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SLANT H-TOEPLITZ OPERATORS ON THE HARDY SPACE

ANURADHA GUPTA AND SHIVAM KUMAR SINGH

ABSTRACT. The notion of slant H-Toeplitz operator V on the Hardy
space H? is introduced and its characterizations are obtained. It has
been shown that an operator on the space H? is a slant H-Toeplitz if and
only if its matrix is a slant H-Toeplitz matrix. In addition, the conditions
under which slant Toeplitz and slant Hankel operators become slant H-
Toeplitz operators are also obtained.

1. Introduction

Let © denote the normalised Lebesgue measure on the unit circle T and
the space L? be the space of all complex valued square integrable measurable
functions on T. The space L? is a Hilbert space with the norm || - |2 induced
by the inner product

(f.g) = / fadu forall f.g € 7.

For each integer n, let e,,(z) = 2" for z € T. Then the collection {e,}, .5
an orthonormal basis for L2, where Z denote the set of integers. The Hardy
space is defined by

forms

2m
- do
H? = {f : f is analytic on D and ||f|* = sup / |f(re?)* —= < oo},
0<r<1Jo 21

where df is Lebesgue arc-length measure on the unit circle. Alternatively on
the unit circle, the Hardy space is given by

H2:{f: i anen € L2 1 a, = (f,e,) =0 foralln<0}.

n=—oo

The space H? being a closed subspace of L? is a Hilbert space under the norm

[eS) 1/2 [
||f|| - Z |an|2 < 00 where f = Zanen-
n=0 n=0
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The space L*> denotes the Banach space of all essentially bounded measurable
functions with norm given by ||¢||s = ess sup {|¢(z)| : z € T}. Let B(L?) and
B(H?) denote the space of all bounded linear operators on the spaces L? and
H? respectively. Let P denote the orthogonal projection from the space L2
to the space H?. For a given ¢ € L, the induced multiplication operator
My : L? — L? is defined as Myf = ¢f for each f € L? and the Toeplitz
operator is the operator Ty € B(H?) such that T, = PMg|g2. For the symbol
¢ € L™, Hankel operator H, € B(H?) is defined as the operator Hy, = PMy.J,
where J, the flip operator, is the operator J : H? — (H?)* given by J(e,) =
€_n—1 for all n > 0. The slant Toeplitz operator [4,8,9] with the symbol ¢ is
defined as the operator A, € B(L?) such that Ay = W My, where the operator
W defined on L? is given by

(en) = ez, ifniseven
l n) — .
0, otherwise

for each integer n and its adjoint is given by W*(e,) = ea,,. The compression
of slant Toeplitz operator [13] to the space H? is the operator By defined by
By = PAy|g2. The slant Hankel operator [5,14] on the space H? is given by L,
such that Ly = W Hy. For a non-constant analytic function ¢, the composition
operator [2,3] is the operator Cy defined on H? such that Cy(f)(2) = f(¢(2))
for each f € H? and z € T.

The study of slant Toeplitz operators has gained voluminous importance due
to its multidirectional applications as these classes of operators have played
major role in wavelet analysis, dynamical system and in curve and surface
modelling [6,7,10-12]. The study of Hankel and slant Hankel operators has
numerous applications, in interpolation problems, Hamburger’s moment prob-
lem, rational approximation theory and stationary process. In 2007, Arora
et al. [1] introduced and studied the notion of H-Toeplitz operators on the
space H?. The H-Toeplitz system consists matrix equation of the form Az =
b, where A is an n x n H-Toeplitz matrix and x,b € C™. It can be noted that
the n x n H-Toeplitz matrix A has 2n — 1 degree of the freedom rather than n?
and therefore in this case, it is easier to solve the system of linear equations.
Motivated by these studies, we have introduced the notion of slant H-Toeplitz
operator on the Hardy space H? and studied its basic properties. The impor-
tance of the notion of slant H-Toeplitz operators is that it itself is not a slant
Toeplitz or slant Hankel operator but under some conditions it coincides with
the classes of slant Toeplitz and slant Hankel operators on the Hardy space.

The article is organized as follows. In Section 2, we have defined the notion
of slant H-Toeplitz operators on the Hardy space H? and obtained the con-
ditions under which the class of slant H-Toeplitz operators become isometry,
compact and hyponormal. In Section 3, we have obtained characterizations
for an operator to be slant H-Toeplitz operator on the Hardy space H2. In
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particular, we have shown that an operator on H? is a slant H-Toeplitz oper-
ator if and only if its matrix is a slant H-Toeplitz matrix. Questions such as
when slant H-Toeplitz operators become slant Toeplitz and slant Hankel are
also answered.

2. Slant H-Toeplitz operators

The H-Toeplitz operator [1] with a symbol ¢ is the operator Sy € B(H?)
defined by S;(f) = PMyK(f) for all f € H?, where the operator K : H?> —
L? is given by K (e2,,) = e, and K (e2,,41) = e_,_1 for all non-negative integers
n. The adjoint K* of the operator K is given by K*(e,) = ez, K*(e—_n_1) =
€ong1 for n > 0. Thus, K*K = I on H? and KK* = I on L?. Motivated by
the definition of H-Toeplitz operator, we define slant H-Toeplitz operator on
the space H? as follows:

Definition 2.1. For ¢ € L°°, the slant H-Toeplitz operator is defined as the
operator Vi : H> — H? such that Vy(f) = WPMyK(f) for each f in HZ.

