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ON COEFFICIENT PROBLEMS FOR STARLIKE FUNCTIONS
RELATED TO VERTICAL STRIP DOMAINS

OH SANG KWON AND YOUNG JAE SIM

ABSTRACT. In the present paper, we find the sharp bound for the fourth
coefficient of starlike functions f which are normalized by f(0) = 0 =
f/(0) — 1 and satisfy the following two-sided inequality:
_ ’
1417 <9%{Zf(z)}<1+ T eD,
2sin7y f(z) 2sin7y

where D := {z € C: |z| < 1} is the unit disk and ~ is a real number such
that /2 < v < w. Moreover, the sharp bound for the fifth coefficient of
f defined above with v in a subset of [7/2, ) also will be found.

1. Introduction

Let H be the class of analytic functions in D := {z € C : |z| < 1} and let
A be its subclass of f normalized by f(0) =0 = f’(0) — 1. That is, f has the
form

(1) f(z):z+ianz", z € D.
n=2

Let the parameters o and 8 be real numbers such that 0 < a <1< 8. A
function p € H is said to belong to the class P(a, 8) if p satisfies p(0) = 1 and
the inequality o < R{p(z)} < B for all z € D. In [4], the authors introduced
the class S(a, 8) of functions f € A for which satisfies zf/(2)/f(z) € P(«, )
for all z € D. They obtained for functions f € S(«, ) which have the form
given by (1), the following inequality holds.

-2+ 2(5 2(B—c) sin

(2) |an|<H oo mENVL

Received March 16, 2018; Accepted July 24, 2018.

2010 Mathematics Subject Classification. Primary 30C45, 30C80.

Key words and phrases. coefficient estimate, starlike function, vertical strip domain.

This work was supported by the National Research Foundation of Korea(NRF) grant
funded by the Korea government(MSIP; Ministry of Science, ICT & Future Planning) (No.
NRF-2017R1C1B5076778).

(©2019 Korean Mathematical Society



452 O. S. KWON AND Y. J. SIM

Moreover, they obtained the sharp results for the second and third coefficients
for functions in S(«, ) as follows (See [4,5]):

2(8 — «) sin (1l — «)

(3) ja| < —— 5 o
and
@) Jas| < P = a) w(;_—;) [COS wg_—;) N 2(/3; @) o w(ﬁl_—;)

Given v € [/2,7), we consider a class denoted by M(v) of functions f € A

such that
y-7 zf'(2) v
1 R 1 D.
+251n'y< { f(2) < +2sin'y’ #€

The class M () was introduced and investigated by Kargar et al. [3]. And this
class can be reduced by the class S(«, ) by putting

a=14+21"" and B=14-——,

2sinvy 2sin vy

Therefore, for functions f € M(y) with the form given by (1), we obtain the

inequalities |a,| <1 for n € N\ {1} by (2). Furthermore, from (3) and (4), we
get the sharp inequalities |ag| < 1 and |az| < (1 — cos~y)/2.

The purpose of this paper is to obtain the sharp bound for the fourth and
fifth coefficients of function in M (). For this, the following notions and results
on them are required.

For analytic functions f and g, we say that f is subordinate to g, denoted
by f < g, if there is an analytic function w : D — D with |w(z)| < |z| such that
f(z) = g(w(z)). Further, if g is univalent, then the definition of subordination
f < g simplifies to the conditions f(0) = ¢g(0) and f(D) C g(D).

By using the notion of subordination, we can obtain the following equivalent
condition for f € M(%):

zf'(z) 1 1+ ze
) B =1 1 - D
(5) f(2) < By(2) +2isin7 Og(l—l—zew)’ e

where 7/2 < v < m. We note that the function B, defined by (5) can be
represented by

v € |n/2,7).

By(z2) =1+ An2", z€D,
n=1

where

-1 n—14;
An:—< ) smnv’ n € N.

nsin-y

Throughout this paper, for given v € [r/2,7), we will denote
T=17(y) =cosy € (—1,0],
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for the sake of our convenient notation. We note that, using the notation 7,
several initial coefficients of B, can be represented by

1
Alzl, 1422—7'7 A3=§(47’2—1) and A4:T—2T3.

Let P be the class of Carathéodory functions p € H of the form

(6) p(z) =1+ Z enz", z €D,
n=1

having a positive real part in D. For given p € P define a function w: D — C
by w(z) = (p(z) — 1)/(p(z) + 1). Then the property w(D) C D holds and
therefore |w(z)| < |z| for all z € D.

