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Direct Sparse Solver

Jeong-Rae Cho' and Keunhee Cho''

]Department of Infrastructure Safety Research, Korea Institute of Civil Engineering and Building Technology, Goyang, 10223, Korea

Abstract

Parallel sparse solvers are essential for solving large-scale finite element models. This paper introduces the combination of
iterative and direct solver that can be applied efficiently to problems that require continuous solution for a subtly changing sequence
of systems of equations. The iterative-direct sparse solver combination technique, proposed and implemented in the parallel sparse
solver package, PARDISO, means that iterative sparse solver is applied for the newly updated linear system, but it uses the direct
sparse solver's factorization of previous system matrix as a preconditioner. If the solution does not converge until the preset
iterations, the solution will be sought by the direct sparse solver, and the last factorization results will be used as a preconditioner
for subsequent updated system of equations. In this study, an improved method that sets the maximum number of iterations
dynamically at the first Krylov iteration step is proposed and verified thereby enhancing calculation efficiency by the frequency
domain analysis.

Keywords : large-scale finite element model, frequency domain analysis, parellel sparse solver, combination of
iterative and direct sparse solver
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T At 34 &8s LU 8o 273 A3 & &net

e frekes RdS w2A iXshy] flsiMe HE Kryloviiell A% ¥ 3)4 SW=E 788 4 lrh(Sadd
steglo] g AxEele] RS ned Foasy Z2 2003; Davis, 2006), A3 34 &We 3 PH F3
age] AL Beskt, 59 AR Sl uelele] A, (factorization) & Sek Vi oje] W Sl WElo] A&
A4 fadvel =) 5 B 2 BEAE ¥U S A0 shssel, P39 At dmdiehs U8 Ak 2esE
(Cho, et al., 2017). ©] =llX= vABHA ¥slehe Al 2] o A& AU Ao shA Fel(fill-in) o] SAE Hl R
B B2 Q402 A Tofol sk FoAE AN B elh ol dasle B bn ek Wl w9k &
M E&Ao® A8 Thedh WA 54 EH 29 7S H= v el Za wA el wet w2 sHee
a7, FE AN B G s Aciohe g vt 42
e TR olled APA2"E R A7 U 7S A 7y RHERST)E Solule Talo]
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ATH Cho, et al., 2017).
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Alx' =V, A% =Vv& 73] = gt

A WA A28 Al =b'ollE Fig. 13 2& g4 &w &
VEE A&t AR e g Al AR HE,
£ @ (analysis phase)® FE9 34 HEHS B3]
TS E HAslelh= DAt} &8 @A (factorization) &
FES AHE L UR Eallshs Zgoltt. &84 o

(solution phase)x Eéld Atzgido g 2 F8l= WA
olt}, whek o] 3|4 P Felo] WslslA] Fe A A
WA= 13] AR d st ALk AR tii-E 8l Tl oA
295w, oln| Zaj7} o] Fofxl Zfell= - WE7E A EA
FoAH e £F4 WA= waA ALt 7}%3}"/}.
T A Alz"l A%? =Bl Krylov BHE 8]4 &1
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Given Ax=b, M

1. Compute r, :=b—Ax, for some intial guess X,

2. Choose ;o :=conj(r,) or random

3. for 7=1,2,...

4 p=(rr)
5 if j=1

6 u, =1,

7. P =1,

8 else

9 Bi-1 :P];l/Pjﬁ

10. u;=r;_+ 6,19

11 Pj:uj"‘ﬂjﬂ(qjﬂ"'ﬂjﬂpj—l)
12. endif

13.  Solve Mp=p,

14. vi=Ap

15. a 3:,0]'71/(17_7'—17‘;)

16. q; ::uj—ajx;

17. Solve Mu= u;+q

18. X; :=xj,1+ajﬁ

19. a=Au

20. r; ::rj,l—aja

21. Check convergency, continue if necessary
22. endfor

Note that conj(x) = X, (x,y) =xHy

Fig. 2 Preconditioned CGS algorithm

Ax=D e EH = Krylov &
st o] FHAS =ol7] flal PdE Ad
A3 =% preconditioner M% Ysted (M~ A) M 'Ax
=M"'be d1E T8l Ht}. PreconditionerZE Jacobi,
SSOR, ILU &°| =2 A28t} Fig. 2&
283+ Conjugate Gradient Squared(°]dt CGS) &L
25 Yepd Aelth(Bai, et al., 2002; LIS solver).
Positive definite @Hol= Conjugate Gradient(°]3} CG),
non-positive definite Zol= 2713 CGS <ol = BiCon-
jugate Gradient(°]3} BiCG), BiConjugate Gradient Sta-
bilized (]38} BiCGStab) Generalized Minimum Residual

