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PARAMETER DEPENDENCE OF
SMOOTH STABLE MANIFOLDS

Luis BARREIRA AND CLAUDIA VALLS

ABSTRACT. We establish the existence of C! stable invariant manifolds
for differential equations u’ = A(t)u+ f(t,u, \) obtained from sufficiently
small C! perturbations of a nonuniform exponential dichotomy. Since
any linear equation with nonzero Lyapunov exponents has a nonuniform
exponential dichotomy, this is a very general assumption. We also estab-
lish the C! dependence of the stable manifolds on the parameter A. We
emphasize that our results are optimal, in the sense that the invariant
manifolds are as regular as the vector field. We use the fiber contraction
principle to establish the smoothness of the invariant manifolds. In addi-
tion, we can also consider linear perturbations, and thus our results can
be readily applied to the robustness problem of nonuniform exponential
dichotomies.

1. Introduction

The existence of an exponential dichotomy for a linear equation
(1) u = A(t)u

ensures the existence of stable and unstable invariant manifolds under suf-
ficiently small perturbations. More generally, we can consider nonuniform
exponential dichotomies. It turns out that the classical notion of (uniform)
exponential dichotomy is very stringent for the dynamics and it is of interest
to look for more general types of hyperbolic behavior. These generalizations
can be much more typical. For example, almost all linear variational equa-
tions with nonzero Lyapunov exponents obtained from a measure-preserving
flow have a nonuniform exponential dichotomy. We refer to [1] for a related
discussion. Moreover, it is easy to show that if an autonomous linear equation
has a nonuniform exponential dichotomy, then in fact the dichotomy must be
uniform. This is why in the study of nonuniform exponential behavior we are
only interested in perturbations of nonautonomous linear differential equations.
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826 L. BARREIRA AND C. VALLS

Our main objective is to show that the stable invariant manifolds for per-
turbations of equation (1) are of class C! provided that the vector field is of
class C!, thus establishing their optimal regularity in the nonuniform setting.
More precisely, we consider the perturbed equation

(2) u = At)u+ f(t,u,N),
where A and f are C*! functions. We assume that f(t,0,\) = f(¢,u,\) = 0 for
every t > 0, u € X = RP with ||u]| > ¢, and A in an open ball Y C R? for some

constant ¢ > 0.
The following is a consequence of our stable manifold theorem.

Theorem 1. If equation (1) has a nonuniform exponential dichotomy, and

of of

H(t,u,/\) < ke " and = (t,u, \)

ou oA

foreveryt >0, ue X, and A € Y, for some sufficiently small k > 0, then for
each X € Y the zero solution of equation (2) has a C' stable invariant manifold
V. In addition, the map \ — Vy is of class C*.

] < ke~

Reversing time we can also obtain invariant unstable manifolds with optimal
regularity. The invariance of the stable manifolds means that for each A € Y
the set V) is invariant under the flow defined by the autonomous equation

t'=1, u =A)u+ f(t,u,N).

More generally, we also consider linear equations (1) that may exhibit stable
and unstable behavior with respect to arbitrary growth rates e?*®) determined
by a function p(t). We note that the usual exponential behavior with p(t) =t
is included as a very special case. These arbitrary growth rates include for
example situations in which all Lyapunov exponents of equation (1) are infinite
(either 400 or —o0).

Our results are also a contribution to the theory of nonuniform hyperbolicity.
We refer to [1] for a detailed exposition of the theory, which goes back to the
landmark works of Oseledets [6] and particularly Pesin [7,8]. Among the most
important properties due to nonuniform hyperbolicity is precisely the existence
of stable and unstable invariant manifolds, established by Pesin in [7]. In [10]
Ruelle obtained a proof of the stable manifold theorem based on the study
of perturbations of products of matrices in Oseledets’ multiplicative ergodic
theorem [6]. Another proof was given by Pugh and Shub in [9] using graph
transform techniques. In [4] Fathi, Herman and Yoccoz provided a detailed ex-
position of the stable manifold theorem essentially following the approaches of
Pesin and Ruelle. In [11] Ruelle established a version of the theorem in Hilbert
spaces, following his approach in [10]. In [5] Mané considered transformations
in Banach spaces under certain compactness and invertibility assumptions. We
note that in all these works the dynamics is assumed to be of class C1*¢ for
some € > 0. Pugh and Shub first obtained in [9] an optimal regularity of the
stable manifolds for diffeomorphisms on finite-dimensional manifolds. Namely,
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they showed that the stable manifolds are of class C'*¢ if the dynamics is of
class C1*¢. More recently, we showed in [2] that the stable manifolds are of
class C'' with Lipschitz derivative if the dynamics has this same regularity,
which provides another optimal result.

In strong contrast, here we only assume that the dynamics is of class C!
and we show that there exist stable manifolds with the optimal C' regularity.
Moreover, we establish the C' dependence of the stable manifolds on a param-
eter assuming that the dynamics is C* on this parameter (see Theorem 1). The
proof is based on earlier work of ours in [3] where we obtained stable manifolds
with the optimal C! regularity, but without considering a dependence on a
parameter. We emphasize that although the present approach follows analo-
gous steps, the required changes to consider a dependence on a parameter are
nontrivial in particular since it is impossible to know a priori whether there
are appropriate estimates for some new associated operators. Incidentally, it
should be noted that although all works [2,3,9] establish the optimal regular-
ity of the stable manifolds under corresponding assumptions for the dynamics
(assumed to be, respectively, C'! with Lipschitz derivative, C' and C1*¢), the
three methods of proof are quite different and each of them seems to be of no
use in the other two deellopments.

More precisely, the proof of the O regularity of the stable manifolds uses
what is usually called the fiber contraction principle (unlike, besides [3], all the
works mentioned above). Given metric spaces X = (X,dx) and Y = (Y, dy),
we define a distance in X x Y by

d(((ﬂ, y)v (i'a y)) = dx(l', j) + dY(ya 27)
We consider transformations S: X x Y — X x Y of the form
S(z,y) = (T(x), Alz,y))
for some functions T: X — X and A: X xY — Y. We say that S is a fiber
contraction if there exists A € (0, 1) such that
dY(A(xa y)7 A(.’E, g)) < >\dY (yv g)

for every z € X and y,y € Y. For each x € X we define a transformation
Ay Y =Y by A.(y) = A(z,y). We also say that a fixed point 29 € X of T is
attracting if T"(x) — xo when n — oo, for every z € X.

Proposition 1 (Fiber contraction principle). If S is a continuous fiber con-
traction, xg € X is an attracting fixed point of T', and yo € Y is a fized point
of Ay, then (xo,Y0) is an attracting fixed point of S.

A nontrivial consequence of Theorem 1 concerns the robustness problem of
nonuniform exponential dichotomies. Namely, consider the linear equation
(3) u = [A(t) + B(t,\)]u
in X = RP, where t — A(t) and (t,\) — B(t,\) are C! functions. The ro-
bustness problem asks under what assumptions the exponential behavior of
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a nonuniform exponential dichotomy for equation (1) with a < 0 < b in (5)
persists under such a linear perturbation. The following is an immediate con-
sequence of Theorem 1.

Theorem 2. If equation (1) has a nonuniform exponential dichotomy with
a<0<bin (5), and

1B, NI < ke™" and [|(0B/OA)(t,N)]| < ke

for everyt > 0, u € X, and A € Y, for some sufficiently small k > 0, then
equation (3) has stable and unstable invariant subspaces E3(t) and EY(t) for
eacht > 0 and A € Y. In addition, the functions X\ — E3(t) and X — E}(t)
are of class C' for each t > 0.

