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UNIQUENESS OF HOMOGENEOUS DIFFERENTIAL
POLYNOMIALS CONCERNING WEAKLY
WEIGHTED-SHARING

DiLip CHANDRA PRAMANIK AND JAYANTA ROy

ABSTRACT. In 2006, S. Lin and W. Lin introduced the definition of weakly
weighted-sharing of meromorphic functions which is between “CM” and
“IM”. In this paper, using the notion of weakly weighted-sharing, we
study the uniqueness of nonconstant homogeneous differential polynomi-
als P[f] and P[g] generated by meromorphic functions f and g, respec-
tively. Our results generalize the results due to S. Lin and W. Lin, and
H.-Y. Xu and Y. Hu.

1. Introduction and main result

Let C denote the complex plane and let f(z) be a nonconstant meromorphic
function defined on C. We assume that the reader is familiar with the standard
definitions and notions used in the Nevanlinna value distribution theory, such
as T(r, f),m(r, f), N(r, f) (see [1,6,7]). By S(r,f) we denote any quantity
satisfying the condition S(r, f) = o(T'(r, f)) as r — oo possibly outside an
exceptional set of finite linear measure. A meromorphic function a(z) is called
a small function with respect to f(z) if either a = 0o or T'(r,a) = S(r, f). We
denote by S(f) the collection of all small functions with respect to f. Clearly
CU {0} C S(f) and S(f) is a field over the set of complex numbers. For
a € CU {0} the quantities

oa, f)=1- lirisupw
and _
O(a, f) =1 — limsup W.

are respectively called the deficiency and ramification index of a for the function
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For any two nonconstant meromorphic functions f and g, and a € S(f) N
S(g), we say that f and g share a IM (CM) provided that f —a and g — a have
the same zeros ignoring (counting) multiplicities. If % and é share 0 IM (CM),
we say that f and g share co IM (CM).

Definition 1.1. Let k£ be a nonnegative integer or infinity and a(z) € S(f).
We denote by Ex(a, f) the set of all zeros of f — a, where a zero of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ex(a, f) =
Ei(a,g), we say that f, g share the function a(z) with weight k. We write f
and g share (a,k) to mean that f and g share the function a(z) with weight
k. Since E(a, f) = Ex(a,g) implies that Ej(a, f) = Ei(a,g) for any integer
1(0<l<k),if f, g share (a,k), then f, g share (a,l), (0 <1 < k). Moreover,
we note that f and g share the function a(z) IM or CM if and only if f and ¢
share (a,0) or (a,00) respectively.

Definition 1.2 ([3]). Let Ng(r, a) be the counting function of all common zeros
of f —a and g — a with the same multiplicities, and Ny(r,a) be the counting
function of all common zeros of f—a and g—a ignoring multiplicities. Denote by
Ng(r,a) and No(r,a) the reduced counting functions of f and g corresponding
to the counting functions Ng(r,a) and Ny(r, a) respectively. If

N(r,a; f) + N(r,a;9) — 2Ng(r,a) = S(r, f) + S(r, g9),
then we say that f and g share a “CM”. If

N(r,a; f) + N(r,a;9) — 2No(r,a) = S(r, f) + S(r, 9),
then we say that f and g share a “IM”.

Let k be a positive integer, and let f be a meromorphic function and a €
S().
(i) Nyy(r,a; f) denotes the counting function of those a-points of f whose
multiplicities are not greater than k, where each a-point is counted only once.
(i) N(k(r,a; f) denotes the counting function of those a-points of f whose
multiplicities are not less than k&, where each a-point is counted only once.
(iii) Np(r, a; f) denotes the counting function of those a-points of f, where
an a-point of f with multiplicity m counted m times if m < p and p times if
m > p.
We denote by d,(a, f) the quantity
R ACT)
dpla, f)=1 hiri}s;ip o)
where p is a positive integer. Clearly 6,(a, f) > d(a, f).
Let f and g be two nonconstant meromorphic functions sharing a “IM” for
a € S(f)NS(g), and a positive integer k or oo.
(i) NkE) (r, a) denotes the counting function of those a-points of f whose multi-
plicities are equal to the corresponding a-points of g, both of their multiplicities
are not greater than k, where each a-point is counted only once.
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(ii) N?k(r, a) denotes the reduced counting function of those a-points of f
which are a-points of g, both of their multiplicities are not less than k, where
each a-point is counted only once.