(o3} GMRES) 59 Qe 443 4 9tk w0 &)

Fejo) va@—;— 5
g

preconditioner

=
=

Given Ax =y

1. Analysis phase

2. Factorization phase
3. Solution phase

: Compute LU = PA
: LUx =Py

© Compute P from A’s sparsity for minimizing fill-in

Fig. 1 Solver phases of direct sparse solver(Cho, et dl.,
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preconditioner MO.Z FAHE A|~El9] g|& ot w7}
ek, o] AlzHleA M2 oW A3 £H daelE2 Fl
LU &ali7h =] gi7] wjito] w2A Aol 7hsaict,

PARDISO®IA] AlXahs M2 84 & 23 7H
oln] A% &W dugFer PE FH Ayt EAlske
735 78AE g A"l tig] CG/CGS W THAlE A&
s, FHol Bk 3145 15032 gstar 3ok, wHeF 1503]
ojie] FH3sA oW AF E&H dugFs ALtEE
T4E0] Atk AR EHe] FE Eao] 28EE= ARl
CG/CGS W2 15035 Falate ARt 2ugte o SellA]
55 15037 2Tk Rasla 9tk B Aole
ol¢} Zo] mHHE Hd whE 3FE Adshe daE
CombinationSg} A&t , Fig. 3& ©] dugES &
Aolt}. PARDISO®IA+= Krylov iteration®2 positive
definite &Hol tiglA= CG, indefinite PFH dsir=
CGSE A &gt}

CombinationS WH¢] ©8-& Krylov ¥Ho] tigh Hoj
W2 3]4=(maximum number of krylov iteration) & v|Z]
A eths Holtk. PARDISOOIA AMEEH= CG/CGS HHS
FHdj 3] 1503 = A3 £ 9] P8 Fallo] 2w ATt
CG/CGS W2 15035 Falate ARt 2ughe o SellA]
AREJAT, Agets A, Alitl Fedshe Fole, AH
3a Eujo] daE|Fe] WEHs Hro wet o] A5E 5
T At dE Bo] B3 oA ZF &l P Eafol
295 ARl 100%°]3 CG/CGS HHy @IS 13] 3
s AlZR]l 10Z&2ka b, CG/CGS BHE THAl7E 103

W

vlwate] FHuRkEs|$¢ n & A4HSlE CombinationD
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Given Ax=Db
1. if M is none,

Krylov iteration

2. M:=A and factorize M=LU

3. endif

4. Compute r,:=b—Ax, for some intial guess x,
5. j=1

6. while(true)

7.

8.

9.

10 if j=n,,., break(failed)
11, j=j+1

12. endwhile

13. if failed

14. M:=A and factorize M=LU
15. Solve Mx=Db

16. endif

Fig. 3 Algorithm of combination of iterative and direct
sparse solver with static iteration number
(CombinationS)

Given Ax=b
1. if M is none,
2. M:=A and factorize M=LU

3. endif

4. Compute ry:=b—Ax, for some intial guess x,
5. =1

6. while(true)

7.

8. Krylov iteration

9.

10. if j=1

11. Toae = T/ T

12. endif

13.  if j=n,,,, break(failed)

4. j=j+1

15. endwhile

16. if failed

17. M:= A and factorize M=LU
18. Solve Mx=Dh

19. endif

Fig. 4 Algorithm of combination of iterative and direct
sparse solver with dynamic maximum iteration
number(CombinationD)
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" L-x model " S-x model

Fig. 5 Cantilever model

Ly, Ly Lz : Lengths for each dir.

ng Ny Nz : No. Of elements for each dir.