For each t,7 > 0, the subspaces E3(t) and EY(t) satisfy X = E3(t) @ EY(t),
T\(t,7)E3(T) = E5(t) and Ty(t,7)EY(T) = EX(1),

where T\ (t, 7) is the linear evolution operator associated to equation (3). More-
over, for each A € Y there exist constants a < 0 < b and £, D > 0 such that

Tt T)ES(7)]| < D=7 T (8, 7)|EX ()| < De"mTHet

for each t > 7 > 0.

2. Standing assumptions

The following are standing assumptions in the paper. Let X be a Banach
space, and let A: Rf — B(X) be a C! function, where B(X) is the set of
bounded linear operators in X. We consider the initial value problem

(4) u = A(t)u, u(s) = us

for each s > 0 and us € X. Its unique solution is defined for every ¢ > 0,
and we write it in the form wu(t) = T'(¢, s)u(s), where T'(t,s) is the associated
linear evolution operator. Given an increasing differentiable function p: R0+ —
R§ with p(t) — +oo when t — +o00, we say that equation (4) admits a p-
nonuniform exponential dichotomy if there exist constants

(5) a<0<b, e D>0,

and a continuous function P: R — B(X) such that P(t) is a projection for
t > 0, and for each t > s > 0 we have

P(t)T(t,s) = T(t,s)P(s),

(6) IT(t,5)P(s)]] < DeP=pFer(s),

(7) ||T(t,5)*1Q(t)” < Defb(P(t)*P(S))Jrep(t)?
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where Q(t) = Id—P(t) is the complementary projection of P(t). We then
define the stable and unstable subspaces at time s by
E(s)=P(s)X and F(s)=0Q(s)X.

Now let Y be an open subset of a Banach space (the parameter space), and
let f: RE x X xY — X be a C' function with f(¢,0,A) = 0 for every ¢ > 0
and A € Y. We assume that there is a constant § > 0 such that

(8) |2 0| < i, 322000,
and
(9) |92t 2)] < Sming, (1327 o

forevery t > 0,u € X,and A € Y.
Given s > 0 and us = (§,n) € E(s) x F(s), let (z(t),y(t)) € E(t) x F(t) be
the unique solution of the initial value problem

(10) u'=A)u+ f(t,u,N),  u(s) = us,

or equivalently of the problem

{ﬂﬂT@ﬁ§+ﬁP@T@ﬁﬂﬂﬂﬂwU%an
y(t) =T(t, )+ [T Q)T(t, s)f(r,2(r),y(r), ) dr.

By (8), each solution of this problem is defined for every ¢ > 0. Indeed, it
follows from (10) that

u(t) = u(s) +/ A(r)u(r)dr —l—/ flryu(r),\) dr
and thus, by (8),

[u@®)] < [lu(s)] +/ A - HU(T)IIdT+5/ P (r)e™ PO u()| dr.

It follows from Gronwall’s lemma that

WﬁméM@Mw/ﬂM@WMﬂﬂawmmT

t
o
= [lu(s)[| exp ( / |A(T)| dr — 366—3e<p<t>—p<s))>7
and each solution is global. For each 7 > 0 we also write
U (s,us) = (s +1,2(s +7),y(s + 7)),

where (z(t),y(t)) is the solution of equation (10). We note that this is the
semiflow defined by the autonomous equation

t'=1, u=A)u+ f(t,u,N)
for each given A € Y.
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3. Invariant stable manifolds

We establish in this section the existence of C'! stable manifolds for equation
(10) assuming that equation (4) has a nonuniform exponential dichotomy. We
also show that the stable manifolds are C* in A. We emphasize that since the
vector field is of class C' both results are optimal.

Let X be the space of families ¢ = (¢x)rey of continuous functions

or: {(s,) ERF x X : (€ E(s)} = X
such that for each s >0, £, € E(s), and \,u € Y:
L. ¢A(870) =0 and ¢A(87E(S)) c F(S),
2.
(11) 62 (5,€) = oa(s, I < 1€ =&l

and

(12) [02(5,8) = dpu(s, O < [IA = pull - IE]I-
Given ¢ € X and A € Y we consider the graph
Vor = {(5,& 0x(5,€)) : (5,€) € Ry x E(s)}

of ¢5. The stable manifolds of equation (10) are obtained in this form.
The following is our stable manifold theorem.

Theorem 3. If the equation v’ = A(t)u admits a p-nonuniform exponential
dichotomy with

(13) a—b+e<0,
f(&,0,A) =0 for everyt > 0 and A € Y, and (8) and (9) hold with § sufficiently
small, then there is a unique function ¢ € X such that
(14) U2 (Vo) =V forevery 7>0, N€Y.
Moreover, _

1. there exists D’ > 0 such that for every s > 0, A, p €Y, £, £ € E(s), and
7 > 0 we have

H\Iji\—s(sa 57 ¢A(sa g)) - \P?_S(S, g, ¢A(Sa g)) ||
< D'elat23D)p(t)=p(s))+ep(s) e _ g,

and

||\I’1/5\75(87 67 ¢)\(87 5)) - \Ilf;s(sv 57 ¢M(sa 5))“
< D' elaF2D)p®=p())F2r(3) || ¢]| - | A = p);

2. for X =RP and Y C RY an open ball, if f(t,u,\) =0 for every t > 0,
u € X with ||ul| > ¢, and A €Y, for some constant ¢ > 0, then:

(a) the function (£,\) — éx(s,€) is of class C* for each s > 0;



PARAMETER DEPENDENCE OF SMOOTH STABLE MANIFOLDS 831

(b) if in addition (Of /Ou)(t,0,A) =0 for everyt >0 and A € Y, then
(0¢2/0€)(5,0) =0  for every (s,\) € R{ x Y.
Proof. We separate the proof into several steps.

Step 1: Solution in the stable direction. Given s > 0 we consider the space
B = B, of continuous functions

T: {(t,g,)\):tzs,feE(s), and)\EY} — X

such that:
1. for every t > s, £ € E(s), and A € Y we have

w(s,§,A) =& and  2(t,§A) € E(t);

o z(t, &, Ml
(15) o) := sup { [Eeato—stn et | < 2D

with the supremum taken over t > s, £ € E(s) \ {0}, and A € Y.
By (15) and the continuity of z we have

(16) x(t,0,A) =0 for every t>s.

We can easily verify that B is a complete metric space with the distance induced
by the norm « in (15).
So that (14) holds we must have y(¢) = ¢(t, z(t)) for every t > s, that is,

7)) x(t) =T(t, )¢ + /: P)T(t,s)f(r,x(7), a1, 2(7)), A) dr,

and

(18) oa(t,2(t)) = T'(t, s)da(s / Q(t) (), oA(T, 2(7)), A) dr.
Lemma 1. For every § > 0 sufficiently small, given ¢ € X and s > 0 there is

a unique function x = x4 € B satisfying (17) for every t > s, £ € E(s), and
A €Y. Furthermore,

3D (a+28D)(p(t)-p(s)
(19) lzg (2,6, A) = 26 (t, &, p)l| < ——e PZPEVIEN - A = wl
for every p € X, t > s, £ € E(s), and \,p €Y.
Proof. Given ¢ € X, we define an operator J on B by
(Jx)(t,&,\) = ts£—|—/P flrz(r, &, N), oa(r, z(7,6,0)), \) dr

for each t > s, £ € FE(s), and A € Y. Clearly, Jx is a continuous function, and

(Jz)(s,6A) =&
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By (8), (11), and (15), for each 7 > s, we have

K(7) = || f(1,2(7,& A), oa(T,2(7,§, 1)), A)
— f(m,y(7, 6, 0), oa (7, y(7, 6, 0)), M|
< 8 ()e 3 ||((7, £, M), oa (T, 2(7,€, 1))
— (Y1, &,N), oA (1, y(7, 6, )|
p'(T)e PP (1,6, 0) — y(7, &, M)
(

200 (1)e a(p(r)—p(s))+ep(s) o —3ep(7) €]z — y).