Definition 1.3 ([3]). For a € S(f)NS(g), if k is a positive integer or oo, and
— — —F
Nk)(T7a; f) + Nk)(r7a;g) - 2Nk)(raa’) = S(Tmf) + S(T,g),
— — —0
N (r,a; f) + Ngga(r,a:9) = 2N gy (r,a) = S(r, f) + S(r, 9)
or if k =0 and
N(r,a;f) +N(r,a;g) - 2N0(r7 G,) = S(T7 f) + S(’I}g),

then we say f and g weakly share a with weight k. Here, we write f, g share
“(a,k)” to mean that f, g weakly share a with weight k.

Obviously if f and g share “(a,k)”, then f and g share “(a,p)” for any
p (0 < p < k). Also, we note that f and g share a “IM” or “CM” if and only
if f and g share “(a,0)” or “(a,00)”, respectively.

Suppose F' and G share 1 “IM”. By N (r,1;F) we denotes the counting
function of the 1-points of F' whose multiplicities are greater than 1-points of
G. Np(r,1;G) is defined similarly.

Definition 1.4. Let f be a nonconstant meromorphic function. An expression
of the form

(L1) P =Y a]] ()™

k=1  j=0
where a, € S(f) for k = 1,2,...,n and [;; are nonnegative integers for k =
1,2,...,n; 5 =0,1,2,...,pand d = ?:olkj for k = 1,2,...,n, is called

a homogeneous differential polynomial of degree d generated by f. Also we
denote by @ the quantity Q = maxj<p<n zi}):o Gl

In 2006 S. Lin and W. Lin [3] first defined and used the concept of weakly-
weighted sharing of functions to prove the uniqueness of a meromorphic func-
tion and its derivative and proved the following theorems:

Theorem 1.1. Letn > 1 and 2 < k < o0, let f be a nonconstant meromorphic
function, a € S(f) and a # 0,00. If f and f™ share “(a,k)” and

4@(005 f) + 252+71(07 f) > 57
then f = f),
Theorem 1.2. Let n > 1 and let f be a nonconstant meromorphic function,

a € S(f) and a 5—'& 0, Q. Iff and f(”) share “(a7 ].)” and

9 )
("57) 0l + §o0in(0.1) > 5 40

then f = f(m.
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Theorem 1.3. Let n > 1 and let f be a nonconstant meromorphic function,
ac S(f) and a Z0,00. If f and f(") share “(CL,O)” and

(7 +20)0(00, f) + 50240, f) > 2 +11,
then f = f).

Later in 2011, H.-Y. Xu and Y. Hu [4] generalize Theorems 1.1-1.3 by prov-
ing the following theorems:

Theorem 1.4. Letn > 1 and 2 < k < oo, let f be a nonconstant meromorphic
function, a € S(f) anda # 0,00. Suppose L(f) = f +an, 1 f*" D+ -+aof.
If f and L(f) share “(a,k)” and

49(007 f) + 262+n(03 f) > 57
then f = L(f).

Theorem 1.5. Let n > 1, let f be a monconstant meromorphic function, a €
S(f) and a # 0,00. Suppose L(f) be defined as in Theorem 1.4. If f and L(f)
share “(a,1)” and

(; 4 n) 000, £) + 202(0. £) + bual0.£) > m 45,
then f = L(f).

Theorem 1.6. Let n > 1, let f be a monconstant meromorphic function, a €
S(f) and a £ 0,00. Suppose L(f) be defined as in Theorem 1.4. If f and L(f)
share “(a,0)” and

(6 4+2n)0O(c0, f) + d2(0, f) +20(0, f) 4 2024, (0, f) > 2n + 10,
then f = L(f).

Motivated by such uniqueness investigation, it is natural to consider the
problem in a more general setting: Let f and g be any two nonconstant mero-
morphic functions, P[f] and P[g] be nonconstant homogeneous differential
polynomials of f and g respectively, and a(z) € S(f) N S(g), a # 0,00. If
P[f] and Plg] share “(a,k)”, then what will be the relation between P[f] and
P[g]? In this paper we prove that under certain conditions either P[f] = P[g]
or P[f].Plg] = a®.

Now, we state the main result of this paper.