The operator V4 with symbol ¢ € L* is a bounded linear operator as we
have [[Vy| = [[WSy|| = [[WPMyK|| < [[Wlll]loc [ Kl < [l oo-

Theorem 2.2. The correspondence ¢ — Vy is one-one.

Proof. Let ¢(z) = Y 00 anz", ¥(z) = Yoo byz™ € L™ be such that

Vg = V. Therefore, Vi — V,, = 0, or equivalently, WPMy_yK = 0. This
implies that

(2.1) WPMy_yK(ey) =0 forall m>0.

Therefore, in particular, we have WPMy_ K (eap(2)) = 0 for all z € T, which

gives
oo

WP Y (an —by) 2" =0,
n=—oo
that is, > o2 (a2n—m — ban—m) 2™ = 0. Therefore,
(WPMg—yK(eam(2)), WPMy_y K (e2m(2))) = 0
which implies that (3777 (a2n—m — ban—m) 2™, >opg (@2n—m — ban—m) 2") =
0, or equivalently, ZZO:O |a2n—m — bgn,m\z = 0. Thus, it follows that as,_.,, =
ban—m for all n,m > 0. Similarly, using equation (2.1), we get that
WPM¢,¢K(€2m+1(Z)) =0

which on using the definitions of operators W, P and K shows that

(oo}

> (a2nymsr = bangme1) 2" =0

n=0
and therefore it follows that as,4+m+1 = bantm+1 for each n > 0 and m > 0.
Hence, a,, = b, for all integers n and this proves ¢ = v a.e. on T. (I
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Let ¢ = >.0°  __ane, € L™ and (a;;) be the matrix of slant H-Toeplitz
operator V, with respect to the orthonormal basis {e,, }n>0, where the (i, 5)""
entry, a; ; = (Vye;, e;) satisfies the following:

P Akt 45 forall j > 0and k>0,
PO N ap_juj1 forall j=1,23,... k—j>0andk > 1,

and
ap,2k = Q4 2k+44i for all ¢ 2 1, k Z 1.

Therefore, the matrix representation of slant H-Toeplitz operator V; is given
by

-(10 ay a_—1 a9 a_o as a_3g---
as asg aiq Q4 aon as a_q---
a4 a5 as Qe az ar ap ---
Vo = ag ay as as ay ag asg ---
ag ag ay aipp G4 A1 Aas -

which is a two way infinite matrix and it is an upper triangular matrix if the
symbol ¢ is co-analytic. Also, for each non-negative integer n, it follows that

Vy(ean) = WPMyK (e2,) = WPMy(en) = WTy(ey,) = Bylen)
and
Vi(eant1) = WPMyK (ean+1) = WPMy(e_p—1) = WPMyJ(ey,)
=WHg(en) = Ly(€n).
This shows that the matrix of slant Toeplitz operator By can be obtained by
deleting every odd column of the matrix of slant H-Toeplitz operator V, and

the matrix of slant Hankel operator L4 can be obtained by deleting every even
column of the matrix of the operator V,,. Hence, the (i, 7)*" entry of the matrix

of V, is given by:
{a2i—n lf] = 2n,
ij =

aziyny1 ifj=2n+1,

where n € NU {0}. This motivates us to define the slant H-Toeplitz matrix in
the following way:

Definition 2.3. A two way doubly infinite matrix (a; ;) is said to be a slant
H-Toeplitz matrix if it satisfies the following:

(2.2) Okt 4j for all j >0, and k > 0,
. ago =

0T Va1 forall j=1,23... k—j>0andk>1
and

(23) a2k = A4 2k+-41 for all 4 Z 1 and k& Z 1.
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It can be observed that an n x n slant H-Toeplitz matrix has 3n — 2 degree
of freedom rather than n? and therefore for large n, it is comparatively easy
to solve the system of linear equations where the coefficient matrix is slant H-
Toeplitz matrix. The H-Toeplitz matrix give rises to slant Toeplitz and slant
Hankel operators that can be seen by the following theorem:

Theorem 2.4. If the matriz of a bounded linear operator A defined on H? is
a slant H-Toeplitz matriz, then AC,2 is a slant Toeplitz operator and AM,C 2
is a slant Hankel operator.

Proof. Let A be a bounded linear operator on H? such that its matrix (@)
with respect to the orthonormal basis {ey},>0 is a slant H-Toeplitz matrix
and therefore, it satisfies relations (2.2) and (2.3). Let (; ;) be the matrix of
bounded linear operator AC,2, defined on H? with respect to the orthonormal
basis {en }n>0. Then using the definition of slant H-Toeplitz matrix, we have

Qit1 2 = <Aszzj+2, Zi+1> _ <Az2j+4, Zi+1> = it1.2j104 = Qi
= <Az2j,zi> = <Aszzj,zi> =y foralli,j > 0.
Therefore, (o ;) is a slant Toeplitz matrix and hence the operator AC,2 is a
slant Toeplitz operator. Next, let (5; ;) be the matrix of the bounded linear

operator AM,C2, defined on H? with respect to the basis {e,, }»>0. Then, by
the definition of slant H-Toeplitz matrix, it follows that

Bic1j2 = (AM.C22772 271 = (A2¥70 271) = a; 10545 = aij41
= <A22j+1,zi> = <AMZCZzzj,zi> =B foralli>1,5>0.