IN

(20)

IN

By (6) we obtain
[(Jz)(t, & A) — (Jy)(t, & N
/ |POT(E 71K (r) dr

t
< 20D||¢a(z — y)/ ePO)=p(m)Fep(m) galp(r)=p(s)+ep(s) o =32p(T) i (1) dr

IN

20D||E |z — 1) PO en(s) / = 2e(n) J(r) dr

S

5D —p(s s
< ?HEHQ(I _ y)ea(p(t) pls)+ep(s)

and hence,
0D
a(Jz — Jy) < 704(96 —y).

Taking 4 sufficiently small so that 6D /e < 1 the operator J becomes a contrac-
tion. In addition, by (6) we have a(J0) < D, and hence,

a(Jz) < a(J0) + a(Jz — JO)
<D+ (0D/e)a(x)
<D+D=2D.

Therefore, J(B) C B, and there is a unique z = x4 € B such that Jz = .
Now we establish (19). Writing yx = 24(-,&, A), we have

1A (7), oA (T uA (DD < 2l[ya ()],

and

1A (), oA (T, 92 (7)) = (Wu(T), S (T, yu (7))
< lya(m) = yu (DIl + 162 (7, 92 (7)) = oa (7 yu (7))
+ oA (7, 4u(7)) = Su(T, yu (7))
(21) < 2{jya(r) = yu (DI + lyu (DI - 1A = pll.
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Hence, by (8), (9), (11)—(12), and (15) we obtain
a(t) := [ f (7, yx(7), oA(T ya(1)); A) = £ (7, yu(7); D (7 yu (7)), )
< (T ya(7), o (1, ya (7)) A) = f(Tya(T), oA (T ya (7)),
(T ya(T), oA (T ya (7)), 1) = £ (7, 4 (7), G (75 yu (7)), |
< 8¢ (1) (ya (), oA ya (WD - 1A = gl
+ 8¢5 [(y(7), 6a (T ya (1)) = (W (1), (T 9 (M) |
< 200/ (1)e =D lya(m)]| - A = ]
+26p (1) D |ya(r) = yu(7)]
+0p' (1)e™ Oy, (r)]| - A —
< 6D5p/(7-)€—36p(7)ea(p(f)—p(S)Hsp(S)Hg” =
(22) +26p (1) P |ya (1) = yu(7)]-

Moreover, by (6) we have
a0~ o) < [ 1P@OT (ot ar

t
< 6D25¢]| - ||A_u||ea<p<t>—p(s>>+ep(s>/ P (7)e=207) g

S

+20D / ) PO 0D =200y () — (1) dr

<

t
+ 20 De(P)=P()) / P (r)e= =P |y (r) = yu(7) | dr.

Setting T'(t) = e~(P)=r())||y, () — y,,(t)||, we obtain
3D?§

r(t) < 2206l n -l + 26D / - dr,

and it follows by Gronwall’s lemma that

3D2§ t o) dr
I'(t) < €]l - X = pfj P e ()

2
_3D 6”5” 1A — pl|e2PP(O=p(s)),

This yields inequality (19). O

Step 2: Auziliary properties. Now we describe several additional properties of
the function 4. We equip the space X with the distance

d(6,1) = sup { I (t,2) — a(t, 2)]

]

:t>0, z € E(t)\ {0}, and)\EY}.
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We can easily verify that X is a complete metric space with this distance.

Lemma 2. For every § > 0 sufficiently small, given ¢, € X, t > s, £,& €
E(s), and A € Y we have

(23)  flag(t,60) — w4 (t, 6, V)| < DeletPRIO=pENTrl)|c g,

and

20D% , (s
(24)  llwg(t,€2) = 2y, € V| < =l TR ld(g, ).

Proof. Proceeding in a similar manner to that in (20), for each 7 > s we have
Hf(Tv .’IId;(T, ga )‘)a (bA(Ta J)¢(T, €a A>)7 )‘) - f(Ta ‘f¢'(7-7 ga )‘)a ¢A(T7 ‘i‘¢<7—7 57 )‘))’ )‘) ||

< 260/ (T)e 3P ||y (1,6, X) — T (1, €, M-

Setting T'(t) = ||z4(t, &, A) — 24(t, &, V)|, and using (6) we obtain

t
L) < [[PO)T(, )] - 1§ =&l +/ IP)T(t,7)|1200' (7)™ 2?7 o/ ()T (7) dr
t
< Dea(p(t)—p(S))Hp(S)Hg _ EH + 25D/ ea(p(t)—p(ﬂ)—%/ﬂ(f)p/(T)p(T) dr

t
< (D) ( Des)|¢ — & + 26D / = e =0 f (1) (7) d7>.

It follows from Gronwall’s lemma applied to the function e*a(p(t)fp(s))r(t) that
T(t) < Dela+28D)(p()=p()+ep(s) || ¢ _ §|.

This establishes inequality (23).
Similarly, we have

Hf(T’ $¢(T,€, )‘)7 (bk(Ta $¢(T,f, )‘))7 )‘) - f(Tv xw(ﬂ& )‘)va(Ta xll)(Tvga )‘))a )‘)”
< 260/ (1)e 3P0
X [(@ (7,6, A) = 24 (7,6, A), @A (T, (7, 6, X)) — YA (T, 24 (7,6, M) I,

and

[0o2(T, 26(7: &, A)) = ha(T, 2y (1, €, M) |
< oa(T; 26(7,6, ) = a(T, 26 (7,6, )|
F oA (7, 20(7, 6, X)) — a(r, 24 (7,6, )|
< g (7,6, Mld(9, ) + (g (7,6, A) — 2y (1,6, ).

Therefore,

Hf(T) $¢(T, 3 )‘)7 (bk(Ta $¢(T, 3 )‘))7 )‘) - f(Tv xw(ﬂ 3 )‘)a M\(T’ xw(ﬂ 3 )‘))a )‘)”
< 200 (7)e T (|l (7,6, M [d(0, ) + 226 (7, €, A) = 2y (1, € N,
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Setting I'(t) = ||z4(t, &, A) — 2y (t,€, N)||, we obtain
L(t) <25 [ [POT(7)]0 (1)e P D |2y (r, & Nlld(,v) dr
+46 [ [POT () le >0 (1) |24(m &, X) = 2y (1,6, M) || dr
< 46D2||§||d(¢, V) /t ea(p(t)—p(f))—2sp(f)ea(p(f)—p(S))+sp(S)p/(7.) dr
48D / " (a0 -0D =220 f (D (1) di,
and thus, S
e~ O-PT (1) < 46 D2 |€]|d (e, ) / = =260 =p(s) gy
+46D / t e~ =P (1) dr

25D2

1€lld(#, ) +46D/ ~alp()=p(DT(7) dr.

Inequality (24) follows now from Gronwall’s lemma applied to e~ @(P()=,()T(¢).
U

Step 3: Equivalent problem. Now we describe an equivalent problem to (18).

