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ABSTRACT. In this paper, we consider a system of nonlinear variational type inclusions
involving (H,n, ¢)-monotone operators in real Banach spaces. Further, we define a prox-
imal operator associated with an (H, 7, ¢)-monotone operator and show that it is single
valued and Lipschitz continuous. Using proximal point operator techniques, we prove the
existence and uniqueness of a solution and suggest an iterative algorithm for the system
of nonlinear variational type inclusions. Furthermore, we discuss the convergence of the
iterative sequences generated by the algorithms.

1. Introduction

Variational inequalities, variational inclusions, complementarity problems and
equilibrium problems are among the most interesting, novel, innovative and impor-
tant mathematical problems. They have been widely studied by many authors in
the recent years due to their wide applications in mechanics, physics, optimizations
and controls, nonlinear programming, economics and transportation, equilibriums
and engineering sciences, see, [6, 10, 13, 22, 32, 33, 34].

Very recently, Luo and Huang [28] and Kim et al. [25] introduced and studied
a new class of (H, 7, p)-monotone operators, respectively (H, ¢, )-n-monotone op-
erators in Banach spaces. This provides a unified framework for a class of maximal
monotone operators, maximal n-monotone operators, H-monotone operators and
(H, n)-monotone operators. Using proximal point operator techniques, they studied
the convergence analysis of the iterative algorithms for some classes of variational
inclusions, see, [11, 12, 14, 15, 16, 23, 26, 36].

Motivated and inspired by such works as [2, 8, 9, 18, 19, 21, 24, 27, 30, 31, 35],
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in this paper we further generalize these proximal point operator techniques and
define a new iterative algorithm for solving a system of nonlinear variational type
inclusions. Moreover, we discuss the convergence for the approximate solutions of
a system of nonlinear variational type inclusions in real Banach spaces.

2. Preliminaries

Let X be a real Banach space endowed with the topological dual space X*, the
norm |- || and the dual pairing (-, -) between X and X*, 2% denotes the family of all
nonempty subsets of X. The normalized duality mapping J : X — 2% is defined
by

J(x) ={f e X7 (f, ) = £l (11 = Mlll}, Ve € X.

Let 4 = {z € X : ||z|| = 1}. A Banach space X is said to be uniformly convex if for
each € € (0, 2], there exists § > 0 such that for any x,y € 4,

lo—yll = e implies |[“2Y| <16

We note that, the L,, ¢, and Sobolev spaces W (1 < p < oo) are uniformly
convex.

It is known that a uniformly convex Banach space is reflexive and strictly convex.
A Banach space X is said to be smooth if the limit,

“ ety —
t—0 t

exists for all x,y € Y. It is also said to be uniformly smooth if the limit (*) is
attained uniformly for x,y € 4. Again, we note that if X is uniformly convex and
uniformly smooth, then J is invertible and J=! = J* (the duality mapping from
X* to X**), hence J is a single valued and if X = H (a Hilbert space) then J is an
identity mapping.

We define a function px : [0, +00) — [0, +00) called the modulus of smoothness
of X as follows:

TH+y|+lr—y
o) =sup { 1A= o <,y <.

It is known that a Banach space X is uniformly smooth if and only if

lim Y (*)

t—00 t

=0.

Let ¢ be a fixed real number with 1 < ¢ < 2. Then a Banach space X is said to be
g-uniformly smooth if there exists a constant ¢ such that

px(t) <ct?, Vi> 0.
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Let CB(X) be a family of all nonempty closed and bounded subsets of X; 9(-,-)
be a Hausdorff metric on CB(X) defined by

9(A, B) = max{sup d(z, B),sup d(4, y)},
T€A yeEB

where A, B € CB(X),d(z, B) =inf,cp d(z,y) and d(A,y) = infzca d(z,y).
The following concepts and results are needed in the sequel.

Definition 2.1. Let T: X — X* and g : X — X be two single valued mappings.
Then

(i) T is monotone, if
(T(x) =T(y),z —y) 2 0,Va,y € X;
(ii) T is strictly monotone, if
(T(z)—T(y),z—y)>0,Va,y € X,
and equality holds if and only if z = y;

(iii) T is a-strongly monotone if there exists a constant o > 0 such that
(T(x) = T(y),z —y) > allz — y|*, Yo,y € X;
(iv) T is B-Lipschitz continuous if there exists a constant 5 > 0 such that
1T(x) = Tl < Bllz — yll, Vo, y € X;

(v) g is k-strongly accretive if there exists j(x —y) € J(z — y) and a constant
k£ > 0 such that

(9(z) — g(y).j(z —y)) > K|z — y||,Vz,y € X.