Now, let us recall several results for the class P will be used in further
considerations.

Lemma 1.1 ([2, p. 41]). If p € P is of the form (6), then
(7) lcnl <2, neN.
The inequality (7) is sharp and the equality holds for the function L defined by

L(z) = 1+Z—1+ZZ

1—=2

Lemma 1.2 ([8,9, Libera and Zlotkiewicz]). If p € P is of the form (6) with
c1 > 0, then

(8) 2c0 =c] +((4—c})
and
9) des =+ 20 (A=) —ar(4 =) +2(4 =)A= [¢]*)n

for some ¢ and n such that |¢| <1 and |n| < 1.

Lemma 1.3 ([6, Kwon, Lecko and Sim]). Let p € P be of the form given by

(6) and the formula (8) with ¢i € [0,2) and ¢ € T holds. Then p must be of

the form

L+ u(l+¢)z+¢22

p(z) = 5
= p(1-0)z—c2

where p € [0,1). Here, T :={z € C:|z| = 1}.

z €D,

We remark here that a special case Lemma 1.3 with ( = —1 € T implies the
result in [7, Lemma 2.3].

The next lemma is a special case of more general results due to Choi, Kim
and Sugawa [1] (see also [10]). Define

Y(a,b,c) =max (Ja+bz+cz®[+1—|2*), a,bc€ER,
z€D

where D := {z € C: |2| < 1}.
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Lemma 1.4 ([1, Choi, Kim and Sugawal). If ac > 0, then

e |a] + 16| + |c], , 6] = 2(1 = |c]),
Y(a,b,c) = b
1+ al + —————=, b <2(1—|c|).
A1 — [cf)
If ac < 0, then
1—la|l + b —4ac(c™? —1) <A < 2(1 —|c])
A0 _Jel) : |
= b
Y (a,b,c) 1+ |a| + TEENENE b? < min {4(1 + |c|)?, —dac(c™2 - 1)},
R(a,b,c), otherwise,
where
|af +[b] — ], [ (1] + 4la[) < |ab],
R(a,b,¢) = { ~lal+ bl + e, i |ab| < |c[(|b] — 4]al),
b
(le] +la)y/ 1 — Tac’ otherwise.

2. On the fourth coefficients of functions in M (%)

Let 1 = —0.468, x5 ~ —0.454, x5 ~ —0.141 and x4 ~ —0.072 be the unique
zeros in [—1, 0] of the polynomials ¢, ¢2, g3 and g4 defined by

(10) qi1(z) = —11 + 83z 4 722% — 2722 + 12827,

(11)

g2 () =1001—96582+105332° 4298202 — 757922 +666242° —266242° 440962,
(12) q3(z) = 71 + 420z — 5602% + 19223

and

qa(x) = 11 + 140z — 17622 + 6423,
respectively. And define the functions g, h, k: [-1,0] — R by

3(7—dz)3 ) T € [-1,z3];

16, x € [z3,0],

32(479—1092z+78422 —192z°)
(13) g(x) = {

(14)

3_dz 29— 1277+ 12472 —3223 z € [-1,z2);

h(z) = 16(5—4x)?/2 )
(@) 3v16—2lo+8a>’ . € [y, xal;
32(479—1092x+ 7842 —1922°)
3(7—4z)3 ) T e [I4,0}

8v6(7—4x)?(1—9x+822) ( 3—4a )3/2
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and
(15)
3(1— 9z + 82?), z € [-1,m];
4(—74+392+176x2—33623+128z%) 7N
k(x) = o - 57—48x2 - ) kl(‘r) V k2($)7 ) T e [.’L‘l,xg];
8v/6(7—4x)(—74+67x—92z2 432> 3_dg 1/2
(—29+)1(27z—124m2+32z3 ) (29—127z+124z2—32z3) , @€ [22,0]
with
64 — 39z — 22422 + 33622 — 128z*
(16) ki(z) := 5 3 1
95 4+ 171z — 23222 — 14423 + 128x
and
266 + 9122 — 83222 — 76823 4 51224
(17) ko(z) :=

64 — 39z — 22422 + 33623 — 128z ’

respectively. By comparing the functions g, h and k for fixed z € [-1,0], we
can obtain the following relation which will be used for the proof of our result
(see figures below):

k(x), when x € [—1,z2];
(18) max {g(z), h(z), k(z)} = < h(x), when z € [z2,x3);
g(x), when z € [z3,0].