Lemma 3. For every § > 0 sufficiently small, given ¢ € X and A € Y the
following properties are equivalent:

1. for every s >0, £ € E(s) and t > s we have
PA(t, g (t, €, N)) = T(t, 5)Pa(s,€)
(25) [ QU (0,0, 0n(7.20(7, €. ), )

2. for every s > 0 and € E(s) we have

(26) 6x(5,6) = / Q)T (r, ) (7, 05(1.€, X), 62 (7, 26 (7, €, V), A) dr
Proof. For each 7 > s we have

Hf(Tv il'd)(’l', ga )‘)7 d))\(T, £L’¢(T, 57 )‘))7 >‘) ||
< 260/ (7)e 2 D[zg (7, €, M|
< 45Dp'(T)ea(p(f)fp(S)Hsp(S)67360(7)H§||.
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It follows from (7) that
| 10T () (5ol 60 7 AV
< BDg] [ el o) dr < o,

and thus the integral in (26) is well-defined. Now we assume that identity (25)
holds, and we write it in the equivalent form

D (5,8) = T(t,8)  oa(t,z4(t, & N))
(27) / Q)T (r,8) ™ F(ry25(r, €, 0), 82 (rs 25 (r, €, 0)), A) dr.

By (7), for every t > s we have

HT(t7 3)_1¢)\(t7 .%'¢(t, 57 >‘)) H < De_b(p(t)_p(S))+Ep(t) |‘x¢(t7 67 >‘)H
< 2D2|[¢[|ea=D)e()=p() +ep(s)+ep(®)

< 2D2HfH625”(5)e(“_b+8)(p(t)_p(s)).

By (13), we have a — b+ ¢ < 0, and letting t — 400 in (27) yields (26).
Now we assume that identity (26) holds. We obtain

T(t, 5)6x (5. €) + / QUVT(t, 1) f (7.2 (1.&, X, b (7, 2 (r, €, N)), ) dr

- QT () (g1, £, 1), (0, € V), A) .
Tt follows from (26) with (s, ) replaced by (£, x4 (t, €, A)) that
N AR
/ QUIT (1, 1) £ (7, 24(r, €, A), (7, 297, €, V), ) dr
for every ¢ > s. Together with (28) this yields identity (25). O

Step 4: Construction of a Lipschitz manifold. Now we solve problem (26). In
view of Lemma 3 this corresponds to the construction of a Lipschitz stable
manifold.

Lemma 4. For every § > 0 sufficiently small, there exists a unique ¢ € X
satisfying (26) for every s >0, £ € E(s), and A€ Y.

Proof. We consider the operator T in X defined for each ¢ € X by
(29) (T(b))\(sv g) = / Q(S)T(T’ s)_lf(T’ JZ¢(T, ¢, /\)7 ¢)\(T’ .2?¢,(7', 3 /\))7 /\) dr

for (s,£,\) € R x E(s) x Y. One can verify that the function (T'¢), is
continuous for each ¢ € X and A € Y. Since z4(¢,0,A) = 0 for every t > s and
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A €Y (see (16)), it follows from (29) that (T'¢)x(s,0) = 0 for every s > 0 and
A €Y. By Lemma 2 we have

”f(Tv x(ﬁ("_a fa A)a ¢)\(7—7 :IZ¢(T, ga )‘))) - f(T, ZL’¢(T, ga >\)7 ¢A(T7 :E¢(7', gv )‘))7 >‘) H
< 25Dp/(7.)e—36p(7)e(a+25D)(p(T)—p(s))+ep(8) € — EH7

and using (7) we obtain

[(T'P)r(5,8) — (TP)A(s, )l
< 26Dt — | / T (1)@t BD) ()= pl) + o)+ en(s)=3en(r) g

= 25D2H§ — g”/ p/(T)e(aber?ﬁDfs)(p(T)fp(s)) dr

26D?

- |a—b—&-25D—5|”€_§”7

where we have chosen ¢ sufficiently small so that
(30) a—b+20D—e<0 and 26D*/la—b+20D —¢| < 1.

In particular,

(T )r(s,€) — (To)a(s, 6 < 1€~ €]
for every s > 0 and &, £ € X. Moreover, by (19) and (22) we have

a(7) < 6D5p’ (r)e 3P PTI=PEDHELE ¢ - ||A —

+ 260 (1) |lya (1) — yu(7) |
< K/(;p/(7)6—360(7)e(a+25D)(p(T)—p(S))JrEp(S)||§H X = ]

and hence,
[(TO(5.€) = (T0),(5.)]
< [ lae1(s) atrdr

< K'6D|E]l - A = pll

oo
« / P (7)e(#+23D) (1) =p(5)) +ep(s)=32p(r) o =blo()=pls)) +ep(T) g

< KDIE| [N —pll [ p/(r)eler D000 gy

By (30) this yields

[(TP)x(s,8) = (T)u(s, I < A= pll - I€]l
provided that § is sufficiently small. Therefore, T'(X) C X.
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Now we show that T is a contraction. By (11) and Lemma 2 we have

L(7) :=

[f(7,26(7, & ), da (7, 2(7, €, ), A)
= [ 2y (1,6, 0), O (7, 24, (7,6, 0)), M|
< 00/ (1)e™* 7Dy (7, €, M) d(6, ¥)
4 30D ) so ) D00)=0 ,)
< 209 (7) D00 )40 e, )
4 B0 ) 2er ) 48D~ 5, )

< L/(;p/(7)67389(7)e(a+45D)(p(T)fp(s))+ep(s)||§Hd(¢7¢)
for some constant L’ > 0. Hence,

1(T)r(5.€) — (T)r(s.0)]
< / 1Q($)T(r.5) |1 L(r) dr

S

< DL/5||£||d(¢, ¥) /oo p/(T)e(afb+45D)(p(T)fp(S))Jrsp(T)Jrsp(S)7369(7) dr

< DLBEd(6.6) [ p/(r)ele P HIP-I00 0 g

DL'§
Sl S LCRON

taking ¢ sufficiently small so that
a—b+46D—-e<0 and DL'§/la—b+46D —¢| < 1.

Then T is a contraction, and there is a unique ¢ € X satisfying T'¢ = ¢.

O

Step 5: Additional properties. We obtain the remaining properties in the the-

orem. By Lemma 2 we have

||\Ili\—s(sa 57 ¢)\(Sa 6)) - \I/i\—s(& ga d))\(sv g))“
= ||(tv Jf(t, f? )‘)7 ¢k(t7 Jf(t, 57 A))) - (t7 l‘(t, ga A)a dj)\(ta Q]‘(t, ga )‘)))H
S 2||£Ii(t,£, )‘) - .’I?(t,g, )‘>||
< QDe(a+25D)(p(t)fp(S))Jrsp(S)Hg —£|,
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and by (21) and Lemma 1,

174 (5, € On(5,6)) — Wiy (5,€, Bu(s, )
= [t 2 (8,6, A), oa(t, 2(t, &, X)) — (6 (t, &, 1), dpu(t, 2(E, €, 1)) |
<2t & A) — (b, & wll + g (6,6 - A = p
(12D25

3

IN

N 2D> £(@+25D) (o) =P +0(5) || | A — .

This establishes property 1 in the theorem.

Step 6: Preliminaries for the regularity. Now we establish the C! regularity of
the stable manifolds. We consider the space F of continuous functions

®: {(5,§,\) eRy x X x YV : £ € E(s)} — [] L(s),
s>0
where L(s) is the family of linear transformations from E(s) to F(s), such that
D(s,&,N) € L(s) for every s > 0, £ € E(s), and A € Y, with
(31) || := sup {H@(S,i’)\)ﬂ 1 (5,6,0) €Rg x B(s) x Y} <1

We can easily verify that & is a complete metric space with the distance induced
by this norm. We also consider the space G of continuous functions

U: {(S,f,)\)GRS_XXXY:&EE(S)}%HL(S)

s>0
such that U(s,&,\) € L(s) for every s > 0, £ € E(s), and A € Y, with
A
(32) U] = sup {W (5,6, 1) € RY x (E(s) \ {0}) Y} <1

Again, we can easily verify that G is a complete metric space with the distance
induced by this norm.