Thus, the matrix (5; ;) is a slant Hankel matrix and hence the operator AM,C,>
is a slant Hankel operator. ([

Corollary 2.5. If the matriz of a bounded linear operator A defined on H? is
a slant H-Toeplitz matriz, then AC,2 = WTy and AM,C,. = WHy for some
¢ e L™,

Proof. Let A € B(H?) be such that its matrix (a; ;) with respect to orthonor-
mal basis {e,}n>0 is a slant H-Toeplitz matrix. Therefore, by Theorem 2.4,
the operators AC,» and AM,C,> are slant Toeplitz operator and slant Han-
kel operator, respectively. Let (¢ ;) and (5, ;) be the matrices of the oper-
ators AC,2 and AM,C 2, respectively, with respect to the orthonormal basis
{en}n>0 of H?. Then by the definition of slant H-Toeplitz matrix, it follows
that

oo = <WT¢z0,zk> = <ACz2z0,zk> = <Azo,zk> = a0
and

ap, = (WTyz?,2%) = (AC.227,2°) = (A% ,2°) = ag a;.
Thus, for all k& > 0, j > 1, it follows that a0 = (¢, 2%*) = aj and ag; =
(¢,2%) = ap;. Also by relation (2.2), a;; = (AC,227,2%) = (A% 2%) =
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ai2j = Q2i—j0 = 2i—j. Now since AM,C,> = W Hy, therefore, for k¥ > 0 and
by relation (2.2) it follows that

Br,o = <WH¢zo,zk> = <AMZC’ZzzO,zk> = <Az,zk> =ap1 = Gk41,2-

Also, <WH¢,20,2’“> = <PM¢JZO722’“> = <M¢z’1,22k> = <q5, z2k+1> and so
<¢722k+1>: ag,1. Since, <¢, z2k> = ag,o and <¢7 22k+1>: a1, therefore we
define the function ¢ as follows:

ar/2,0 k >0 and k is even,
(2.4) (¢,2") = ag-1)21 k> 0and k is odd,
ag,—2k k § —1.

Since A is a bounded linear operator on H?, therefore, the function ¢ € L>°.
Hence, the operator AC.> is a slant Toeplitz operator B4 and the operator
AM,C,> is a slant Hankel operator S, with ¢ defined by (2.4). Also,

Bij = <AMZszzj,zi> = <Az2j+1,zi>
=aj2j41 = Qi—1,2j45 = (AM.C227 T2 2" 1) = By j49
foralli>1,5 > 0. O
Remark 2.6. From the matrix representation, given by the relations (2.2) and
(2.3) of slant H-Toeplitz operator V with symbol ¢ € L>, it can be observed
that with respect to a suitable basis on the domain and range spaces for the
operator Vy, the matrix of V4 can be represented as the matrix whose columns
on the left side are of the matrix of By and the columns on the right side are
of the matrix of Ly. Therefore, with respect to above representation, we can

conclude that any slant H-Toeplitz operator is unitarily equivalent to a direct
sum of a slant Toeplitz operator and a slant Hankel operator.

For ¢ € L, the adjoint V' of the operator V; on H? is the operator
satisfying

Vi =(WSy)" = (WPMyK)" = K*MjP*W* = K*MzW™.

Ifp=>"" _ ane, € L™, then (i,5)™ entry of the matrix of V; with respect
to orthonormal basis {ey },>¢ is given by

<V¢f€jvei> = <K*M;PW*63',€Z'> = <K*M$€2j,€i>

=< i ﬁ62jme6i>

n=—oo

o a25—m if¢= Qm,
@i ifi=2m+1,
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where 7, j and m are non-negative integers. Hence, the matrix of V' is given

by

(@0 @ @ G5 a5 @ G
ay a3z as ar ag Az aiz---

v -1 a a3 as 4y Ay Gi1°--
¢ — | a2 a4 as ag Qi a2 G4

G_2 Gy G2 a4 ag ag G1o---

Moreover, we have ||V f[|> = [[(WTy)* fl|* + [[(WHg)*f||* for each f € H?.

Proposition 2.7. If ¢ € L™ is an inner function, then the operator Vj is an
isometry.

Proof. If ¢ € L is an inner function, then |¢| = 1 a.e. on T. Then, for each
non-negative integer n and by the definition of operators V,; and V' it follows
that VyVi(en) = (WPMyK) (K*MCZ;PW*) (en) = WPMy(KK*)Mg(ea,) =
WPMgz(e2n) = WW*(en) = (en). Thus, VuVi(en) = (en) for all n > 0.
Hence, the operator V(; is an isometry. O

The condition in the above theorem is only necessary but not sufficient as
shown in the following example.

Example 2.8. For ¢(z) = (1 + 2)/v/2 € L™ such that z € T, we have

VoV (en(2)) = WPMyMg(2") = %WP <1¢+§Z (22" 4 22"‘1)>

1
_ §WP (ZZn 4 Z2n71 + Z2n+1 + Z2n) — Zn.

Therefore, VoV (en) = ey, for each non-negative integer n and hence V) is an
isometry, but ¢ is not an inner function.