Now, we suggest the sharp bound for the fourth coefficient of f € M(vy) for
v € [m/2,7).
Theorem 2.1. Let vy € [1/2,7). If f € M(7) has the form given by (1), then

(19)
3 oy when /2 < vy < 73,
jas] < W133673+12874 VE(T) when s =5 5 72,
12(57—4872) 1(7)V/k2(7),  when o < v <1,
75(1—7)(1 = 87), when vy <y <7

with k1 and ko given by (16) and (17), respectively. Here, 1 =~ 2.058, o ==
2.042 and 3 = 1.712 is the unique root in [r/2, 7| of the equation ¢1(cosy) = 0,
g2(cosy) = 0 and g3(cosvy) = 0, where q1, q2 and q3 is defined by (10), (11)
and (12), respectively. This result is sharp.

Proof. For given v € [r/2,m), let f € M(7) be of the form (1). Then there
exists p € P with the form given by (6) such that

21'(2) (p(z) - 1>

20 =B, (—/———— | .

2 e EE

Putting the series (1) and (6) into (20) by equating the coefficient we get

1
(21) 48a4 = 9c3 — 2(47 + 1)ereo + g(ssr2 + 31 —2)c.
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Since the class M(7) is invariant under the rotations, by Lemma 1.1, we may
assume that ¢, :=t € [0,2]. By using (8) and (9) in Lemma 1.2 we have

48|ay| = l(872 — 97 + 1)t® + (3 — 47)t(4 — t*)C — 2t(4 — t*)¢?
(22) 3
+AA = )1 ¢,

where ¢ € D and n € D.
Assume first that ¢t = 2. Then

(23) ™ :%(1—7)(1—87).

On the other hand, for ¢ = 0, we have

(24) jasl= s~ IcP)l < 3, (Gm) €BxD,
Now let ¢t € (0,2). Applying the triangle inequality to (22) we have
(25) 48|as| < 4(4 —tHT(A, B, C),
where T is defined by
I'(A,B,C) = |A+B(+C|l+1-[¢]*, (€D
with

1 1

872 — 97 + 1)t3
(26) Ao B o9+ e (8—dr)t, and C=-—t.

1204 —2) 4
We will find max, I'(4, B,C) by using Lemma 1.4. For this, we note that
AC < 0 since 7 € (—1,0] and ¢ € (0,2). We also note that

—4AC(C™? -1) < B?, t€(0,2),
since

1
—2(19-167%) >0, te€(0,2).

4A 2_1)+B%=
c(C )+ PR

Moreover, we note that
(27) [CI(IB] +4]A]) = |AB|

for all t € (0,2) and 7 € (—1,0]. Indeed the inequality (27) is equivalent to
t?2 < \,, where

_ 24(3 — 47)

3273 — 472 41774+ 13

and we can easily check that A, > 4 for given 7 € (—1,0].

Now, let
. \/ 24(3 — 47)
T TV 291277 + 12477 — 3278
We note that 0 < 8/(7 — 47) < 7* < 2 for given 7 € (—1,0]. And we consider
subintervals I, Iz and I5 of (0,2) defined by I1 = (0,8/(7 —47)], I, = [8/(7 —
47),7*] and I3 = [7*,2), respectively.

Ar
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Let us consider the case t € I;. Then we have |B| < 2(1 — |C]), and by
Lemma 1.4 we get

2

4(4 —tT(A, B,C) < 4(4 —t2) |1+ |A| + 1 (t),

x-=ichl
where ¥ : I; U {0} — R is defined by

1

= ﬂ(

When 7 € (-1, —1/4], since

1

N\ _

@=1

for « € (0,2), ¥ is convex on the interval I;. Therefore, we have

(28) U (z) <max{\I/(O)7\IJ (7_84T)}7 vel.