Theorem 1.7. Let f and g be two transcendental meromorphic functions,
a=a(z) (a #0,00) € S(f) N S(g). Suppose P[f] and Plg|, defined by (1.1)
are nonconstant. If P[f] and Plg] share “(a,k)” with one of the following
conditions:

(i) k > 2 and

(1'2) min {(Q + 4)@(00’ f) + 262+P(0? f)’ (Q + 4)6(007 g) + 262+P(ng)}
>6+Q —d,
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(ii) k=1 and

(1.3)  min{(3Q +9)O(c0, f) + 5321,(0, ), (3Q + 9)O(00, ) + 5d24,(0,9) }
> 3Q + 14 — 2d,

(iii) £k =0 and
(14)  min{(4Q + 7)O(00, f) + 5624, (0, f), (4Q + 7)O (00, g) + 5624, (0, 9)}
> 4Q +12 — d,
then either P[f] = P[g] or P[f].Plg] = a®.

2. Lemmas
In this section we present some lemmas which will needed in the sequel.

Lemma 2.1 ([2]). Let f be a nonconstant meromorphic function and P|[f] be
defined by (1.1). Then

N(r,00; P) < dN(r,00; f) + QN (r, 005 f) + S(r, f).

Lemma 2.2. Let f be a transcendental meromorphic function and P[f] be
same as in (1.1). If P[f] # 0, then we have

(i) Na(r,0; P) < Noyp(r, 05 f) + QN(r, 005 f) + S(r, f),

(ll) N?(Ta 07 P) S N2+p(T, 07 f) + T(Tv P) - dT(Ta f) + S(T7 f)

Proof.

Na(r,0; P) < N(r,0; P) = > N(r,0; P| > k)
k=3

= T(r,P) —m(r,0; P) = Y "N(r,0; P| > k) + O(1)
k=3

§T(T,P)fm(r70;f)+mroo Z (r,0; P| > k) + O(1)
k=3
< T(r,P) —dT(r, f) + N(r,0; f) i N(r,0; P| > k) + S(r, f)
k=3

< T(r, P) — dT(r, f) + Nayp(r, 0; f)

+ Z N(r,0; f4 > k) — Z (r,0; P| > k) + S(r, f)

k=3+p
~ T(T‘,P) - dT(T.vf) +N2+p(ra af) +S(Taf)
This proves (ii).
Now using Lemma 2.1 we have,

T(r, P) = N(r,00; P) + m(r, oo; P)
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< m{r,001 )+ m{r, 065 77) + N(r,o0; P
= dm(r,00; f) + N(r,00; P) + S(r, f)
< dm(r, 00; f) + dN(r,00; f) + QN (r, 00; f) + S(r, f)
< dT(r, ) + QN (r,00; f) + S(r, f).
Therefore, Na(r,0; P) < Naoip(r,0; f) + QN (r,00; f) + S(r, f). O

Lemma 2.3 ([3]). Let k be a nonnegative integer or infinity, F and G be
nonconstant meromorphic functions, F and G share “(1,k)”. Let

@) (1) 2) (1)
= (?(1) _215_1> - <g(1> _25—1)'
If H #£0, then
(i) If 2 < k < 0, then
T(r,F) < Ns(r,00; F) + Na(r,00; G) + Na(r,0; F) + No(r,0; G)
+S(r, F)+ S(r,G).
(i) If k =1, then
T(r,F) < Ny(r,00; F) + Ny(r,00; G) + No(r,0; F) + No(r,0; G)
+Nrp(r,1;F)+S(r,F)+ S(r,G).

(iii) If k =0, then
T(r,F) < Na(r,00; F') + Na(r,00; G) + Na(r,0; F) + No(r,0; G)
+2Np(r,1;F)+ Np(r,1;G) + S(r, F) + S(r, G).
The same inequality holds for T(r,G).

Lemma 2.4 ([4]). Let F and G be nonconstant meromorphic functions such
that F' and G share “(1,1)”. Then

Np(r,1; F) < %N(T,O;F) + %N(T,OO;F) +S(r, F).
Lemma 2.5 ([4]). Let F' and G be nonconstant meromorphic functions such
that F' and G share “(1,0)”. Then

Np(r,1;F) < N(r,o0; F) + N(r,0; F) + S(r, F).
Lemma 2.6 ([5]). Let f be a nonconstant meromorphic function and let
p(f) = anf" +anaf" 4+ arf +ao,

where a; € S(f) fori=0,1,...,n; a, # 0 be a polynomial of degree n. Then
T(r,p(f)) =nT(r,f)+ S(r, f).
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3. Proof of the main theorem
Proof of Theorem 1.7. Let

PUA) ¢ _ Pld
a a

Since P[f] and P[g] share “(a, k)”, it follows that F', G share “(1,k)” except
at the zeros and poles of a.