We observe that the function x = x4 given by Lemma 1 is the solution of
the differential equation

(33) ¥ = Pt)A(t)x + P(t)f(t,x, dx(t, ), \)

with z(s) = &, for each A € Y. By the continuous dependence of the solu-
tions of a differential equation on the initial conditions and on parameters, and
Lemma 2, the function (¢, ¢, s,&, A) = 24(£,§, A) is continuous.

Step 7: Auziliary operators. Now we define a linear operator A(¢, ®) for each
(¢,P) € X X F by

A6, B)(s.€.)
=~ [T @t (S + Fwenecommn) dr
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with the notations

y(b(t) = (t’ x¢'<t7 § )\)7 ¢>\(t7 .%‘¢(t, 3 )‘))7 )‘) and Z¢(t> = (t’ l‘¢(t, g, )‘)’ )‘>7
where (z,y) € E(s) x F(s), and where W = Wy, g ¢ » satisfies

W(t) = P(t)T(t, s)
@+ [ poren(ZLuom e+ Lodnecomwn ) a

for every 7 > s. We note that W (t) is a linear operator from E(s) to E(t),
with W (s) = IdE(s)-

We also define a linear operator B(¢, ®,U) for each (¢, ®,U) € X x F x §
by

B(¢,®,U)(s,€, )

- - [Tawre. (Fusenze)

+ %(W( ) (<I>(z¢(f))z(7) + U(Z¢(T))) + gﬁ(%m)) dr,

where Z = Zy 3 v, » satisfies
20~ [ Poren(ZLwsmze)
(35) + 5 ws(1) (@(=0(r) Z(7) + Ulz(r) ) + g{m(r))) dr

for every t > s. By the continuity of the solutions of a differential equation
with respect to parameters, and the continuity of (¢, ¢, s,&, \) — x4 (t, &, N), ¢,
® and U, the functions

(36) (ta ¢a S, 5? )‘) = W¢,<I>,§,)\(t) and (t? ¢7 S, fa )‘) = Z¢,<1>7U7£7/\<t)

are also continuous.
Lemma 5. The operator A is well-defined, and A(X x F) C F.
Proof. Set

of

¢ = ["|ewreo (Fumme + Lwmcmmwn)| .

It follows from (7) and (8) that

C < 26D e~ b(p(T)—p(s))+ep(T)—3ep(T) /( )W (7)|| dr

S

(37) — 95D =b(p(1)—p(s))—2ep(T) /( W (7)|| dr.
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On the other hand, by (35) we have
W (t)|| < DeXP)=p(s)+ep(s)

t
(38) +20D / PO =TT =32p(T) o/ () | W (7)]| d.
Setting T'(t) = e~ (P =PE)) || (t)|| we obtain

t
[(t) < De*P®) 426D / e 2P o (1)L (1) dr

¢
< DesP(®) 4 26D/ o' (T)T(7) dr,
S

and it follows from Gronwall’s lemma that
(39) W (#)]| < DesPt)elat2D)p(t)=p(s))
By (30) and (37) we have

C S 25D2 /OO p/(7')e(_b+a_5+25D)(p(T)_p(5)) dr

S

B 26D? -
~|-b+a—e+26D]
Therefore, A(¢, @) is well-defined, and since
[A(g, @)(s, &N < C <1

for every s > 0, £ € E(s), and A\ € Y, we obtain ||A(¢, ®)|| < 1. This shows
that A(X x F) C 7. O

Lemma 6. The operator B is well-defined, and B(X x F x §) C §.
Proof. Set

1.

¢~ ["ewres (Fuswmw
of

+ 5y el (2((IW () + Ulzo(r)) + gﬁw») | dr.

It follows from (7), (8), (9), (31), and (32) that

C < 26D /OO p'(T)e—b(ﬂ(T)—p(S))+€p(T)—3€p(T)||Z(T)|| dr
+ 45D2||§|| /Oo p’(T)efb(p(f)70(8))+€p(7)73€p(7)+a(p(f)fp(8))+€p(s) dr
_ 251)/ p/(T)efb(p(f)fp(S))f%p(T)||Z(T)|| dr

(@) +4DRe] [ p (el g
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On the other hand, by (31), (32), and (35) we have
1Z@®)| <26D/ P =p(r))+ep(T)=3e0(T)| 7(7)|| dr

+46D2||§||/ a(p t)=p(7))—2ep(r)+a(p(T)—p(s))+ep(s) g

Setting T'(t) = e~ *(P()=,())|| Z(t)|| we obtain

@) < P2l + 200 [ 0 ar
< 4‘”’2”5” w200 [ g
and it follows from Gronwall’s lemma that
() 2] < L st g
By (30) and (40) we obtain
862D3 Hf”/ )e(a—b+28D)(p(r)=p(s)~2ep(r) g
+46D2\|§|\/ e(@=b-2) (D) =p(s)) g
D] 46D2||a\| el
[@—b+26D] Ja—b—e|

provided that § is sufficiently small. This shows that B(¢, ®,U) is well-defined,
and that ||B(¢,®,U)|| < 1. Therefore, B(X x F x §) C S. O

Step 8: Construction of a fiber contraction. We consider the transformation
S: X xFxG—XxFxG defined by

S((ﬁ? Q’ U) = (T¢7 A(¢’ ¢)7 B(¢7 @’ U))7
where we have set (T'¢)(s,&, ) = (T'9)x(s,&) with T as in (29).

Lemma 7. For every § > 0 sufficiently small, the operator S is a fiber con-
traction.

Proof. Given ¢ € X, &, 0 € F, £ € E(s), and A € Y, set

W<1> = W¢’<p,§,)\ and W\p = W¢7\p,§,A.
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We have
||A(¢7 (I))(Sa 67 >‘) - A(QS, \Ij)(sv 57 A)”
<D / % —b(o(r)=p() ()

S el IWa(r) + G (o) aalr) Wa(r)

- S warWaln) = L el e oW ()| ar

< 6D / e~ be(r)=p(s)~2e0(7) 5 ()

x (W (7) — Wa ()] + [ (z6(r)) W (7) — W (o)) Wt (7)) dr
< 8D [ D20 1) (W) - W)

@z (M) - [[Wa (1) = Wa ()l + 1| — ¥ - [We (7)) dr
< 6D / " Mo =p)=250(0) ()
(42) < (2[Wa(r) = We ()| + @ — ¥ - [Wa(r)]]) dr.
In a similar manner to that in (38) and using (39) we obtain

[Wa(t) — Wy (t)||
= 2‘”/ PO—POIPTI=80T) 51 (1) [ W () — W (7)] dr
+6D||® — | / ea(”(t)_”(T))JFE”(T)_?’E”(T);)’(T)||Wq,(7)H dr
t
< 28 DeaP(O=(s)) / e=ap(7)=p()=220(7) 1Y (1| Wi () — W (7)]| dF
+ D22 (PO=r() 1 p — |
t
x / ¢~ (a+)(p(r)=p(3)) (a4 23D) (1) =p(3)) g =¢0(7) 5 () i
_ 95 Dea ()~ p<s>>/ ~a(p(r) () =20(7) 1/ (2| Wap () — Wy (7)]| dr
t
+6D2e“(f’(t)"’(s))||<1>—\IIH/ e—(6—26D)(p(r)—p(8))pl(7> dr.
Setting T'(t) = e~ (PN =P))||Wg (t) — Wi (t)]|, we obtain

2
() < oD

t
< s — ¥l+2D [ HoT(e)an
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provided that ¢ is sufficiently small, and it follows from Gronwall’s lemma that

2
(43) [Wa(t) — Wa ()| < igw

By (39) and (43), and in view of (30), it follows from (42) that
HA(d)a (I))(Sa 57 )\) - A(¢7 \I’)(Sv 57 A)H
< Cyl|o — /w (a=b=+26D)(p(r)=p(s)~260(7) 1/ () iy

|® — W||elat20D)(p(t)=p(s)),

D2 — 0| / ~ elamb=e D)6 =0() () dr

< Kq10||® — \I/||/ e(a—b=<+28D)(p(T)=p()) o/ (7 g
K16

<

~ la—b—e+20D)|

for some constants Cy, K > 0.

