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LIOUVILLE THEOREMS FOR
GENERALIZED SYMPHONIC MAPS

SHUXIANG FENG AND YINGBO HAN

ABSTRACT. In this paper, we introduce the notion of the generalized
symphonic map with respect to the functional ®.. Then we use the stress-
energy tensor to obtain some monotonicity formulas and some Liouville
results for these maps. We also obtain some Liouville type results by
assuming some conditions on the asymptotic behavior of the maps at
infinity.

1. Introduction

Liouville type theorems for harmonic maps, p-harmonic maps, F-harmonic
maps, and F-stationary maps were investigated by several authors ([1, 6, 10,
16, 18, 28, 29, 31, 32] and the references therein). It is well known that the
stress-energy tensor is a useful tool to investigate the energy behavior and
some vanishing results of related energy functional. Most Liouville results have
established by assuming either the finiteness of the energy of the map or the
smallness of whole image of the domain manifold under the map. In [18], Jin
proved several interesting Liouville theorems for harmonic maps from complete
manifolds, whose assumptions concern the asymptotic behavior of the maps at
infinity. One special case of his results is that if u : (R™,gg) — (N™,h) is a
harmonic map, and u(z) — pg € N™ as |x| — oo, then u is a constant map.
In [9], Dong, Lin and Yang, generalized Jin’s method to F-harmonic maps and
obtained some Liouville theorems and their applications.

Let 2 C R? be a smooth bounded simply connected domain. Consider the
following functional defined for maps u € H(Q, C):

1 1
E.(u) = 3 /Q |Vu|2dv + = Q(1 — |u|?)*dv.
Ginzburg-Landau introduced this functional in study of phase transition prob-
lems and it plays an important role ever since, especially in superconductivity,
superfluidity and XY-magnetism (see details for [21,25,27]). A lot of paper
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devote to the asymptotic behavior of minimizers u. of E.(u,Q) in H*(Q,C) as
€ — 0. It was shown in those cases that u. converges strongly to a harmonic
map ug on any compact subset away from the zeros. Readers can refer to
[3-5,30] for the progress in this field. For general case, the p-Ginzburg-Landau
functional has been introduced. Hong in [17] and Lei in [22] investigated the
convergence of a p-Ginzburg-Landau type functional when parameter goes to
zero. In [7], Chong, Cheng, Dong and Zhang investigated the critical points of
the p-Ginzburg-Landau type functional and obtained some Liouville theorems
for these maps.

Let (M™,g) and (N™,h) be two Riemannian manifolds, and let u be a
smooth map from M to N. In [19], S. Kawai, and N. Nakauchi introduced a

functional
*h 2
o~ | b,
M 4

where dv, is the volume form on (M, g), u*h is the symmetric 2-tensor (pullback
metric) defined by v*h(X,Y) = h(du(X), du(Y)) for any vector fields X,Y on
M and |[u*h||, its norm as ||u*h||? = dii=1 [h(du(ei),du(ej))f, with respect
to {e;} which is a local orthonormal frame on (M, g). The map w is a symphonic
(or stationary) map if it is a critical point of ®(u) with respect to any compact
supported variation of u and w is symphonic (or stationary) stable if the second
variation for the functional ®(u) is nonnegative. When M and N are compact
without boundary, the same authors showed the non-existence of non-constant
stable symphonic map for @, if M (respectively N) is a standard sphere S™
(respectively S™). Readers can refer to [1,13,14,20,23,24] for the progress in
this field.

In this paper, we can consider a smooth map u : (M™,g) — (R™, h) from
a Riemannian manifold to the standard Euclidean space and the following
functional

0 o= [ PR T upe) a,

where € is any small positive number. We call u a generalized symphonic map
for the functional ®.(u), if

d

dt
for any compactly supported variation u; : (M,g) — (R™ h) with uy = wu.
To generalized the Liouville type results for harmonic maps to the generalized
symphonic maps, we first introduce the stress-energy tensor S¢_ associated with
the functional ®.(u). We prove that the generalized symphonic map satisfies
the conservation law, that is, divSs, = 0. By using the stress-energy tensor,
we obtain some monotonicity formulas for these maps, then we can prove some
Liouville type results from these monotonicity formulas under suitable growth
conditions on the functional ®.(u).