Let H be same as in Lemma 2.3. Suppose that H # 0.

Now we consider the following three cases:

Case 1: 2 <k < 0.

From (i) of Lemma 2.3

T(r,F) < Ny(r,00; F) + Na(r,00; G) + Na(r,0; F) + No(r,0; G)
+S(r,F)+ S(r,G).

F =

Using Lemma 2.2
T(r,F) < 2N(r,00; F) + 2N(r,00; G) + T(r, F) — dT(r, f) + Na1p(r,0; f)
+ QN (r,005g) + Noyp(r,0:9) + S(r, F) + S(r,G)

and so

dT(r, f) < 2N(r,00: f) + Nasp(r,0: f) + (2 + Q)N (r, o0 g)
(3.1) + Nogp(r,059) + S(r, f) + S(r, ).
Similarly,

dT'(r,g) < 2N (r,00; g) + Naiy(r,0;9) + (2 + Q)N (r, 00; f)
(3.2) + Noyp(r,0; f) + S(r, f) + S(r, 9).
Adding (3.1) and (3.2)
dT(r, f) +dT(r,g) < 2Nayp(r,0; f) + (Q +4)N(r,00; f) + 2Nayp(r,0; g)
+(Q +4)N(r, 00:9) + S(r, f) + 5(r, 9)

= {20245(0, ) + (@ +4)O(c0, f) = (6 +Q —d)} T'(r, f)
+{2024(0,9) + (@ +4)O(c0,9) — (6 + Q — )} T'(r, g)
< S(r, f)+ S(r,9).

Which contradict our hypothesis (1.2).
Thus H = 0. That is

F(2) F) G»2) G 1 A
— -2 = -2 = = + B,
F) F-1 G G-1 G-1 F-1
where A # 0 and B are constants.
Thus
B+1)F+(A-B-1
(3.3) g=BFVFH )

BF + (A— B)
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and

(B-A)G+(A-B-1)
BG - (B+1)

Next we consider following three subcases:

Subcase 1. B # 0, —1. Then from (3.4) we have

N(r, %; @) = N(r, o0; F).

By Nevanlinna second fundamental theorem and (ii) of Lemma 2.2 we get

(3.4) F=

T(r,G) < N(r,00;G) + N(r,0; G) + N(r, %; G)+ S(r,G)
N(r,00;G) + N(r,0;G) + N(r,00; F) + S(r,G)
< N(r,00;G) + T(r,G) — dT(r,g) + Nayp(r,0;g)
+ N(r,00; F) + S(r,Q),
ie.,
(3.5) dT(r,g) < N(r,00; f) + Noip(r,0;9) + N(r,00;9) + S(r, f) + S(r,g).
If A— B —1#0, then it follows from (3.3) that
— —A+B+1
N —p 1
Again by Nevanlinna second fundamental theorem and Lemma 2.2
-A+B+1
B+1 '’

F)=N(r,0;G).

T(r,F) < N(r,00; F) + N(r,0; F) + N(r, F)+ S(r, F)

= dI(r, f) < N(r,00; f) + Nosp(r, 0; f) + QN(r,00; g) + Noyp (7, 0; 9)
(3.6) + S(r, f) + S(r, 9).
Combining (3.5) and (3.6)
dT(r, f) +dT(r,g) < Noyp(r,0; f) + 2N (r,00; f) + 2Naip(r,0; g)
+(Q+1)N(r,0019) + S(r, f) + S(r,9)

which again contradict (1.2).
Hence A — B —1=0. Then by (3.3)

1
N(r,0; F + E) = N(r,o0; Q).
Again by Nevanlinna second fundamental theorem
_ — — 1
T(r,F) < N(r,o0; F) + N(r,0; F) + N(r,0; F + E) +S(r,F)

< N(r,00; f) + T(r, F) = dT(r, f) + Nasp(r, 0; f) + N(r, 00; 9)
+ S(r7 f) + S(Tﬂ g)?
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ie.,
(3.7) dT(r, f) < N(r,00; f) + Naip(r,0; f) + N(r,00;9) + S(r, f) + S(r, g).
Combining (3.5) and (3.7)
dT(r, f) + dT(r,g) < Nayp(r,0; ) + 2N (7, 00; f) + Nayp(r,0; g)
+ 2N (r,00;9) + S(r, f) + S(r, 9),

which violates our given assumption.