Theorem 2.9. If ¢ = > °° anen € L™ and the operator V' is an isometry

on H?, then 07 |an\2_: 1.

Proof. 1f the operator V' is an isometry, then VyV* = I which on using the def-
inition of Vy implies that W42 W* = WW™ or equivalently, W (I — T|¢|2) w*
= 0 and therefore we get that WT_j42W* = 0. Thus, for m > 0, it follows
that <WT1_‘¢|2W*em7em> = 0, that is, <(T1_|¢|2)€2m,€2m> = 0 which gives

((1 = |¢]?)e2m, €2m) = 0 and so (%™, z*™) — <¢(z)¢)(z)z2m,z2m> = 0. There-
fore, on substituting the value of ¢, we get that

) )
Z anzn+2m7 Z akzk-‘er =1

n=-—oo k=—o00

or, equivalently, we have > 07 a, > po __ ay (2" K2y = 1 for all

m > 0. Hence, it follows that >°7 _ |a,|? = 1. O

n=-—oo
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If ¢ € L™ is an inner function, then the operator V being coisometry is
also a partial isometry and in the next result we have obtained the necessary
condition for V;, to be partial isometry on H?.

Theorem 2.10. If ¢ € L>™ and the operator Vy is partial isometry, then
(WTi_ g2 W) WT,K = 0.

Proof. Let the operator Vg be a partial isometry on H 2. Therefore, Vo =
VoV Ve, that is, Vi = (WT‘¢|2 W*) Ve which further implies that

(I = Wiy W) Vi = 0.
So, (WPM1 W* — WTg2 W*) WPMyK = 0, or equivalently,
(WTy_ 2 W*) WPM,K =0
and hence it follows that (WTi_ 52 W*) WI4K = 0. O

Theorem 2.11. For ¢ € L*, the operator Vy is a Hilbert-Schmidt operator if
and only if ¢ = 0.

Proof. Clearly if ¢ = 0, then the operator Vy is a Hilbert-Schmidt operator.
Conversely, take ¢ = > " ane, € L™ and assume that the operator Vj is
a Hilbert-Schmidt operator. From the definitions of the operators W and K,
we have

NE

<V¢)6m7 V¢€m>

m=0
o0 o0

= Z (Vseam, Voeam) + Z (Voeam+1, Vopeam+1)
m=0 m=0

(WPMyen, WPMyen) + > (WPMye_p_1, WPMye_n_1)

I
M8

m=0 m=0
[eS) 9] [e'S)
= Z <WP Z anentm, WP Z anen+m>
m=0 n=—oo n=—oo
[eS) [eS) [eS)
+ Z <WP Z anen—m—hWP Z anen—m—1>
m=0 n=-—oo n=—oo
[e'S) [e'S) [e's) ) [eS)
= Z < Z A2n—mE€n, Z a5 — mej> + Z < Z a2n+m+1€n, Z a2j+m+lej>
m=0 m=0 n=0 7=0
[eS) [e'S) [e'S)
= Z (Z|a2n m| ) + Z (Z|a2n+m+l|2)-
m=0 n=0 m=0 n=0
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Since the operator V; is Hilbert-Schmidt, therefore it follows that

oo oo
Z Vseml* = Z (Vpem, Vpem) < 00.
m=0 m=0

Hence, this implies that

i (i |a2"‘m|2> T i (i |a2n+m+1|2> < o0

m=0 n=0 m=0 n=0

which holds if and only if |a,| = 0 for each n. Thus, ¢ = 0. O

It is known that the only compact slant Toelitz operators on the Hardy space
is the zero operator [13]. Following theorem shows that the same holds true
for slant H-Toeplitz operators.

Theorem 2.12. The slant H-Toeplitz operator Vy is compact if and only if
¢=0.

Proof. Let ¢ be a bounded measurable function and Vy4 be a slant H-Toeplitz
operator with the matrix (a; ;) with respect to orthonormal basis {e,, }n>0 sat-
isfying relations (2.2) and (2.3). Let V;; be a compact operator. Since e,, con-
verges to 0 weakly and therefore ||Vye,, || — 0. This implies that |WTge,| — 0
and ||WHge,| — 0. This further implies that (¢,e,) = 0 for each n € Z.
Hence, ¢ = 0, that is, V4 = 0. Thus, the only compact slant H-Toeplitz
operator is the zero operator. O

The slant H- Toeplitz operator Vy is a non-normal operator, that is, ViV #+
V;Ve. Moreover, in the following theorem we prove that zero operator is the
only hyponormal slant H-Toeplitz operator.

Theorem 2.13. For ¢ € L™, the operator Vy is hyponormal if and only if
¢ =0.

Proof. Clearly for ¢ = 0, the operator V is hyponormal on H2. Conversely,
assume that the operator V,, is hyponormal on H? with the symbol ¢ =
> o @ney. Then from hyponormality of Vy, it follows that

(2.5) Vo™ FII? < Ve fII? for all f € H.