(I)e(ut)|t:0 =0



LIOUVILLE THEOREMS FOR GENERALIZED SYMPHONIC MAPS 671

Next we generalize Jin’s method and results to the generalized symphonic
maps. The procedure consists of two steps. The first step is to use the stress-
energy tensor to establish the monotonicity formula which gives a lower bound
for the growth rates of the functional ®.(u). The second step is to use the
asymptotic assumption of the maps at infinity to obtain the upper functional
growth rates of the generalized symphonic maps. Under suitable conditions on
u and the Hessian of the distance functions of the domain manifolds, one may
show that these two growth rates are contradictory unless the generalized sym-
phonic map is constant. In this way, we establish some Liouville theorems for
the generalized maps with asymptotic property at infinity from some complete
manifolds.

2. The first variation formula

Let V and ®"V be always denote the Levi-Civita connections of (M™, g) and
(R™, h) respectively. Let V be the induced connection on v~ 'TR™ defined by
VW =R" Vaux)W, where X is a tangent vector of M™ and W is a section
of u7!TR™. We can choose a local orthonormal frame field {e;}™, on M™.
We define the ®.-tension field 7¢_(u) by

©) i (1) = divy (o) + = (1~ [uP ),

where 0, (X) = >, h(du(e;), du(X))du(e;), for any smooth vector field X on
M. Let ug : (M™,g — (R",h)), |t| < k with up = v and v = %hzo be a one
parameter compactly supported variation, we have the following lemma.

Lemma 2.1 (The first variation formula). Let u: (M™,g) — (R", k) be a C?
map. Then we have

d
(3) |t 0®e (ur) / h(te_(u),v)dvg.

Proof. Let {e;} be a local orthonormal frame of TM. Since the target manifold
is the Standard Euclidean space R™, we can perform the following calculations,

jﬂt 0Pe(u) = / {gtt:o (W) S l=0 Lln(l—w ) H dv,

/ Z WV o duy(e;), dug(e;))h(du(e;), dui(e;))|i=odvg

i,j=1
1

- / L1~ o, uyn,
M5"

/M ; h(%dut(%), 0w, (€))i—odvg
o La- ul?)h(v, u)dv
/Mgnﬂ [u|?)h(v, u)dv,
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/M > h(T e, oulen) vy - /M sina — ulP) (v, u)du,

~ [ vy lou) + 00~ )
M en

= — / h(te_(u),v)dv,.
M
Here we have used the Green’s theorem in the fifth equality. (I

The first variation formula allows us to define the notion of generalized
symphonic map for the functional ®.(u).

Definition 2.2. A C? map u is called generalized symphonic map for the
functional @, (u) if it is a solution of the Euler-Lagrange equation,

(4) 7o, (u) = divy(oy) + Ein(l — [u*)u = 0.

3. Stress-energy tensor

Following Baird [2], for a smooth map u : (M™,g) — (R™, h), we associate
a symmetric 2-tensor Sg_ to the functional ®. called the stress-energy tensor
fwnl? 1
4 4em

where X, Y are smooth vector field on M.

(5)  Sa.(X,Y) = (1= [ul*)?] g(X,Y) = h(du(X), 0u(Y)),

Proposition 3.1. Let u: (M™,g) — (R™ h) be a smooth map and Sg_ be the
associated stress-energy tensor. Then for each vector field X on M, we have

(divSs_)(X) = —h(divgo, + 6in(1 — |u*)u, du(X)).

Proof. Let V and EI?HV always denote the Levi-Civita connections of M and R”™
respectively. Let V be the induced connection on «~'TR"™. We choose a local
orthonormal frame field {e;} around a point P on M with V,e;|p = 0.