Now we consider the operator B. Given ¢ € X, ®, ¥ € F, U,V € G, £ € E(s),
and A €Y, set

(44)

@ — W

Zoyu =Zpouen and Zuyv =W wven.

We have
HB(d)a (bv U)(S’ §7 /\) - B(d)a \I’a V)(Sv 57 /\)”
<D / 7 o)) Fen(r)
O (o) Za.0(r) — 22 (7)) 2 (7)
+ 5 o) (Do) Za (7) + Uo()
- S o) (Weol) 2 ) 4 Vol |
<D oop/(T)efb(p(f)fp(S))fZEp(T) (QHZ(I),U(T) _ Z\I/,v(T)H
(45) 19— U] [Zo o (D] + 1z - U~ V1)) .

In a similar manner to that in (45) and using (41) we obtain

1Zo,u(t) = Zg v ()|
< 5D/ e O N=220() (9] Zg 11 () — Zogy (7)]

e =2 [ Zo.u (D] + llz6 (D)l - 1T = VI[) dr
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t
< 95 DetP)—p(s)) / p’(T)B*G(P(T)*P(S))*QEP(T) ||Z<I>,U(T) — Z\II,V(T)” dr

45°D3
+

el - 1@ — Wjeatetd—r(s >>/ /(r)e2D el =p(s) ~2ep(7) g

S

+26D2|¢]| - |U — V][ee(D~ p(s»/ 5 (r)e—=—o(s) g7

t
< 28 DetP—p(s) / P (7)e= =0 =220 70 (7) = Zgp o (7)]| d

26D?

elat+26D)(p(t)—p S))Hf”
Setting
D(t) = e~ alp(t)—
yields
() < 20D? 55D(p(t)-p(s))
(46) +20D /
We have

26D?
1© — || + ——e PO ||| - U~ V.

PN Zg v (t) — Za v ()],

26 D?

€N 1@ — il + 1€l 1T = V]|

t
i(em(pmp(s)) / () dT)

_ 6—26D(p(t)—p(8))p/(

26D?

< P OIENIT —
26 D?
< P ONENT -
and integrating,
t 20D?
[ o < 22 -
By (46) this yields
26 D?
I'@t) < 1ENAU =V + 1@ -
25D2
< 1ENAU =V + 1@ -
and hence,

47) | Zow(t) - Zuw®)] < 22

0 (F(t) 26D / () dT>

V]e~2PeM=p() 4 |5 — @)

VII+ e —wl),

V| + @ — w[)eX PO (p(t) — p(s)).

U[|)e?PUPO=PED 1+ 25D(p(t) - p(s))]

T|e 46D (p(t)— P(S))

1E1(|@ = || + ||[U = V||)elet40P)p®)=p())
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By (47) and (30), it follows from (45) that

52D3 oo
< = el 1o — )+ [V - Vi) / P! (r)ele D)= gy
2713
46 D el — ‘I’H/ )ea=t+28D)(p(1)=p(s)) 47
+25D2H§H U — V||/ Jela=b=e)(p(r)=p(2)) g
462D3
= o—U U-v
6|a—b+45D|”£”(H I+l Iy
452 D3 25 D2
gl - - —2 el - U~V
+€‘a_b+25D‘H§H | ||+|a_b_8|||§|| I I
20D? 1
48 — 2 _(4D+ > &)+ ||U =V
(@5) < s (46D 2 ) Il = 9] + U = V1)
It follows from (44) and (48) that for § sufficiently small the operator S is a
fiber contraction. O

Step 9: Continuity of the fiber contraction.
Lemma 8. For every § > 0 sufficiently small, the operator S is continuous.

Proof. Setting
Wy =Wsee and Wy =Wyae,

we obtain

[ A(d, ®)(s,&,A) — A(¥, )(s, 6, A
<D / b(p(r)—p(s))+ep(r)

< S )W) + 5 s olr) Wi

=~ e watr) - %@wm)@(zw(ﬂ)%(ﬂ ar

It follows from (8) and (39) that

||A(¢7 (I))(Sa 67 >‘) - A(’l[), (I))(Sa 67 >‘)H
of

of

< D/ e~ 0(p(T)=p(s))+ep(T) %(%(7)) 895( (T ))H W (7| dr
0
+D/ o=b(p(r)=p()+ep(r) af( e ))H'||W¢(T)—Ww(7)lld7
af af

D / o= b(o(7)=p(s)+<p(r)

oy W)= 50 o)1 (o)W () dr
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#0 [ etom-oonian] 2L () I0o(r) - D - IWa(o)
#0 [ etomooniwo|| 2Ly ) el IWatr) ~ Wotl ar

and setting x(7) = min {1, p’(T)}, this yields

|‘A(¢7 (I)>(Sa€’ )‘> - A(wa (I)>(37€’ )‘>||

< D2e2er(s) /OO o(a-+28D+2=b)(p(r) — p(s)) of 6f

5 (o (7) — 5 (yu (7)) dr

6D / &M =P N =220 (1) [Wiy(r) — Wi ()| dr

of
Jy

+8D? [ oD DD ) Bz (1)~ B 7)) () dr

+ D2e2en(s) / ™ (@ +28D+e—b)(p(r) —p(s)

(96(7)— 5 (7)) | a7

oo
3D [ D B ()W) = W) d
S

of of

< 9D2e20(s) / o(a-+28D+2—b)(p() — p(s)) _9f H
2D% o)~ S )| ar

26D / PO =N =220 | W, (7) — Wiy (7)|Ix(7) dr

(49) +6D2/ el 2ID=e= DM =P =P (24 (1)) = D (20 ()) | x (1) dT

S

Again by (8) and (39), and in view of (30), given v > 0 there exists ¢ > 0
(independent of s and £) such that, setting n = p~1(p(s) + p(0)),

X (or) — 2

< 45 D> /OO e(a+26D—€—b)(p(T)—P(S))p/(T) dr
n

9 D2e260(s) /OO p(a+26D+e=b)(p()=p(s)) 7'))Hd’7'
n

46D26(a+26D—a—b)p(a)

(50) o+ 20D — e — b]

<7

95D / &M =p(N=20(0) |1, () — Wiy ()| x(7) dr
T]OO
< 26D / e~ PPM=P=2eP(T) W, (1) — Wy (1)]1 0 (7) dr
n

o0
(51) < 45D2/ ((a+28D=e=b)(p(")=p() 1/ (7 dr < 7,
n



848 L. BARREIRA AND C. VALLS

ela 2000 =P D =P || B (24 (7)) — B(2y(7)) | X(7) dr
elat20D=e= 0 =P(D | B (24(7)) — B2y (7)) | (7) dT
(52) < 26D? /00 e(“+25D_6_b)(p(T)_p(s))p’(T) dr < 7.