Subcase 2. B = —1. Then

A
G_A+1—F
and (1+A)G— A
_l’_ .
poUrAG-4
G

If A+ 1 #0, then we obtain
N(r, A+ 1;F) = N(r,0;G),
A —

—— @) =N(r,0;F).
TG = N0 F)

By similar argument, we have a contradiction.
Therefore, A+ 1 =0, then

FG =1 = PI[f].Plg] = d*.

Subcase 3. B = 0. Then (3.3) and (3.4) gives G = =L and F = AG +
1—A.

IfA-1#0,N(r,0A—1+F)=N(r,0;G) and N(r, 251, G) = N(r,0; F).
Proceeding similarly as in Subcase 1, we get a contradiction.

Therefore, A —1 =0, then F = G, i.e.,

P[f] = Plg].
This complete the proof of Case 1.
Case 2: k = 1. From (ii) of Lemma 2.3

T(r,F) < Na(r,00; F) + Na(r,00; G) + No(r,0; F) + No(r,0;G) + N (r,1; F)
+S(r,F)+ S(r,G).
Using Lemma 2.2
T(r,F) < 2N(r,00; F) + 2N (r,00; G) + T(r, F) — dT(r, f) + Naip(r,0; f)
+ QN (r,0039) + Noyp(r,0;9) + Np(r, 1; F) + S(r, F) + S(r, G).
So by Lemma 2.2 and Lemma 2.4
dT(r, f) < 2N(r,00; f) + Nap(r,0; f) + (2 + Q)N (r, 003 9)

N(r,

+ N2+;D(rv 0,9) + %N(T, 03 f) + %QN(T? o035 f) + %N}Q—p(rvo; f)
+S(r, f) +5(r,9)
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< > —; QW(?‘, 003 f) + gNQ-HD(T’ 0; /) + 2+ QN (r,00i9)

+ Noyp(r,059) + S(r, f) + S(r, 9),

ie.,
5+ Q+

dI(r, f) < —5—N(r, 00 f) + gNzﬂa(?“, 0; f) + 2+ Q)N(r,00;9)

+ Noyp(r,059) + S(r, f) + S(r, ).
Similarly
54+ Q— 3 —
dT'(r,g) < TN(Tv 005 9) + §N2+p(7“»0§9) + 2+ Q)N (r, 005 f)
+ Nogyp(r,0; f) + S(r, ) + 5(r, 9)-
Adding the above two inequalities we get

3Q + 9+ )
@ N (001 )+ 2 Naylr, 05 ) +

)
+ §N2+p(’ra 0,9) + S(Tv f) + S(Ta g)a

AT, 1) + dT(r,g) < N, 0019)

which contradict our hypothesis (1.3).
Proceeding similarly as in Case 1, we get the result for this case.
Case 3: k= 0. From (iii) of Lemma 2.3

T(r,F) < Ny(r,00; F) + Na(r,00; G) + Na(r,0; F) + No(r,0; G)
+2Nr(r,1;F)+ Np(r,1;,G) + S(r, F) + S(r, G).
Using Lemmas 2.2 and 2.5
T(r,F) < 2N(r,00; F) + 2N (r,00; G) + T(r, F) — dT(r, f) + Naip(r,0; f)
+ QN(r,00; g) + Noyp(r,0; g) + 2N (r, 00; F) + 2N (r, 0; F)
+ N(r,00;G) + N(r,0;G) + S(r, F) + S(r, G),
ie.,
dT'(r, f) < AN(r,00; f) + Nogp(r, 05 f) + (3 + Q)N(r, 003 9)
+ Nayp(r,059) + 2QN (r,00; ) + 2Na (1, 0; f)
+QN(r,0019) + Noyy(r,0:9) + S(r, f) + S(r, g)
< (4+2Q)N(r,00; f) + 3Nayp(r, 05 f)
+ (3 +2Q)N(r,00; g) + 2Nay (1,05 9) + S(r, f) + S(r, g).
Similarly,
dT(r,g) < (44 2Q)N(r,00;g) + 3Nayp(r,0; g)
+ (3 +2Q)N(r,00; f) + 2Nai (1,05 f) + S(r, ) + S(r, 9).
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Combining the above two inequalities we get,
dT(r, f)+dT(r,g) < (4Q + T)N(r,00; f) + 5Nt (1, 0; f)
+ (4Q + T)N(r,00; g) + 5Nat (1, 0; g)
+5(r, f)+5(r,9),

which contradict our hypothesis (1.4).

(1]
(2]

3

(4]

(5]
[6]

[7]

Approaching similarly as in Case 1, we get the result for this case. O
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