Let X be a vector field on M. At P, we compute

= Z[eiS(bE (ei,X) - S‘I>E (ei7 velX)]

_ i {ei ({||u*4h||2 n 4%”(1 _ |u|2)2} g(ei,X)) —eih(ou(es), du(X))

_ ['ufii + (- u|2)2] 9(ei, Ve, X) + h(ou(ed), du(vez-XD}



LIOUVILLE THEOREMS FOR GENERALIZED SYMPHONIC MAPS 673

e | 5 0 ] e, )~ ) )

-

4 4em

i—1

- h(Uu(GZ) veldu( ) + h(ou(ei), du(Ve, X))

~

4

(div(o), du(X)
2 (0 = )b, du))

I
M

[ L o] = bl (e (V)00
)

|
>

-

1

<.
I

+ 3BV xdu)(er), du(e;) h(duer), due;)

Jj=1

hou(e), (Ve du)(X)] = h(div(ow), du(X))

-

[h((deu)(ez)7 Ju(ei)) - h(au(ei)v (Veqdu)(X)]

1

~ h(div(oy) + Ein(1 ~ uf?)u, du(X)).

.
I

Since (Vxdu)(e;) = (Ve du)(X), we have
1
(divSs,)(X) = —h (divau + €7<1 — Ju*)u, du(X)> .
This completes the proof. ([l

Definition 3.2. We say that u satisfies the conversation law if divSe, = 0.
By the above proposition, we can obtain the following result.

Corollary 3.3. If u: (M,g) — (R™,h) is a generalized symphonic map, then
u satisfies the conservation law, i.e., divSs, = 0.

Recall that for two 2-tensors Ty, To € T'(T*M ® T* M), their inner product
is defined as follows;
(6) (Ty, To) = Y T(ei,e;)Talei ),
i,j=1
where {e;} is an orthonormal basis with respect to g. For a vector field X €
I(TM), we denote by 0x its dual one form, ie., O0x(Y) = g(X,Y), where
Y € T(T'M). The covariant derivative of fx gives a 2-tensor field VOx:

(7) (VOx)(Y,Z) = (Vy0x)(Z2) = 9g(Vy X, Z).

If X = Vo is the gradient field of some C? function ¢ on M, then 0y = dy
and VOx = Hessp.
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Lemma 3.4 (cf. [2,10]). Let T be a symmetric (0,2)-type tensor field and let
X be a vector field. Then

8)  div(ixT) = (divT)(X) + (T, Vox) = (divT)(X) + %(T, Lxg),

where Lx is the Lie derivative of the metric g in the direction of X. Indeed,
let {e1,...,em} be a local orthonormal frame field on M. Then

1 1
§<T, Lxg) =) §<T(€z‘,€j)7LXg(€i,€j)>
ig=1

=Y T(ei e;)g9(Ve, X, €) = (T, Vbx).

ij=1

Let D be any bounded domain of M with C'! boundary. By using the stokes’
theorem, we have the following integral formula:

1 .
(9) /aD T(X,v)dsy = /D[(T, §Lxg> + (divT) (X)) dvy,

where v is the unit outward normal vector field along dD. By the definition of
generalized symphonic map and (9), we have

1
(10) Sq;E(Xw)dsg:/<S¢E7§Lxg>dvg.
oD D

4. Monotonicity formulas

Let (M™,g) be a complete Riemannian manifold with a pole zy. A pole
xg € M is a point such that the exponential map from the tangent space to M
at o is a diffeomorphism. Denote by r(z) the g-distance function relative to
the pole g, that is, r(z) = disty(x, zo). Set B(r) = {zx € M™ :r(z) <r}. Itis
known that % is always an eigenvector of H essg(r2) associated to eigenvalue
2. Denote by Amax (resp. Amin) the maximum (resp. minimal) eigenvalues of

Hessy(r?) — 2dr ® dr at each point of M\{z}.