n

Now we consider the integrals from s to n. We show that given v > 0 there
exists 7 > 0 (independent of s and &) such that each integral from s to 7 is
bounded by v whenever d(¢, ) < 7. Setting p = p(7) — p(s), we consider the
functions

2825/)(3) ) 0 1
B9, 0)(5,6. ) = gt st (071 ()

C(p,9)(5,€,A) = 20De” P2, (04 (p + p(s))),
D(p, ¢)(s,€,\) = 6D F20D=70ne=e®H0) (24 (071 (p + p(5)))

for each p € [0, p(0)] and ¢ € X. We note that
P~ (p(s)+p()) 9

0 )20 (s) / p(a+26D+2=b)(p(r) = p(s)) a%(y o(7) dr
P~ (p(s)+p(0))

9D / &) =N =220 Y (1) (7) dr
P~ (p(s)+p(0))

L oD? / (@ 28D =) (p(r) () =0 Bz, (7)) (7) dr

p(o)
= [ 1B+ C.0) + D, 0563 .
0

Therefore, by (49), it is sufficient to show that

p(o)

(53) o [ [B.0)+C0.6)+ Dlp.0)] dp
0

is continuous. Since the functions ®,

(ta ¢> S, 57 )‘) = .’17¢<t7 5) and (t7 ¢a S, ga )‘) = W¢,<I’,€(t)

are continuous, the functions

(54) (00,8, X) = B(p,9)(5,£,A), C(p,9)(5,€,A), D(p,9)(s,¢, M)



PARAMETER DEPENDENCE OF SMOOTH STABLE MANIFOLDS 849

are also continuous. Furthermore, by (8), (30), and (39), given p € [0, p(0)]
and ¢ € X we have

IB(p, ¢)|| < 20D2el@T2P=e=pe==ltole) < 95 p%e=rls),

Hc(pa (b)” < 25 D2 ela+28D—e=b)p ,—e(p+p(s)) < 2(51)2e—sp(s)7

ID(p, §)|| < §D2ela+2D—e=bp=e(p+p()) < §D2e=er(s),
Here we are using the norm ||| in (31). In particular, B(p,¢), C(p,¢), and
D(p,¢) are in F provided that ¢ is sufficiently small. We proceed with the

proof of the continuity of the integral in (53). We first note that there exists
R > 0 such that

IB(p. ¢)(s5,6, X) = B(a,9)(5,& N)|| < 46D%e=) < 4,
IC (P, #)(s5, €, 2) = Dlg,)(s,€, )| < 40D <,
ID(p, 6)(5,€.A) = D(g,9)(s5.&, V)| < 46D%e™ ) < v
for every s > R, p € [0,p(0)], € € E(s), and A € Y. It remains to consider the
case when s < R. Given s € Rf and (¢,£,\) € X x E(s) x Y, we observe that
due to the continuity in (54) there exists 6 > 0 such that
||B(pa d))(sa €7 >‘) - B(qa 7/})(57 ga /_\)” <7

whenever d(¢,1) < & and ||(p,s,&,\) — (¢,5,&,N)|| < 6. Since u +— f(t,u,\)
vanishes for ||u|| > ¢, given s it is sufficient to establish the desired continuity
for £ inside a certain ball in E(s), possibly depending (continuously) on p and s.
This shows that it is sufficient to consider (£, A) in some compact set K. We
can cover [0, p(o)] x [0, R] x K with a finite number of balls B;, i = 1,...,r
centered at points in this set, such that

1B(p,9)(s. £, A) = BB, %) (5. & Nl < v

whenever d(¢,1) < 6; and (p, s,£,N), (p,5,&, ) € By, fori =1,...,r and some
numbers §; > 0. Therefore,

HB(pa ¢)(57£a )‘) - B(p?'(/))(8757)\)H <7
whenever d(¢,v¢) < § = min{dy,...,d,}, for every p € [0,p(0)], s < R, and
(&,)\) € K. This shows that

Sup sup ||B(p, ¢)(S7 57 >‘) - B(p7 ¢)(37€7 )‘)” <7
s<R(ENEK
whenever d(¢, 1) < 6. The argument is identical for the operators C(p, ¢) and
D(p, ¢). Tt follows from these inequalities that the map in (53) is continuous.
Together with (50), (51), and (52) this implies that ¢ — A(¢, ®) is continuous.
Now we consider the operator B. Setting

Zy =Zpouex and Zy=Zyauen,
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we obtain
1B(¢,®,U)(s,&,A) = B, ®,U)(s,& N
< D/ p(r)=p(s)+ep(r)
) ai( o) Zolr) + 5 (a1 (7)) 2o
+ %(W(T))U(%(T)) + %(w(r)) - g%(yw(f))Zw(ﬂ
G TR () Z(r) = G U alr) = G )
< [ eson-son 0| 8 o) - L o) 1ot
+D/ p(7)=p(s))+2p(r) gf (T))H.|\Z¢(7)_Zw(T)||dT
40 [T et o)~ S e 1ot 1zan o
+D/ p(r)=p(s)) +ep(r) ‘9f 9o ()| (7)) = @ () - 1 Z(7) |
' D / p(7)=p(s))ep(r) g; (9o (T))||I|0 20 (P - 1Z6(r) = Zs ()
+D/ —b(p(r) - pls)) 20 () gzjj(yd)@_))_% yo(P)|| - 10 () dr
+D/ b(p(r)—p(s))+ep(r) gi(yw(T H NU(2(7)) = Ulzp (7))l dT
+D/ p(r)—p() 20 () gﬁ(%( ) — g{ (o (7)) ar

Setting again x(7) = min{1, p’(7)}, it follows from (8) and (41) that

1B(¢,®,U)(s,€,A) = B(y, @, U)(s,&, A
4(5D3

of o1
e(a=0+25D)(p(1)—p(s)))+ep(7) _ 2L
el / X (o)~ L (yul)||ir
+6D / PN 20| 2,(7) — Z(r) dr

| 46D of af

ela=b+28D)(p(7)—p(s))+ep(T) _ 24
gy W) = 5 ()| dr
23
o el / (@D 200 (7)) — D ()] d

4+ 6D / MDD =20 7, (1) — Z,(r)]| dr
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ep(s > a— T)—p(s ep(T af 8f
+20?eleer) [ elemmtommerseno| 2y, ) = Ly | ar

S

4 Ds / X(T)e PPN =20 1] (2 (7)) — Uz (7)) dr

4D [ emsom-ooni]| A7) - L atr)| ar
< Dl [ cemsr2soorsonsent) |y my) - o) ar
+26D / et =P =200 7, (1) — Z,,(r) | dr

+ g / (@ b425D) o)) 2200z (7)) — B(zy ()| dr

4 Ds / X(T)e P PO=PN =20 1] (2 (7)) — Uz (7)) dr

of 8f

D o—b(p(T)=p(s)+ep(7) Hd
+p [ X o)~ (o) ar

for some constant L > 0. Again by (8) and (41), and in view of (30), given
~ > 0 there exists ¢ > 0 (independent of s and &) such that

LH§||e2sp s)/ @ +26D+e=b)(p(r)—p(s 8f( A7) — 7(%0 HdT
Hp(s)+p(a)) ou
< 20LJ€|l / P (7)e(@ 28D ===b)(p(r)=p()) 47
p~1(p(s)+p(0))