In particular for f(z) = eg(z) in (2.5), we have [V eol* < [[Vgeol?, that is,

K (Xonr oo a—nen) H2 < |[W 2% anen || which further implies that

n=—o00
oo 0o 2 oo

H g G_n€2n + § CLn-l—162n—i-1H < H § a2n€n
n=0 n=0 n=0

Therefore, on expanding it follows that

oo o0 o0
Z |CL—n|2 + Z |an+1‘2 < Z ‘a2n|2
n=0

n=0 n=0

2
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which implies that Y oo, |a—n|? + >0 laznt1/?> < 0. So, this gives that
a_, = 0 for n > 1 and as,+1 = 0 for n > 0. Similarly on taking f(z) =
e1(z) = 2z in (2.5), it follows that ||V e1[|* < [[Vges[|*. Now from the definitions

y . 2 2
of operators Vg and V' we have HZZO:,OO an+3egn+1H <0 @angienll”,
or equivalently, >"°° _|any3|? < D007 asn41[?, that is, Y07 as,|? < 0.
Therefore, |ag,| = 0 for each n and hence we have that a,, = 0 for each n € Z.
Thus, it follows that ¢ = 0. (]

It is evident that every isometry operator is hyponormal, therefore it follows
that a slant H-Toeplitz operator can not be isometry.

3. Characterizations of slant H-Toeplitz operator

Let S € B(H?) be a forward shift operator, that is, S(f(z)) = z(f(2)) for all
f € H?, z € T and the operator S* denotes the adjoint of S. Let the operator
U € B(L?) be the multiplication operator with symbol z.

Theorem 3.1. If A is a bounded linear operator on H? whose matriz with
respect to orthonormal basis {e,}n>0 is a slant H-Toeplitz matriz, then for
each non-negative integer m, there exist a bounded linear operator A, defined
from H? to L? which satisfies the following:

(a) AmCZ2 = U*mACZ252m.

(b) S*A;,, M 5Ca = AM3C4S.

(C) S*Amzo = AMzszO.

Proof. Let A € B(H?) has a slant H-Toeplitz matrix (a; ;) with respect to the
orthonormal basis {e,, }»>0. For each non-negative integer m, define a bounded
linear operator A,, from H? to H? U span{e_1,e_9,e_3,...,e_,} C L? such
that its matrix satisfies the following relation:

(3.1) oo = Jenrja forj>0and k> —m,

. k,0 Of—j.45—1 for j=1,2,3,... and k—j > —m
and
(3.2) O,k = Gi2k+di for i > —m and k> 1.

Using the matrix representation of operators A,,, it follows that
(3.3) Qq2p = Qgtjop+aj forallp,qg,j > 0.
Therefore, in particular for j = m > 1 by equation (3.3), it follows that
(3.4) 0lg.2p = Olgtm2p+4m for all p,qg > 0.
Then, by equation (3.4), we obtain
(Amezp, eq) = (Aezpiom, €qim)

or equivalently,
(AnCreep,eq) = (UFAC,25%ep, e4)
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for all p > 0, m > 1 and ¢ > —m and hence A,,C,> = U*™AC,258?™. Since,
oo = ap—jaj—1 for all j > 1and kK — j > —m, therefore it follows that
Okgr42,0 = Ohqri2—jaj—1 for j > 1,k > j—m and r > 0. In particular, for
j =7+ 1,r4 2, we see that

Ot1,4r43 = O ary7 forallr >0,k > 0.
Therefore, (A €4r43, €xt1) = (Aeqri7, €r), Or equivalently, we get that
(S* A M 3Caep,e) = (AM,3C,4Se,, e;) for each r, k > 0.

Hence, it follows that S*A,,M,sC,« = AM,3C,1S. Again by the definition of
matrix (a; ;), it follows that axi10 = a3 for all & > 0. This implies that
(Ameo, ext1) = (Aes, ex), or equivalently, (S*A,,ep, ex) = (AM seq, ep) for all
k > 0. Thus, it gives S*A,,2° = AM,s2°. O

In the above theorem, for each fixed non-negative integer m, the (i,7)"
entry of the matrix of the operator A,, is independent of m, which is shown in
the following lemma:

Lemma 3.2. Let m be a fized non-negative integer. Then for all j > 0 and
i > —m, (Ane;,e;) is independent of m.

Proof. Let (o ;) be the matrix of A,, with respect to the orthonormal basis
{en}n>0 satisfying relations (3.1) and (3.2). For 0 > ¢ > —m, using the matrix
definition of operator A,,, we get that

(Ameap, €;) = Qo aptar = <A64(p+k), eo> where i +k =0

and this is true for each non-negative integer p. Also, for p > 1, we have
(Amesp_1,€;) = Qiypo = (Aeg, €;1,) . For non-negative integers ¢ and j and by
using the relation A,,C,2 = U*™AC,25%™, it follows that
(AnCi2ej,e;) = (U™ AC,25%e;, €;)
= (AC,25™,5™¢;)
= (S*™AC,25%"e;, €;)
= <A0226j, €i> .
Also, the relation S*A,,M,sC,s = AM_sC,4S implies that
<S*Am,MZ3CZ46j, 67;> = <AMZSOZ4S€]', 61'>

which gives that (Aesj47,€e;) = (Aeajts, €i+1). Moreover, from the definition of
Ap,, we have (S*A,,,M,sCaej5,e;) = (Apmeqjrs, €irm) = (Aesjis, eip1) . Again
the relation S*A4,,2° = AM,s2° implies that (S*A,eo,e;) = (AM,seq,e;) =
;3 = Q41,0 = <A€0,€i+1> and also <S*Am80,€i> = <Am€07€i+1>- Therefore,
for all non-negative integers ¢ and j we get that (A,,e;,e;) = (Ae;, e;). Hence,
for all j > 0 and ¢ > —m, (A..ej,e;) is independent of m. O
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Example 3.3. Let A be a bounded linear operator on H? whose matrix (a; ;)
with respect to the orthonormal basis {e,, },>¢ is a slant H-Toeplitz matrix and
satisfies the relations (2.2) and (2.3). Then the matrices of the operators A,
and As defined in Theorem 3.1, are given by