Theorem 4.1. Let v : (M™,g) — (R™, h) be a generalized symphonic map
from a complete Riemannian manifold (M™,g) to (R™, h). If there exists a
constant o > 0 such that

—1
11 14+ 2 N in = 2max{2, Apax} > 0,
( 2
then
w*h||? w*h||?
Jopn |25 + 22 (0= )2 ey [y [ + 20— o] v

Py - p3

for any 0 < p1 < In particular, if [ Al | (1= |ul?)?| dv, =
1> p2- p s B(R) 4 4em 9

o(R?), then u is constant and u € S™~1.
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Proof. We take D = B(R) and X = r% = 1Vr? in (10), where V denotes the
covariant derivative determined by g, we have

0 1
12 / So_(r——,v)ds :/ Se., =L, o g)dv,.
(12) R
9

Let {e;}j~, be an orthonormal basis with respect to g and e, = v = 5-. We
may assume that Hess,(r?) becomes a diagonal matrix with respect to {e; }7 .
Now we compute,

m

(So.,Ly29) =Y Sa.(eie;) (L, 2.9)(eie))
ij=1
- u*h||? 1
= >0 [ -l st ) 2 o))

— h(du(e:),7u(e) (L, 2 9) e e;)]
= 30 [ L ] Hess ) e

i=1

= D Mdues), oule;)) Hessy (%) (i, e;)

4,j=1

U* 2
R = 2 24 (- DA

— max{2, Amax } Z h(du(e;), ou(ei))

=1
w*h||?
= (R o 2| 2 )]
I e
— 4max{2, )\qu}Hu Al
(13) > ”“*h”z (17| | )_ 2+ (m — 1)Amin — 4max{2, Amax }]
- 4 4 n min b max .
From (11) and (13), we have
||U*h‘|2 1 22
— (1 — .
(14) <Sq>6, L ag} [ 1 +4€n( |u|®)

On the other hand, by the coarea formula, we have
g 0
So,.(r—,=)ds
Joy S0 3

HU*th 212
—r (1 a2 ds
/(‘SB(T) { 4 4em J
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0 0
o[t

HU*h”Q 1 2 2}
=r —— + —(1—|u]*)?| ds
/BB(T)[ M a2 as,

m

_r/f) [ZhQ(du(%),du(ej))]

B(r) j=1

|\u*h||2 212
r + — ( — |ul*)*| ds
/63(r) { 4 dem I

d [|u*hl|? 1 9\
1 = —_—t —(1— .
(15) i oo [ = ]

From (12), (14) and (15), we have

[[u*h|? 1 22
o —+ — (1 —|ul")*|dv
/B('r‘) |: 4 4en g

d ||U*h||2 1 22
<rZ (| T d
="ar /Bm [ 1 g (L [ul)7 dvg,

IN

so we have
u*h
S |41 + ke (1 = Jul)?] o, < It [ (1= )2 o
Py p3
for any 0 < p1 < po. O

Lemma 4.2 ([8,10-13,15]). Let (M™, g) be a complete Riemannian manifold
with a pole xg. Denote by K, the radial curvature of M™.
(1) If —a? < K, < —8% witha > >0 and (m —1)3 — 4a > 0, then

L o max{2 A} = m— o2
? B
(2)1f_WSKr§ﬁwithe>0,A20and0§B§2€}then
1+ mT_l)\min —2max{2, Apax} > 1+ (m —1)(1 — g) Cdet
(3) If - c2+2SK < 2+2 with a> 0, 0 € 0,] and & > 0, then
m

1+ T‘Amm — 2max{2, Amax }

14+ V1 —4b? 741+\/1—4a2
2 2 ’

From Theorem 4.1 and Lemma 4.2, we have the following result.

>1+(m—1)
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Corollary 4.3. Let (M™,g) be an m-dimensional complete manifold with a
pole xg. Assume that the radial curvature K, of M satisfies one of the following
three conditions:

(1) If —a? < K, <—ﬂ2witha>ﬂ>0and( —1)B—4a>0.
()If W§K§(1+T2)l+ﬁ w@th€>0 A>0 0<B<2€G/nd

L (m = 1)1~ £) ~ e >0,
(3) If % < K, < 5% witha >0, 0% € [0, 1] and 1+ (m—1) 1 HY/1=12
41+12ﬂ >0. Ifu: (M™,g) — (R™, h) is a generalized symphonic map, then

w*h||? w*h||?
Jotpn |55 + 22 (0= )] ety [y [0 + (1= o] o

Py - 2
for 0 < p1 < pa, where A is given as follows,
m— %a if K, satisfies (1),
A=< 14+ m-1)1-2)- dese if K, satisfies (2),
1

1+ (m—1)14= = éllJ”l{‘l“2 if K, satisfies (3).
In particular, if fB(R) |:Hu*4h“2 b |u\2)2} dv, = o(RY), then u is con-

stant and u € S™1.