25Le (a+26D—e—b)p(o)

(55) = " rasp ey €l < el

25D / X(T)e M =pEN =200 7, (1) — 7, ()| dr
(p(s)+p(o))

<2 | /()™M= | 7, (r) — Z,(r) | dr
p~H(p(s)+p(a))

1652 D3

(56) < el / §(1)ela D=0~ g7 < ye]|
(p(s)+p(o))

462D3

HgH/ X(T)e(a_b+2‘5D)(P(T)—p(s))—Qgp(T)
L(p(s)+p(o))
||<I>(Z¢( ) — ®(24(1))|| dr
273
< 7D H H/ p(T)e(“_b+25D)(P(T)—p(s))—sp(-r)
P~ p(s)+p(o))

x ||<I>(Z¢( )) = (zy (7))l dr
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52D3 [ee]
(57) < €] / p'(1)elet20D=e=)(p(m)=r() gr < |||,
p~L(p(s)+p(0))
oo
D5 [ X(P)e D20 U 2 (7)) = U (7) |
p 1(rJ(‘3)+p(<7))
/ P (7)e M=) T (5 (7)) — Uz (7)) dr
=1 (p(s)+0(e))
(58) < 46D?[¢] / P (1)@= 4 < ye])
Hp(s)+p(o))
and
> — T)—p(s T af af
D/ o= b(o(r)=p(s))+<p(7) L ol) — S (gl HdT
L(p(s)+p(0))
69 < w0 [ P ()l 01 g < o ¢
p~H(p(s)+p(0))

Now we consider the functions

e2€p(s)e(a+26D+5 b)p
Crlp o)) = HE e S o o plo))

Co(p, §)(s,&,X) = 26De™ "= H0EN Z, (o= (p + p(s))),
462D3
9

Cs(p, 9)(s5,6,A) = |t 20 P=0P=2EH NP (o= (p + p(s))),
Ca(p, 9)(s,&,X) = Do~ P2 (24 (p™ (p + p(s)))),

e—bp—e(p+n(s))
ol 0)(5,6:0) = s - S s 0+ (5)

for each p € [0, p(0)] and ¢ € X. By (49) and (55), (56), (57), (58), and (59),
it remains to show that the integral

(o) &
/Op > Ci(p, ¢)dp
=1

is continuous in ¢. Since the function (¢, ¢, s,&,A) — z4(¢, €, A), those in (36),
together with ® and U are continuous, the functions

(p7 ¢, 5753 A) = Cl(pa ¢)(Sa§7 >‘)



PARAMETER DEPENDENCE OF SMOOTH STABLE MANIFOLDS 853

are also continuous. Furthermore, by (8), (41), and (30), for each p € [0, p(0)]
and ¢ € X we have

1Cy(p, o) < Lelat28D—e=bpo—e(ptp(s)) < L(ge—sp(S)’

213 53
Ca(p, 9)|| < 85717e(“+25D—E—b>Pe—8(P+p(s>> < 857De—€p(8)7
< €
2713 53
1Cs(pr @) < 2 ctarasp—c-vipe—<tornion < 20°D° —cps)
€ €
352 -
1Cim, &) < S22 tar2s0-b-crpe-ctoroten < S —cp),
€ €
352 520
1G5, )| < 222 ar2sn-s-ampe—ent) < 12070 oy
’ - 3 — c )
with the norm ||-|| in (32). We can now show in a similar manner to that

for A that the operator ¢ — B(¢,®) is continuous, and we conclude that
S is also continuous (the operator T in (29) is a contraction, and thus it is
continuous). O

Step 10: C' regularity of the stable manifold. Now we establish the C* regular-
ity of the function ¢ = (¢x)rey in Theorem 3, or more precisely of the function
¢ defined by ¢(s,&, ) = éa(s,€). We start with an auxiliary statement.

Lemma 9. Given ¢ € X, if ¢ is of class C* in & and \, then T¢ is also of
class C* in & and A, and

(60)  9(T¢)/0¢ = A(9,00/0¢) and O(T¢)/ON = B(¢,00/0¢,96/0N).

Proof. Since ¢ is of class C! in & and \, the function y defined by y(t,&,\) =
T4(t,&, M) is also of class C! (when ¢ is of class C* the right-hand side of (33)
is also of class C!, and thus the solutions are C'! in the initial conditions
and on the parameters). Furthermore, for ® = 9¢/9¢ and U = 9¢/O\ the
solutions of equations (34) and (35) are given respectively by W (t) = 9y/9¢
and Z(t) = Oy/OA. Therefore, repeating arguments in the proofs of Lemmas 5
and 6 we can apply Leibnitz’s rule to obtain

A6.05/06) = [ LL[QWIT(7.5) f(ra(r). 6r(ra(r), )] dr
= O(T9) 0%,
and
i} _ © 9 .
B(6.06/06,06/0%) =~ [ S0 [QIT(r9) (7, (), on(roa(r). V)| dr
= O(T)/0x,

where we have written for simplicity z4(7,§, X) = (7). O
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Finally, we consider the triple (¢1,®1,U;) = (0,0,0) € X x F x G. Clearly,
Dy = 91 /0¢ and Uy = 01 /ON. We define recursively a sequence (¢y,, @, U,)
e X xF xGhby

(¢n+1a (I)n-Ha Un-i-l) = S(¢na D, Un)
(61) = (T'on, Aldn; Pn), B(Pn, Pn, Un)).

Assuming that ¢, is of class C! in ¢ and A, with @, = 00, /0¢ and U, =
O0¢n/0A, it follows from Lemma 9 that ¢, = T'¢,, is of class Clin ¢ and ),
and by (60) we have

(62) 0y 11/06 = O(Thn) /06 = A(Pn, Bn) = Ppi1,
and
(63) 85,1“/8)\ = 8(%)/8)\ = B(¢n, Ppn,Up) = Upt1.

Now let ¢ be the unique fixed point of T' (the unique function ¢ in Theorem 3),
and let (®g, Up) be the unique fixed point of

((1)7 U) = (A(¢07 ‘I))’ B(¢07 Qa U))

By Proposition 1 the sequences ¢,,, ®,, and U,, converge uniformly respectively
to ¢g, ®g, and Uy on bounded subsets. For example, although the norm in X
is not the supremum norm, for each ¢ > 0 we have

ot ) = P(t, 2)|| < |lzl|d(¢, ) < cd(d,)

whenever ¢ > 0 and = € E(t) with norm ||z|| < ¢. This yields the desired
uniform convergence on bounded subsets. It follows from (62) and (63) that
¢o is of class C! in ¢ and )\, and that

(64) (0¢0/ 08, 0¢o/ON) = (Po, Up)

(we recall that if a sequence f,, of C! functions converges uniformly, and the
sequence f! of derivatives also converges uniformly, then the limit of f,, is of
class C!, and its derivative is the limit of f},).

Now we assume that (0f/0u)(t,0,\) = 0 for every ¢ > 0 and A € Y.
We consider the subset Fy C F composed of the functions ® € F such that
®(s,0,\) = 0 for every s > 0 and A € Y. We can easily verify that JFy is a
complete metric space with the distance induced by the norm of F. Since the
triple (¢p1, ®1,U1) = (0,0,0) is in X x Fg x G, and S(X x Fg x §) C X x Fy x G,
the sequence (¢, ®,,U,) defined in (61) is also in X x Fy x G. Therefore,
®y(s,0,A) =0 for every s > 0 and A € Y, and it follows from (64) that in this
case (0¢g/0¢)(s,0,A) =0 for every s >0 and A €Y. O
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