No
No
No
No

L:, n;

. of elements : nyxnyxn;

. of nodes : (my+1)x(ny+1)%(n: +1)

.of DOFs : 3(ne+ 1) = (my+ 1) (n: +1)

.of equations : 3(n+1)x(n+1)x(n: +1)
S3(m+ 1) x(n: +1)

z "
t—\:y
Fig. 6 Discretization of model
S Mok AlaE A 2 BA FoE 99 NS 2 ad mdd WEE B2 he, 848, R 5 ARE
FASHATE. Fig. 59 22 T #39 7EHHHE tdez %, half bandwidth & & 2|g ot} Lx BdE A%
Fig. 63 Zo] 884 &8 84F 7, y, 2 WFO=E pn, wak o7 71 Bdloln] | RbH Sx& e Fdolt}h 2 &
n,. nNE R 4 2d 84S ndskdch Table 12 AL A= e v, 2= ©F 2008 A,
Table 1 Cantilever analysis model cases
Model NX NY NZ No. of Elements No. of Nodes No. of DOFs |Half. band width
L-2 500 50 25 625,000 664,326 1,992,978 4056
S-2 320 64 32 655,360 688,545 2,065,635 6534
L-1 400 40 20 320,000 345,261 1,035,783 2646
S-1 250 50 25 312,500 332.826 998,478 4056
L-0.4 300 30 15 135,000 149,296 447 888 1536
S-0.4 190 38 19 137,180 148,980 446,940 2400
L-0.2 240 24 12 69.120 78,325 234,975 1014
S-0.2 150 30 15 67.500 74,896 224,688 1536
04

o]

Fig. 7 Analysis model
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o] AM&E Krylov W2 CGS €xi

=< Ag39t}. 18 E & Ralyeigh damping 1%S &
39 em Table 29 Table 3 &4 2l aFAESFES
A& Aola, Fig. 8& 1-0.29 8-0.29 RE A4S A

@ Aol

Intel Xeon(R) E5-2687W v4@3.00GHz CPU 27]1¢
256GB WEEE Faet AlxEldA ddE FeEon,

AR EERED

= 24700t} AH 34 EWHZE Intel

MKL lo]Eefgjel|A] #|F3sl= PARDISOE AHE3I3om,

Intel MKL telBe|g]e] 3|agE
oﬂﬂ' < a a’c_ﬂ—o:] l:ﬂ
eI/l < e 2 F-3atd om

9}, CombinationS €

2elo g JP-wE A
shatelth. CGs gael&e] s E
a4 o2 1078 443
FaelFelA HRkESl= PARDISO

oA A<k 1502 A-&3ktt.

Table 49} Table
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=

A7 &) o) 208 Aoz AFsee depd Rol.

CombinationDE 4]
oS AA Al
Bt E AL S
TddA &= F71 3

44 Sue) P o

A mcﬂo] gHM Ut—ﬂo] ];gz[:% CPU

22 A7 2ue) Hlmd o &5 =7}
ot} &3 half band-width7} & S—x
7} A}, ol9} 2L &% F7F Ry

3] TAlel A~Le¥E AR Krylov WHE

A 13 S8l 28HE A7to] §)A mdo] =

CPU 2017} 4255 h

W] wZott. whe]

alf band-width7} & 2 3A| #}e]

CombinationSE 2E ZA$ox] ¢3]8]

27 W EY o 2e Azbe] 22% T CombinationSe

Table 2 Result of natural frequency analysis for L-x model

Natural Frequency
Remark
L2 L-1 L-0.4 L-0.2
1% 1.02296 1.02319 1.02369 1.02432 first flexural mode for weak axis
ond 2.03262 2.03275 2.03303 2.03339 first flexural mode for strong axis
3 6.34134 6.34283 6.34603 6.3501 second flexural mode for weak axis
4" 12.22 12.2209 12.2229 12.2253 second flexural mode for strong axis
Table 3 Result of natural frequency analysis for S-x model
Natural Frequency Remark
S-2 S-1 S-0.4 S-0.2
1% 4.0759 4.07659 4.07786 4.07965 first flexural mode for weak axis
ond 7.9679 7.96836 7.96919 7.97032 first flexural mode for strong axis
3 24.4988 24.5035 24.5122 24.5244 second flexural mode for weak axis
4" 30.8826 30.887 30.8951 30.9066 first twisting mode

e
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(a) L-0.2

(b) §-0.2

Fig. 8 Mode shapes

o] ¥ AL T°r oAl Al PE §7F
(null) PZ H ?'53 Fo] 27 (condition)e] kA
150319] Krylov §Hs Alikel] a7} =] a1, 1503
HHES Faehe AR AR SHE P Eeshe ARG