5. Liouville theorems

We first give the lower ®. functional growth rates for generalized symphonic
map.

Proposition 5.1. Let u: (M™,g) — (R™, h) be a generalized symphonic map
from a Riemannian manifold with a pole xq to a standard Euclidean space. It
u(M) is not contained in S"~! and r(x) satisfies the condition (11), then

[[u*R? 1 1a12)2 o
+— (1 —|u]*)*| dvg > C(u)R7 as R — oo,
B(R) 4 4em

where C(u) is a positive constant only depending on u.
Proof. Since u satisfies the condition in Theorem 4.1, we have

Jo [P + 22 (= )P dey [y |31 + 20— o] v,
po - Ro

for any 0 < p < R. Note that u(M) is not contained in S"~!, there exists some

p > 0 such that
||w*hl]? 2\2
— d .
L(P){ 4 +4”( [ul") vg >0
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*p112
S |2 g (1= ful?)? v,

Set C'(u) = e , then
|[u*n|? 1 2\2
+ — (1 —|u|*)*| dvy > C(u)R°.
»/B(R) |: 4 4en g
This completes the proof of the proposition. O

Corollary 5.2. Let (M™,g) be an m-dimensional complete manifold with a
pole xo. Assume that the radial curvature K, satisfies the condition in Corollary
4.8. If u: (M,g) — (R™, h) is a generalized symphonic map and u(M) is not
contained in S"~ ', then we have

||w*hl]? 1 1232 A
+ (1 —|ul?)*| dvg > C(u)R* as R — oo,
B(R) 4 4en

where C(u) is a positive constant only depending on u and A is given in Corol-
lary 4.3.

Next we will use the assumption for the map at infinity to derivative an
upper bound for the growth rate. The condition that we will assume for u is
as follow:

(Py) There exists a positive constant & strictly less than ¢ in (11) such that

wlqt

5 o ds
Tr(r;giicrh%u(g;),Po)] <r /r m for r(z)>1,

where Py is a fixed point in SP~1.
Theorem 5.3. Let u : (M™,g) — (R™ h) be a generalized symphonic map.

Suppose that r(x) satisfies the condition (11). If u(z) — Py € S"~! as r(x) —
oo and u satisfies the condition (Py), then u must be a constant map.

Proof. Suppose u is not constant, then by Proposition 5.1, the functional ®. of

u must be infinite, that is, ®f(u) = Jam [Hulhuz + 2= (1= |u|2)2} dvg — 0,

as R — oo.

Since Py = (c1,...,¢,) € S"71, then Y i _ ¢2 = 1. It is clear that we can
choose an orthogonal matrix A such that APy = Py = (¢1,...,¢n), ca # 0, for
a=1,...,n. Clearly if u is a generalized map, then Au is also the generalized
map. Hence without loss of generality, we may assume that u(z) — Py as
r(x) — oo, where Py = (¢1,...,¢p), where ¢q #0, fora =1,... n.

Now the assumption that u(z) — Py as r(z) — oo implies that there exist
a Ry > 0 and a neighborhood U of Py such that for r(x) > Ry, u(z) € U and
ug #0fora=1,... n.

For w € C3(M\B(R;),U), we consider the variation u + tw : M — R"
defined as follows:

u(q) € B(R),
(u+tw)(q) = { (uq+ tw)(q) g € M\B(R)
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for sufficiently small ¢. Since u is a generalized symphonic map, we have
d
$|t:0<1>5(u + tw) =0,

that is,

/ S 3 gt Qe O Jus Qug
M\B(Ry) Ox; Oxj Oz Ox

4,7,k 1=1c,5=1

_ei”(l — iui) iuawa] dvg = 0.