1
U(x) 19 — 167%)2® — 1(7 —47)(1 4 471)2* + 16.

(19 — 1672z — %(7 _4r)(1447) > —%(1 +4r) (T — 47) > 0

When 7 € (—1/4,0], we have ¥’(z) = 0 occurs at z = 0 or x = 7, where
. AT —A4AT)(1 +47)
S T T

Since the leading coefficient of U is positive for given 7 € (—1/4,0], ¥(7) is a
local minimum on I; and therefore we have the inequality (28) again for the
case 7 € (—1/4,0]. Furthermore, we can obtain ¥(8/(7 — 47)) > 16 when
T € [-1,z3) and U(8/(7—47)) < 16 when 7 € [z3,0]. Therefore, we can obtain

\P(7§47)’ when 7 € (—].,.’Eg],
16, when 7 € [z3,0],

> 0.

z € I.

(29) U(z) < {

And, it follows from (24), (25) and (29) that
48|as] < g(7), whent e I, U{0} =[0,8/(7 —471)],

where g is defined by (13).
Next, we consider the case t € I5. In this case we have |[AB| < |C|(|B|—4|A)).
Therefore, by Lemma 1.4,

(30) 4(4 —tHT(A, B,C) < 4(4 — t2)(—|A| + |B| +|C) = A(t),
where A : Iy — R is defined by
1
Az) = —5(872 — 217 4+ 16)2> + (20 — 167)z.

Moreover, A’(z) = 0 at = 7, where

20 — 167
1 Fim g T
(31) T 16 — 217 + 872
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Comparing the values 8/(7 — 47), 7* and 7, we have

8 ~ :
s ST LT when 7 € (—1,z2];
8 - .
= ST <7 when 7 € [z2, z4];

~ 8
T< ==z <T when 7 € [z4,0].

Furthermore, A is increasing on I when 7 € (—1, 23], and A is decreasing on
I, when 7 € [£4,0]. On the other hand, when 7 € [x9,24], A has its local
maximum at 7. Using these facts, we can obtain the maximum for A on I as
follows:

A(T), when 7 € (—1,z2];
(32) Az) < {A(T), when 7 € [z9,74]; 2z € L.
A (7f47) , when T € [24,0],

Combining (25), (30) and (32), we have
48|ay| < h(7), when t € I,

where h is defined by (14).
Next, let us consider the case ¢t € I3. In this case, from Lemma 1.4, we have

BQ

(33) 44 —tHT(A,B,C) <44 —t3)(|C| + |A]y/1 — 140 = (t),

where @ : I3 U {2} — R is defined by
1
O(x) = 5(24x + (872 — 97 — 5)2®) /()

with
3(3—471)%(4 — 2?)

o) =1t & ot D

Differentiating ®, we have

K1+ /{2502

- 2(1 — 97 + 872)\/o(z)’

(34) o'(x)

where
k1 = 8(—64 + 397 + 22472 — 3367° 4 1287%)
and
ko = (5+ 97 — 872)(19 — 1672).
We note that kg > 0 for 7 € [2=324L 1/6241,0] and ks < 0 for 7 € (—1, 97\1/6241].

When 7 € [2=¥24L 0], we have

K1+ kow? < Ky + 4kg = 12(—11 + 837 + 7272 — 27272 4 1287%) < 0, =z € L.
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Therefore, by (34), ® is decreasing on I3. Also, ® is decreasing on I3 for the

case T € [z, 2321 ] since
-8
K1+ kox? < Ky + Ko(T%)? = ¢(7) <0, zels

29 — 1277 + 12472 — 3273 —

For the case 7 € (—1,z2], we note that k1ky < 0 and ®'(z) = 0 occurs at
x = 7, where

(35) oo R [8(=64+397+ 22472 — 33673 + 12874)
N B —(5 497 — 872)(19 — 1672)

—Kg

Comparing the values 2, 7% and 7, we have

*
T*

Furthermore, ® is increasing on [7*,2] when 7 € (—1,z1], and ® has the local
maximum at x = 7 when 7 € [x1,22]. Using these facts, we can obtain the
following maximum for ® on I3 for each cases:

2<

<,
7 <2, when 7 € [z1, 22].

when 7 € (=1, z1];

IN A

D(2), when 7 € (=1, z4];
(36) O(z) < ¢ D(7), when 7 € [z1,22]; T € 3.
O(7*), when 7 € [22,0],

Combining (23), (25), (33) and (36), we have
48|as| < k(7), when t € I3U {2} =[77,2],

where k is defined by (15).
Consequently, we obtain

g(7), when ¢ € [0,8/(7 — 47)];
(37) 48Jaq| < < h(7), when ¢ € [8/(7 —471),7*];
k(T), when ¢ € [7%,2].