Table 4 Wall time of frequency domain analysis - 24 cores

used(unit : seconds)

Model Direct Solver | CombinationS | CombinationD
L-2 5404.19 14006.8 4048.54
S-2 9683.81 10063.4 4547 .21
L-1 1472.26 3837.26 1339.25
S-1 2372.59 3211.89 1409.62

L-0.4 267.711 1246.32 419.974

S-0.4 486.234 949.626 328.313

L-0.2 87.8953 633.893 124.805

S-0.2 126.402 473.368 136.353

Table 5 Wall time of frequency domain analysis - 8 cores
used (unit @ seconds)

Model Direct Solver | CombinationS | CombinationD
L2 7773.28 14143.1 4658.56
S-2 15107.6 9915.02 5170.11
L-1 2204.94 5062.54 1571
S-1 3704.24 3228.46 1617.67

L-0.4 476.937 1787.11 421.134

S-0.4 771.202 995.249 390.13

1-0.2 157.799 642.895 170.255

S-0.2 236.892 771.947 140.812

122 stz aZEs =28 M323 HM25(2019.4)

3’5]34 7] wjEo]t}. CombinationDE HERICIA ) =
£ ARs] wied FHEAol Y Ag AL 359
Krylov WHE 85 o33 & A SR gk | A
2 o & PARDISO®A AlFsh= CombinationS %<
goll EAI7E e Alzgle] A48 79 ZEo] ES
s1em, CombinationD7} & A RdelA] AlXE Z&0]
vt
Fig. 107} Fig. 11 2de Z7] 22 1-0.2, S-0.29
sl Akl Fedls FZAFE st EHWdA AQEE
AlZHE Bl Aolth, FEAdd #4171 9lE CombinationS

PR
2 )y o

2.5

B Combination$

m CombinationD

L-04 S04 L-02 s02

15

1
0.5 | I
0 I I
L-2 s-2 L-1 s1

Fig. 9 Speedup over direct solver in frequency
domain analysis - 24 cores

Speedup over DirectSolver
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Fig. 10 Speedup over direct solver in frequency
domain analysis - 8 cores
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400 | \
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200 - ‘*—'\o_—o._t A
2 =il - |
100 - T "O'*-o—t—o—k;::—o—o—q.
0 L 1 L 1 1
0 4 8 12 16 20 24

No. of Cores

Fig. 11 Wall time of solvers according to number of
cores for model L-0.2 in frequency domain analysis

1600

1400 |
* —e—Direct
m |
3 1200 |
5 \ —+— CombinationD
\
2 1000 [}
= |
= \
[ [ 1
= 800 I._.
600 |- )
200 | e
- \
%, ‘.—.\‘
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B e e DL . — 2 SR S
0 1 1 L 1 1

0 4 8 12 16 20 24

No. of Cores

Fig. 12 Wall time of solvers according to number of
cores for model S-0.2 in frequency domain analysis

E mjAlsdt. 2380l 8~12 Zo7HAE CombinationD
o] & F7F 3t 9lom o] AR EWo] QAR
ot AL 4§ itk ol 22 Ave AF WA PE
3l dAle Fof geol| wel WEs) dE] gle Wi, &7
A e A es BEsE 452 ¢4=ul(Cho, et al.,

249 - 2523

2017), Fig. 2¢l vehd 213} 2o] Krylov ¥Ho] 28¥ &
e EF dAE Fdstet A &S] wEelt

o] =wAME vAleHA Malehs Al2g FEE o
Ad&EH o o2 Faflof ok EAIQ Tk 49 sfAel a4

o

A A
o2 Ag 7hed w2 Fa En 23 71 E At
Ak 71 AFAIt] Hh Krylov BHs 255 Al4tksto]
Aol W Krylov 352 A3ste e dagfselt
Ak e g3E ASS] fdl oA e fras
Zdol el Fukr 9 siXzt v g ey 2A1E 38k,
et A3 Bla EWE A8 Aok WA 5a &
2% 7IUE AL 7ol thd s AlREE Hlastslnt. A1
AR A3 it R el Bdlo] Fulg Y afiAolA Aok
g daelge] 2yles Azte] 4Rd dEHE e
gl 4 AT
ZA 2

2 A7e A4S AAL T (MOTIE) ¢ @=elldA)7]e3 7}
A(KETEP)] Al9s wol gk A7 FAIYYTH(No.
20161520101130).
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