Choosing w = ¢(r(z))u in the above equation for ¢(t) € C§°(Ry,00), Uy =
2 2
%, we obtain
i ~ Ougy Oy Oug Ou
/ Z Z grg = B Ta—ﬁa—ﬁﬂr(x))dvg
M\B(R1) ; j k1=1 or, f=1 Ti OTj Ok 0Ly

_ /M\B(Rl) = (1 — Z u ) o(r(x)) Z Ua UadVg

(16) B _/M\B(R) Z Z gzkgﬂaua O9(r(z ))u Gup auﬂd

Or; Ox;j * Oz Ox
i\jikl=1 ar,B=1 i kO

By a standard approximation argument, (16) holds for any Lipschitz function
¢ with compact support.
For 0 < e <1, define

1 t<1,
. 1<t<1+e,
0 t>1+4¢€

pe(t) =

and choose the Lipschitz function ¢(r(z)) to be

sy = e (M) (10 (H2)). R> om0

Then the first term on the left hand side of (16) becomes

/ Z Z ik ]l au(y 8“(1 auﬁ 3u5 QS(T(I'))drUg
M\B(R1) ; {571 o et Ox; Oxj Oxy Ox;
- Qg Ol Jug Ou < <r(x))>
_ ik i Y%a vip oug
= g-g l—p1 | —== ) )dv
/B(Rz)\B(Rl) a,ﬁ2:1 Ox; 83?] Oxy, Oz "\Rr, g

n

l&ua aua aUg a’LLQ

+/ zk:g]
B(R\B(R2) 521 dz; Oxj Oxy Ox
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- L Oug, Oy, Oug Jug r(z)
(17) +/ gzkgﬂ A 5. A Pe ( dvg,
B((1+€¢)R)\B(R) M%l::m;l Ox; Ox; Oxy, Ox R g

where Ry = 2R;. The second term on the left hand side of (16) becomes
_ /Mm\ml = (1 - i u§> 6(r(x)) éuaaadvg
T /]3(R2)\B(R1 (1 - Z “ ) (1 e <rg))> ai_l tortadt
_ /B(R)\B(Rz) si" (1 - ;ui> O;uaﬂadvg
1) - /B((1+6)R)\B(R) ‘sin (1 ) En: ui) - (?) ;uaﬂadvg'

a=1

The term on the right hand of (16) becomes,

T 1 Dua 09(r(x)) - Dus Dus
_ ik jlY %o YY) d
/MWL\B(Rl) Z Z 99 6$Z (%cj ta 8mk axl

i.7,k1=1a,f=1

= / Z z": ik jlaua 8@1 ( Ry )u 8’&5 8Uﬂ do
- Ox; *Oxy, Oz 7
B(R2)\B(R1) § j k 1=1 o, =1 z; k Oz
m (z)
ik laua Ope (T g ) 8u5 Oug
- Z Z 9" g’ ——FUq ——dvy
B+ RN\B(R) ; 571 o 0x; 0z, “ Oz, Oz
m n M
- S5 g Qe A s
B(R2)\B(R1) i,k 1=1a,f=1 Li €T 5 T O]

1

Re Jp(a+om\B(R) ; ;

(19) Dy 33:] aaxk oy

Jl=1a,B=1
From (16)-(19) and let € — 0, we have

n

/ i gt Ota Dl Dug D
B(R\B(R2) | 4 521 Ox; Ox; Oy, Oxy
1 n o
_57 (1 - Z ui) Zuaua d'Ug + D(Rl)
a=1 a=1

/ n ikgjlau‘l 87’(1;)a Ougp %dv
OB(R) z]kl 1aﬁ 1 dz; Oz; Oy, O 7
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where D(R;) is defined as follows:

" Oug Ol Oug Ou r(zx)
D(Ry) = it g1 Qe Nl Dt O (1_ ())m
(£1) /B(Rg)\B(Rl) Z 99 Oz; Oxj Oxy O 1\ R g

a,B=1
) Z U Uadg

_ / L
B(R)\B(Rz) €"
r(zx)
) 8’&5 3’11,5

_/ i 3 gzkgﬂaua&pl(& Dug 4,
B(R2)\B(R1) ; ; 1=1 o, f= Ox; 0z “ Oz, Oz

2 2
Note that %, = “=—=. Thus we have

(1) Oiia _ (1, &) O
8xj B Ug‘ 85Ej
and
(22) uaaa—Z[uici]—<1Zug>,
a=1 a=1 a=1
From (20), (21) and (22), we have
" Ouy Oug Oug Ou 2
ik gl o a B B o
gg S PP+ =
~/B(R)\B(R2) a%;_l Ox; Ox; Oxy, Oxy ( Ua)

E” <1—ZU ) dUg+D(R1)

(23) / g jlaua or(x )u 8u5 8ugd
BB(R)”kl 1aﬁ . Ox; Ox; “0Oxy Oz

Now we estimate the term on the right hand of (23). Take any point p € 0B(R).
. ik j ar(z) ~ Oug O

Since the term > 1 _) >0 5o g““gjl%“T‘ix gx)uaa%i% does not depend on

the coordinate system on M. At the point p, we can take the adapt coordinate

system, such that g;;(p) = d;; and ¢ (p) = 6. We compute at p.

Z Z ik jlaua 87’( ) B’LLQ 8’[1,5

Ug
Ox; O, * Oz Ox
i kl=1c,B=1 k O

_ Oug, Or(x Oug Oug
Zlaax Oz 1 Zaxz&vg

1,7=1




682

S. FENG AND Y. HAN

21 2 2 %
i 8ua8r 8u58u5
= 2:: (Z Ow; O ) } zgzl (Z Or; ﬁa:j)
- SER 272
Ui " Qg Oug O
-S| |5 (S )
B -m n 8Ua~ 2-% i m a 2 %
- |2 (2 e 2_:( i)
-m n a 2_%
Uey ~ "
= ;(2&:3%“0) HU h||
[ m n 8 aa N m N % .
< B (e ()] wa
4 _-m a ’ *
< ¥m _;(w (). dulp- )] (Z )] ]
_ . 8 l m 2
< m z_:( (du( - 8% )] (Zlu> [|u*hl|
= /mllu*hl|? (iﬁ) :
=1

Here we have used |Vr|? = 1 in the second equality and

m

b2 = 3 <h<du<

ij=1

at p. So we have

Br ) Oug

* Oz,

Oz; Ox;

ikgjl%ar( )u

B) o \°

G du(z)

8”5 * 3 < ~2
3 < mlluhl|? (> @
Zl a=1
aUg augd

8l‘k 8Il

(NI
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1
m 2
3 ~
§/ vm||u*h||2 E aZ | dv,
OB(R) a—1
m 2 4
~2
/ E ug, | dvg
OB(R) \ 4—1
m 2
~2
/ ug, | dvg
OB(R) \ 4—1

< S| [ fuhipde,
dB(R)

wlw

NG

1
< ¥m / [||u*h|2+ —(1- |u|2>2] dvg]
| JoB(R) €

PN

Set
"L Oug Qug Ou dug
Z(R) = / gikgit = T 28 778
(7) B(R)\B(R>) a,ﬁZ:1 O0x; Oxj Oxy Oxy
1 "\’
+ (1 = u3> dvg + D(Ry)
a=1
1
-/ i+ & (1= u)?] oy + D).
B(R)\B(R2) €
Then
) SRZ® = [ Ik S (1 )’ ds
OR 8B(R) en o

From (23), (24) and the fact that 1+ Z—z" > 1 for any a = 1,...,n, we have

m 2 4
Z(R) < ym[Z'(R))} /8 o (Zﬂi) dvg |
a=1

that is

m 2
(26) Z(R)s <m3Z'(R) / (Z ﬂi) du,
OB(R) \ 4—1
On the other hand, we have

@ zm-ny= [ eh e e )

Since ®.(u) is infinity, there is an R3 > Ry, such that Z(R) > 0 for any R > Rs.