We note that each conditions v € [7/2,73], v € [v3,72], ¥ € [12,11] and v €
[11,7) are equivalent to 7 € [z3,0], T € [x2, 23], T € [x1,22] and T € (-1, 24],
respectively. Thus, it follows from (37) and (18) that the inequality (19) holds.
From now, we will show that this result is sharp. The equality for the first
case (i.e., 7 € [m/2,73]) in (19) holds for the function f; € M(v) defined by

f1(z) = zexp {/Ozé(Bv(fg’)—l)d& :z+%z4+---, z € D.
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And the equality for the fourth case (i.e., ¥ € [y1,7)) in (19) holds for the
function fo € M(7y) defined by

R = e | [ ¢ (B0 - 1ag

1 1
(38) :z+22+§(1—7)z3—|—1—8(1—97’—1—872),24
1
+ 5(_5 + 4172 367325 +---, zeD.

To consider the sharpness for the second case in (19), let us fix v € [y3,72]. We
note that the equality in (19) holds for ¢ which satisfies

A4 =) (|A+ B¢+ CGI+1 - [¢]?) = 4(4 — ) (=] A[ + | B + |C]) = A7),
where 7 is given by (31) and A, B, C' are given by (26) with t = 7. And we can

easily check that this relation is satisfied for { = —1 and t = ¢; = 7. Therefore,
by Lemma 1.2, we have

o =72-2 and c¢3=7>— 37

We consider the function f3 : D — C defined by

o ia-son| [ (0 (950) ) w0

where p € P has the form given by
(40) p(z) =14+72+ (F2=2)22+ (7 =373+

From (21), we can easily check that equality in (19) holds for this function
f3. Therefore, it is enough to construct a function p € P with the form given
by (40). Since ¢y = ¢ — 2, it follows from Lemma 1.3 with ¢ = —1 that the
function p should be defined by

1—-=2

A

and this guarantees the sharpness of the inequality (19) for the second case.
Finally, it is remained to show the sharpness of (19) for the third case. Fix
v € [y2,71]. We note that the equality in (19) holds for ¢ which satisfies

44— YA+ BC+OC] +1- [P) = 44— Y101+ 14D 1 - o = 2(7),

where 7 is given by (35) and A, B, C are given by (26) with t = 7. Moreover,
this relation holds for ¢ = €', where 6 € [0,27) is defined so that

B(A+C)  (3—47)(—163 — 1057 + 36872 — 33673 + 12874)

2
zeD

0 = — =
o8 1AC 8(—64 + 307 + 22472 — 33675 + 12874)
Therefore, by Lemma 1.2, we have
1 1
ey = 5[%2 +¢(4—-7?)] and c3= Z%[# +¢(2-¢)(4—7%).
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Since the equality in (19) holds for the function f3 defined by (39) with p € P,
where

P(E) = 1+ P2k 572+ (A = ) + 371 + 2 = U= )]+ o+

it is enough to construct a function p € P with this representation. Similar
methods with the second case and Lemma 1.3 lead us to get the desired function
p € P defined by
24+ 7(1+ )z + 2¢2?
p(2) = 5—= 5
2—7(1=¢)z—2¢=
and this completes the proof of Theorem 2.1. (I

We give here 5 figures which present the graphs of g, h and k defined by
(13), (14) and (15), respectively, to justify the equality (18).