_CL_Q a_1 a_3 ap a_4 aq a_5---
an al a_1 ag a_9 as a_g---
az as ai ag G a5 A—1---
Qa4 as as Qe az ar [
ae ar as as 21 ag ag - -+
as ag ar ajp G4 Q11 A5-c-

Ay

and

-4 a3 G5 A2 G Q-1 QA_7" "
a2 a-1 G-3 QG G4 a1 A_5° -
agp a a1 a2 a-2 a3 G_3---
a2 as ai Qg4 ag as  a—1---
A2=|ay a5 a3 as ax ay ap--
ae ar as as a4 ag as---
as ag ar ajp G Q11 as - -

Similarly, we can obtain the matrix representation for other operators A,, for
m > 2 and clearly all these operators satisfying the conditions given in Theorem
3.1.

In the following theorem we give the characterization for slant H-Toeplitz
operators.

Theorem 3.4. A necessary and sufficient condition for an operator A € B(H?)
to be a slant H-Toeplitz operator is that its matrix with respect to the orthonor-
mal basis {en }n>0 is the slant H-Toeplitz matri.

Proof. 1t is clear that every slant H-Toeplitz operator defined on H? has a
slant H-Toeplitz matrix with respect to the orthonormal basis {e;, },>0 of H?.
Conversely, assume that A is a bounded linear operator on H? whose matrix
with respect to the orthonormal basis {e,, },,>0 is a slant H-Toeplitz matrix. So,
we claim that A is a slant H-Toeplitz operator. For each non-negative integer
m, consider a bounded linear operator A,, defined on H? to L? such that its
matrix satisfies the relations (3.1) and (3.2) given in the Theorem 3.1. Then,
the operators A,, satisfies the following:

(a) ApC.2 =U*"AC,25?™,
(b) S*Ap M, 3Ca = AM,3C 4 S,
(c) S*Apz° = AM, 32",
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Moreover, for non-negative integers i and j, we have <Amzj ,zi> = <Azj ,zi>.
If p and ¢ are finite linear combinations of z* for 4 > 0, then the sequence
{{Ap,q)} is convergent. Therefore, the sequence {4,,} of operator on H? is
weakly convergent to a bounded linear operator say, B, on H2. Then for all
1,7 > 0, it follows that

(PB,2") = (B2, 2") = n}gnoo (Am#?,2") = (A, 2") = a;
and if f and g are in H?, then we have
(PBf,g)= lim (Anf,g) = lim (Af,g)=(Af.g).

Therefore, PBf = Af for each f € H?. Hence, it follows that operator A is
a slant H-Toeplitz operator on H2. Fourier coefficients of ¢ that induces the
operator A from its matrix are given by

ag/2,0 k >0 and k is even,
<¢, zk> =9 @k-1)/2, k>0andk is odd,
ap,—2k k S —1.

For f(z) = 2" € H?, AC,2f(z) = A2* and AM,C,> = Az?"*1. Since the
operators AC,2 and AM,C,> are slant Toeplitz and slant Hankel operators,
respectively, therefore AC,. = WTy and AM.C,» = WH,. Then for each
function f;(22) € H?, we have

AC:2(f1(2)) = WTyf1(2) = WPMuK (f1(2%)) = Vo(f1(2?))
and for each fa(2%) € H?, we obtain
AM.C.2(f2(2)) = WHy(fa(2)) = WPMyJ (fa(2)) = WPMy (2~ fo(=71))
_ WPMK (2 f5(2)) = Vo = ().
If h(z) € H?, then h(z) = h1(2?) + zh2(2?). Moreover, we have
A(h(2)) = A(h1(2%) 4 zha(2%)) = A(h1(2%)) + A(zha(2))

= AC,2 (hl(z)) + AM,C 2 (hg(z))
= Vo ((h1(2%)) + Vi((zha(2?))
= Vi (h1(2%) + 2ha(2%)) = Vi (h(2))

which is true for every h(z) € H?. Hence, the operator A is a slant H-Toeplitz
operator with symbol ¢. O

In the next theorem, we give another characterization for slant H-Toeplitz
operators.

Theorem 3.5. A bounded linear operator A on H? is a slant H-Toeplitz op-
erator if and only if satisfies

(a) ACZ2 = S*ACZ2S2,

(b) S*AM 5C,a = AM_3C 1S,
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(c) S*A2Y = AMs2°.

Proof. Let the operator A € B(H?) satisfies the conditions (a), (b) and (c).
Then from (a) and (b), it follows that AC,2 is a slant Toeplitz operator and
AM,C,> is a slant Hankel operator. Also if f € H?, then

S*AC.25%(f(2)) = AC.2(f(2))
and
S*AMZS Z4(f(z)) = AMzz Z4S(f(z))
This gives that,
(35)  S*A('f(2) = A(f(2%)) and S*A(Z*f(2")) = A(" f(z")).