Denote
WoNz 18
M(R) = / a? | dvg| .
(®) OB(R) <Z > I

1
3

a=1
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Then we have

Z(R)s <m3Z'(R)M(R).
For any R4y > R > R3, we have

e 7/(s 1
A zé((s)> RN T
Let Ry — oo and notice that Z(R) > 0, we have
< 1 > ds
Z5(R) ~ 3Ym Jg M(s)

which implies that

3
(28) Z(R) < [3\3/%]3 <001d> for R > Rs.

R M(s)

Using the condition (P;) and u(x) — Py as r(x) — oo, we obtain

_ o
= 2 v
M(r) = /8 » (g ) v,

1
3

<|/ » n(r)dvg]

= 18 (r) [0ol(@B(r))]? ,

1
3

where 7(r) is chosen in such a way that
(i) n(r) is nonincreasing on (Rs3,00) and n(r) — 0 as r — oo,
. m ~9\2
(11) n(r) > maxr(?):r (Zazl Ua) )
1 e o0 5
iif) n3(r) < Ors [ —ds
(i) .( )< ) [vol(9B(s))] 3
where C' is a constant only depending on Py. Then we have

 dr 1 o dr 1
29) v M0 R /R (vol(0B(r)))* = CRE

Hence we have Z(R) < C1R? for any R > Rs. Therefore, by the definition of
Z(R) and (28), we obtain

PR () = || 1— 2| d
moy= [ g e

: s D(R “hl2 1
< (3%0)3]%0_ (4 1) +/B(R) |:|u4 || _’_467(1_ ‘u|2)2 dvg
2

C(u)

30 < (CR°~°
(30) <( T he

)R,
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where C' is positive constant only depending on m, Py, and C(u) is a positive
constant only depending on u. Since o < o, it contradicts with Proposition
5.1. O

Corollary 5.4. Let u : (M™,g) — (R",h), (m > 4) be a generalized sym-
phonic map. Assume that the radial curvature K, of M satisfies the following
condition

A B

- <K <——
(1 +r2)l+e = = (14 r2)l+e
<

with e > 0, A > 0,0 < B <2 and 1+ (m —1)(1 — ) — 4e3 > 0. If
u(x) = Py € S as r(x) = oo, and

(m—1)A
Wme  2e

max h?(u(x),po)r - [ 3 r )

r(x)=r m—4

then u must be a constant map. Here wy, is the (m — 1)-volume of the unit

sphere in R™ and ¢ is a positive constant such that & < 1+(m—1)(1—£)—4e%.

Proof. By the assumption, we have
—-1A
- M > _ (m m
Ric™ (z) > —(1 Ty Ve e M

/mid 7é
o @+t T e

Then the volume comparison theorem (cf. [26]) implies that

Since

(m—

DA
vol(OB(R)) < wme 2 R™1,

where w,, is the (m — 1)-volume of the unit sphere in R™, and thus

I e

for R > 1. By using Corollary 5.2 and Theorem 5.3, we can obtain the result.
O

Corollary 5.5. Let u : (M™,g) — (R™,h), (m > 4) be a generalized sym-
phonic map. Assume that the radial curvature K, of M satisfies the following
condition
2 2
v <K, < b
14727 " 7 1472

with a > 0, b* € [0, 1] and 1+ (m — 1)1 ;741’2 — 41ty 12*4“2 > 0. If u(z) —
Py e S" ! as r(z) — oo, and

max hQ(u(x),Po)r <c!

r(x)=r

3
3 R&'—(m—l)Hi '12+4a2—i-37
(m _ 1) 1-',-\/124—4(12
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then u must be a constant map. Here o is a positive constant such that o <
1 + (m o 1) 14+/1—4b2 o 41+\/ 1—4a?
2 2

on m.

and C' is a positive constant only depending

Proof. By the assumption, we have
2
- M ( )CL m
Ric™ (z) > — T2@) Yo e M™.
Then the volume comparison theorem (cf. [26]) implies that

wl(9B(R)) < CRM-D*5H

where C' is a suitable constant. Thus we have

[/OO dr I (G s el RO AR ERV ezl
r (vol(0B(r)))s o 3
for R > 1. By using Corollary 5.2 and Theorem 5.3, we can obtain the result.

O
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