FIGURE 1. Graphs of g, h, k on the interval [—1, 2]

i — 2(x)
s I

e S e e i —

i TERee——. K(x)

181F

180 \\
. ; : : . ; )

—-0468 D466 0464 0462 04560 0458 0456 0454

FIGURE 2. Graphs of g, h, k on the interval [z, x2]
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—0.40 -0.35 -0.30 —0.25 —0.20 -0.15

155 e
150
Ny — g{x})
145 -=- hx)
----- Kix)
1ol

-0.13 -0.12

-0.11 -0.10 -0.00 -0.0%

FIGURE 4. Graphs of g, h, k on the interval [z3, x4)

mSliila L S =i
1|
— g(x)
) 13 mo )
\\\\\\\\\\\\\\\\ s
12F
11

L L L
-0.07 -0.08 —-0.05 -0.04 —-0.03 —-0.02 -0

FIGURE 5. Graphs of g, h, k on the interval [z4, 0]

3. On the fifth coefficients of functions in M (%)

In this section, we obtain the sharp bound for the fifth coefficient of f €
M() for v in a subset of [7/2, 7). For this, let x5 = —0.882 be the zero in the
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interval (—1,—1/2) of the polynomial r; defined by
(41) ri(x) = 10 + 122 — 31z? — 362°.

Theorem 3.1. Let 5 ~ 2.651 be a root of the equation r1(cosy) = 0 and let
v € [ys, 7). If f € M(7) has the form given by (1), then

1
(42) las| < ﬁ(—5 + 4172 — 3673).

This result is sharp.

Proof. By the same methods in the proof of Theorem 2.1, we have

1 2 8
(43) 64as = 1—87"1 (7')0‘1l + 57“2(7')0%02 + 7"3(7')03 + §r4(7')clcg + 8¢y,

where r; is defined by (41),
ro(x) = =2 + T + 1227
r3(x) = —dx —2
and
rq(z) = =3z — 1.
And we can easily check that
ri(x) >0, i=1,2,3,4
for x € [-1,x5]. Or, equivalently, r;(7) > 0 (i = 1,2, 3,4) hold when vy € [ys, 7).
Therefore, by applying Lemma, 1.1 to the inequality which obtained by applying
the triangle inequality to (43), we obtain

8 16 32 8
64|as| < §r1(7) + —ro(T) +4rs(r) + §T4(T) +16 = —§(5 — 4177 4 367°),

3
which implies the inequality (42). The equality in (42) holds for fo defined by
(38) and this completes the proof of our result. O
References

[1] J. H. Choi, Y. C. Kim, and T. Sugawa, A general approach to the Fekete-Szego problem,
J. Math. Soc. Japan 59 (2007), no. 3, 707-727.

[2] P. L. Duren, Univalent Functions, Grundlehren der Mathematischen Wissenschaften,
259, Springer-Verlag, New York, 1983.

[3] R. Kargar, A. Ebadian, and J. J. Sokdl, Radius problems for some subclasses of analytic
functions, Complex Anal. Oper. Theory 11 (2017), no. 7, 1639-1649.

[4] K. Kuroki and S. Owa, Notes on new class for certain analytic functions, RIMS
Kokyuroku. Kyoto Univ. 1772 (2011), 21-25.

(5] , Notes on new class for certain analytic functions, Adv. Math. Sci. J. 1 (2012),
no. 2, 127-131.

6] O. S. Kwon, A. Lecko, and Y. J. Sim, On the fourth coefficient of functions in the
Carathéodory class, Comput. Methods Funct. Theory 18 (2018), no. 2, 307-314.

[7] M. Li and T. Sugawa, A note on successive coefficients of convez functions, Comput.
Methods Funct. Theory 17 (2017), no. 2, 179-193.

[8] R. J. Libera and E. J. Zlotkiewicz, Early coefficients of the inverse of a regular convex
function, Proc. Amer. Math. Soc. 85 (1982), no. 2, 225-230.




464 O. S. KWON AND Y. J. SIM

9] , Coefficient bounds for the inverse of a function with derivative in P, Proc.
Amer. Math. Soc. 87 (1983), no. 2, 251-257.

[10] R. Ohno and T. Sugawa, Coefficient estimates of analytic endomorphisms of the unit
disk fizing a point with applications to concave functions, Kyoto J. Math. 58 (2018),

no. 2, 227-241.

OH SANG KwoN

DEPARTMENT OF MATHEMATICS
KyYUNGSUNG UNIVERSITY

BusaN 48434, KOREA

Email address: oskwon@ks.ac.kr

YOUNG JAE SiM

DEPARTMENT OF MATHEMATICS
KyunGsuNG UNIVERSITY
BusaN 48434, KOREA

Email address: yjsim@ks.ac.kr