This is true for each functions f(22), f(z*) € H?. Therefore, in particular for
0,2 ,4 .6 0,4 ,8 12

F(2%) = 20,22 2% 26 ... and f(2*) = 20,2428 212 ... using equation (3.5),
we obtain the following relations:
(3.6) S*A(2*" ) = A(2*) and S*A(2*"T3) = A(2*FT) for n > 0.

Let (a;;) be the matrix of the bounded linear operator A with respect to
orthonormal basis {e,}n>0. Then, for all £ > 0 and by the relation (3.6), we
have

ak,0 = <Az0,zk> = <S*Az4,zk> = <Az4,zk+1> = Qp+14
= <S*Az8,zk+1> = <Az8,zk+2> = Gk128
— <S*A2’12,2k+2> — <A2’12,2k+3> = ap43.12

and so on. On continuing in this manner, for 7 > 1 and k£ > 0, we obtain that
ak,0 = Qk+j,4;. Again for each k > 1 and by the relation (3.6), it follows that

ako = <Azo,zk> = <S*Azo,zk71> = <AMZ3ZO,Zk71> = aK-13
= (S*A2,2?) = (A", 2F ) = aj_a 7
= (S*AZ", ") = (A 2P = a1
and so on. Again on continuing the same manner it follows that for all k£ > 1,
ko = Gx—1,3 = GRp—2,7 = Gk-3,11 = '+ = Goak—1. Lherefore, for each k >
landfor j =1,2,3,...,k—j >0, it follows that aro = ar—;4j—1. Again for
k > 0 and from the relation (3.6), it follows that
ao.ok = <A22k,20> — <S*A22k>+4’20> — <A22k+4,zl> = a19%44
— <S*A22k+8,21> — <A22k+8,22> = a9.2k+8
_ <S*Az2k+12722> _ <Az2k+12,z3> = 4320412
and so on. Therefore, on continuing the same process, for all kK > 0 and ¢ > 1 it

follows that ag or = a;,2k+4;. Since the matrix (a; ;) satisfies the relations (2.2)
and (2.3), therefore the matrix (a; ;) is a slant H-Toeplitz matrix. Thus, the
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operator A is a slant H-Toeplitz operator on H? with symbol ¢ whose Fourier
coefficients are given by

ax /2,0 k > 0 and k is even,
<¢,zk> =9 @k-1)/2, k>0 and k is odd,
ag,—2k k< -—1.

Conversely, assume that the operator A is a slant H-Toeplitz operator on H?.
Then, A = V,, for some non-zero ¢ € L> and for each f € H?, we have

AC.(f(2)) = VoCaa (f(2)) = WPMK(f(2%)) = WT(f(2)).

Hence, AC,2 is a slant Toeplitz operator and therefore we get that S*AC,25? =
AC.>. Also for each f € H?, it follows that

AM,C2(f(2)) = V(2 f(2?) = WPM,K (2f(2%)) = WPMy(2~ " f(z71))
=WPMyJ(f(2)) = WH(f(2))-
Therefore, the operator AM,C,> is a slant Hankel operator and hence

S*AM,sC,s = AM,sC,sS. Again if ¢(z) = Y 02 a,z", then the opera-
tor A satisfies the following;:

S*A(2°) = S*V,(20) = S*WP¢(z) = S* Z agn 2" = Z aop422"
n=0 n=0
and
AM.s(2°) = Vy(2) = WPMyK(2%) = WP¢(272) = Y _ dgn 22"
n=0

Therefore, AM.s(2°) = S*A(2°). Thus, every slant H-Toeplitz operator satis-
fies the above three conditions of the theorem. O

In the following theorem, we have shown that there does not exist any non-
zero self-adjoint slant H-Toeplitz operator on H?2.

Theorem 3.6. The slant H-Toeplitz operator Vy with the symbol ¢ is self
adjoint if and only if ¢ = 0.

Proof. If ¢ = 0, then result is obvious. Conversely, suppose that the operator
V, for some ¢ € L>, is self-adjoint on H2. Since, V, = Vi, therefore by
Theorem 3.5, the operator V; satisfies the following:

(a) S*VJC’Z2SQ =V;C.

(b) S*ViM.3C.a = VM. 3C48.

(c) S*Vdfzo = VgMzszO.
For ¢(z) = Y07 anz"™, the relation (c) implies that (S*K*Mgz)W*(1) =
K*MzW*(2*), or equivalently, S*K* ( S @2") =K* ( S @zttt

n=—oo
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which gives that

oo oo oo oo
g* ( Z a2 4 Z 7an+1z2n+1> — Kt ( Z e + Z 7%752—71—1)
n=0 n=0 n=0 n=0

and this gives

oo o) o oo
E 7(1_”2:2” + E 7an+122n+1 — E 70’—71,—62271 + § 7an_522n+1 .
n=1 n=1 n=0 n=0

Therefore, on comparing the coefficients we get a_g = 0,a_5 = 0 and a_,, =
G_n—_6, Gnt1 = Qp—5 for n > 1. Now since a,, — 0 as n — oo, therefore this
implies that a,, = 0 for each n and hence ¢ = 0. (]

Next we show that a non-zero slant Toeplitz operator can not be a slant
H-Toeplitz operator on H?2.

