =7 {Zn_l{ ni_o% I‘(,}(,IZ)_T_(g)j:H ’

By Theorem 2.1, we have

syt g0 - 5 oo}

Applying Theorem 3.1, we get the required proof. (I

Remark 4.1. In [9] Mehrez and Tomovski introduced a new p-Mittag-Leffler
function defined by

(psm,w) . me By(n+k,w— n) 2* >
(4.7) EXqsp (2) = I;) C(vk+0)* B(w—n) &k 0

(s My w, v, 0, A >0, R(p) > 0).

Hence we get the following corollary.
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Corollary 4.1. The following formula holds true for E’;’g(z):

_ _ I'(n
(4.9 o {2 G)ip} = o+ LB ),

(1,1, 7, 6 >0, R(p) > 0)
Theorem 4.4. The following result holds true:

_ (ai’ Ai)1,m;
(4.9) @gya@{zﬂ—l . B }
(6]7 )1 n»
T(a; + Aik) P
Bo(n+k, :
L(p— nEZH @+Bk)(n a mﬁ

where R(p) > 0, N(a) > 0, R(w) > R(n) > 0 and ,, ¥, (z) represents the
Fox-Wright function (see [5, pp. 56-58])

(i, Ai)1,m; [T T(an + Agk) 2
4.10 mUn(2) = mT, _ i=1 i 2+
( ) (Z) (Bja )1 ny |Z k=0 H (BJ +B k) k

Proof. Applying Theorem 3.1 and followed the same procedure used in Theo-
rem 4.3, we get the desired result. O

Remark 4.2. In [20] Sharma and Devi introduced extended Wright generalized
hypergeometric function defined by

(Oéz',Ai)Lm»(%l);

m+1\I/n+1(Z;p) == m+1\Ijn+1 |(Z7p)
(Bj,Bj)1n; (¢, 1)
T(o; + Aik) By(y + k¢ —7)2"
(4.11) ZHJ TG B 5 :

(R(p) > 0, R(c) > R(y) > 0).
Hence we get the following corollary.

Corollary 4.2. The following results holds true for the Fox-Wright hypergeo-
metric function:

(OéiaAi)l,m;
(4.12) @Z‘“{z”_l m¥Un |z ;p}
(ﬁ]a )1 ns
. (aivAi)l,ma (777 1);
= 2" 1 Vnta I(z:p) |,

(B> Bj)in; (p:1)
(R(p) >0, R(u) > R(n) > 0).
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5. Concluding remarks

In this paper, we established a modified extension of Riemnn-Liouville frac-
tional derivative operator. We conclude that when a = 1, then all the results
established in this paper will reduce to the results associated with classical
Riemnn-Liouville derivative operator (see [12]). Similarly, if we letting o = 1
and p = 0, then all the results established in this paper will reduce to the re-
sults associated with classical Riemnn-Liouville fractional derivative operator
(see [5]).

Remark 5.1. The preprint of this paper is available at ‘https://arxiv.org/abs/
1801.05001".

Acknowledgement. We thanks to Prof. Virginia Kiryakova for valuable com-
ments and remarks, which improved the final version of this paper.
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