Theorem 3.7. A slant Toeplitz operator By is a slant H-Toeplitz operator if
and only if ¢ = 0.

Proof. Clearly if ¢ = 0, then the result is obvious. Conversely, assume that
the slant Toeplitz operator By is a slant H-Toeplitz operator on H? for some
¢ € L*°. Then, by using Theorem 3.5, the operator By satisfies the following:

(a) S*B¢CZ252 = B¢CZ2.

(b) S*ByM,3Cha = ByM,3C,4S.

(C) S*B¢ZO = B¢,Mzsz0.
Take ¢(z) = Yoo anz™. Since, S*ByC,258%(z™) = S*By(z?™) for all
m > 0. Therefore, on using condition (a), it follows that <S*B¢C’Zz S2zm, zj> =
(ByC,22™,27). This gives (Byz?™+4 21} = (B,2?™, 27) which further im-
plies that

WP 3 ap22mntd) Iy — (wp 3 a2 20
2 2

oo o0
or, equivalently, < Z anz2m+”+4,zzj+2> = < Z anz"+2m,z2j>.

n=—2m-—4 n=-—2m
Therefore, azj_om—2 = agj_2m for all m,j > 0. Now on substituting m,j =
0,1,2,3,..., we get that ag = asg, for all integer n. Since a,, — 0 as n — o0,
therefore for each integer n, we get that as, = 0. Now for m > 0, we have
S*ByMsCLa(2™) = S*ByM,3(2"™) = S*By(24™3) and ByM,sC,4S(z™) =
BygM_s(24mF4) = B, (2*™*7). Then, from the relation (b) it follows
(S*ByM,3Cya2™, 27 ) = (ByM,3CLaS2™, 27)

that is, (S*ByzmT3,27) = (Byz*™*7, 27). This further implies that

o0 o0
<WP( Z anz4m+”+3),zj+1>:<WP( Z anz"+4m+7),zj> or,
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oo oo
equivalently,< Z anz"+4m+37z2j+2>:< Z anz"+4m+7,z2j>.

n=—4m—3 n=—4m-—"7

Thus, it gives that agj—4m—1 = agj—am—r7 for all j,m > 0 and this implies that
a1 = agp1 for all integers n. Since a,, — 0 as n — oo, therefore it follows that
a2n+1 = 0 for all integers n and hence ¢ = 0. O

Theorem 3.8. If a slant Hankel operator Ly is a slant H-Toeplitz operator on
H2, then ¢ € (z + 23H>®)L, where (2 + 22H®) = {z + 23 : ¢ € H®}.

Proof. Let the operator Ly = WHy be a slant H-Toeplitz operator on H2.
Then, by Theorem 3.5, the operator W H satisfies the following:

(a) S*WHC,28% = WH,C.2.
(b) S*WHsM,sCpa = WHyM,3C,4S.
(C) S*WH¢,ZO = WH¢MZBZO.

Take ¢(z) = > o7 anz™ € L. On using the relation (a), for each non-

n=—oo
negative integers m and j, we obtain (S*W HyC,25%2™, 27 ) =(WHyC.22™, 27)
which implies that <H¢z2(m+2),zz(j+1)> = (Hyz*™,2%). So, from the matrix
representation of the operator Hy it follows that

(3.7) a2m+42j+7 = A2m+2j+1 for all m,j > 0.
Again on using the relation (b), it follows that
(S*WHyM,sChaz™,27) = (WHyM,5Cpa S2™, zj> which implies that

<H¢z4m+3, 22(j+1)> _ <H¢z4m+7, 22j> .

Using matrix representation of the operator Hy, the above condition is equiv-
alent to following:

(3-8) Q4m+2j+6 = Qam+2j48 for all m,j > 0.
Moreover, from the relation (c), it follows that
(WHyM,52°,27) = (S*WHyz°, 27)
and then <H¢23, z2j> = <H¢zo, 22(j+1)> . Therefore, using the matrix represen-
tation of the operator Hy, we obtain following relation:
(3.9) A2j44 = ag;43 for all j > 0.
On substituting m, j = 0,1,2,... in equations (3.7), (3.8) and (3.9), we obtain
A2k—1 = 2k+5, A2k+1 = A2k+2 and agkgiq = azkye, Kk € N
This implies that a; = a,, for each n > 3. Since a,, — 0 as n — oo, we get that

d(z) =0 anz" + agz?. Hence, ¢ € (z + z3H>) . O

n=—oo
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We can extend the notion of slant H-Toeplitz operator to the space L2
by defining the operator Vj : L? — L? such that V; = WMyK, where
K : L? — L? defined as K.,, = e,, Keapy1 = €1 and W : L? — L2
as Weg, = e,, Wea,r1 = 0 for each integer n. The same techniques can be
applied to prove the results for ‘7¢.

The notion of slant H-Toeplitz operator on H? can be further extended to
generalised slant H-Toeplitz operators, which can be defined as the operator
qu € B(H?) with the symbol ¢ € L by Vdf’(f) = Wi, PM4K(f) for each f in
H? and k > 2, where the operator W}, € B(L?) is given by

Wi(en) = ez, if k divides n,
Ao 0, otherwise

for each integer n. Clearly, for k = 2, the operator Vf is same as the slant
H-Toeplitz operator V. Moreover, results for the operator Vi can be extended
for the operator Vf.
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