Definition 2.2. Let M : X — 2% be a multivalued mapping, H : X — X* and
n: X x X — X be the single valued mappings. Then

(i) M is monotone, if
(u—v,x—y) >0,Vo,y € X,u € M(x),v € M(y);
(ii) M is n-monotone, if
(u—wv,n(z,y)) > 0,Va,y € X,u € M(x),v € M(y);
(ili) M is strictly n-monotone, if
(u—wv,n(x,y)) >0,Va,y € X,u € M(x),v € M(y)

and equality holds if and only if x = y;
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(iv) M is A-strongly n-monotone if there exists a constant A > 0 such that
(w—v,n(z,)) > Nz —y||*,Va,y € X,u € M(x),v € M(y);
(v) M is mazimal monotone, if M is monotone and
(J+AM)(X) =X*YA >0,

where J is a normalized duality mapping;

(vi) M is mazimal n-monotone, if M is monotone and
(J+AM)(X) =X*YA>0;
(vil) M is H-monotone, if M is monotone and
(H+XM)(X)=X",VA> 0
(viii) M is (H,n)-monotone, if M is n-monotone and
(H+XM)(X) =X",VA> 0
(ix) m is 7-Lipschitz continuous if there exists a constant 7 > 0 such that

In(z, y)|| < 7llz -y, Y,y € X.

Definition 2.3. For all z,y € X, a mapping N : X x X — X* is said to be

(i) B1-Lipschitz continuous with respect to first argument if there exists a con-
stant $; > 0 such that

IN(u,) = N(v, )| < Balu—vlf;

(ii) Ba-Lipschitz continuous with respect to second argument if there exists a con-
stant B3 > 0 such that

INCyu) = NCo)|| < Baflu — o]

Definition 2.4.([29]) Let X be a complete metric space, T : X — CB(X) be a set
valued mapping. Then for any € > 0 and for any z,y € X,u € T(z) there exists
v € T'(y) such that

d(u,v) < (14 e)H(T(z), T(y)).

Lemma 2.5. Let X be a uniformly smooth Banach space and J : X — 2% be a
normalized duality mapping. Then for all x,y € X,
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@) llz+yll* < ll2l* + 2{y, (= +));

(i)
(@ = wilo) - i) < 28|

T2+ T2
NI |
2

Definition 2.6. Let X be a Banach space with the dual space X*. Let H : X —
X* ¢o: X* = X* n:X xX — X be single valued mappings and M : X — 2X be
a multivalued mapping. The mapping M is said to be (H,n, ¢)-monotone if o o M
is »-monotone and

where

(H+poM)(X)=X".
Definition 2.7. Let X be a Banach space with the dual space X*. Let H : X —

X* ¢: X* - X*1: X x X — X be single valued mappings and M : X — 2X" be
a multivalued mapping. The mapping M is said to be

(i) (H,p)-monotone, if (p o M) is monotone and
(H+poM)(X) =X
(ii) mazimal (p,n)-monotone, if (¢ o M) is n-monotone and
(H + g0 M)(X) = X",
(iii) mazimal p-monotone, if (p o M) is monotone and
(H+¢poM)(X)=X"*
Examples 2.8. Let X = R = (—o00,+00), M(x) = 2% H(z) = €*,Vz € R and
o(z) = /z,¥z > 0. Let n(z,y) = 2* — y*,Vz,y € R. Then
(M(x) = M(y),n(z,y)) = (z* =y, 2" —y") = (2® + ) (2* —4)? 2 0

and

Y

(I+M)@) =2 +2° = (m—i-;)Q_i B

e~ =

This shows that (I + M) is not surjective. Since

(H+ M)(z) =e” + 2% > 0.
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We know that (H + M) is not surjective. Thus, M is neither maximal 7-monotone
nor (H,n)-monotone.
Moreover, we have

(poM(z) —poM(y),z—y)=(r—yz—y)=(x-y* =0
and
(I+poM)(zx)=az+z—2x.
It follows that (I + ¢ o M) is surjective. It is easy to see that

(H+poM)(z)=€¢"+=x

and so (H 4 ¢ o M) is surjective. Therefore, M is both maximal p-monotone and
(H, ¢)-monotone.

Theorem 2.9. Let X be a Banach space with the dual space X*. Let ¢ : X* —
X* n: XxX — X be single valued mappings, H : X — X* be a strictly n-monotone
mapping and M : X — 2% be a (H,n,¢)-monotone mapping if (u — v, n(z,y)) >
0,Y(y,v) € Graph(¢ o M). Then u € ¢ o M(x), where Graph(p o M) = {(z,z*) €
X xX*:2* € (poM)(x)}.

Proof. Suppose that there exists (xg, ug) such that
<u0 -, ﬂ(fo, y)> > O,V(y, ’U) € Gra’ph(SO o M)

Since M is (H,n, ¢)-monotone, we know that (H + ¢ o M)(X) = X* and so there
exists (z1,u1) € Graph(y o M) such that

H(J?l) +u;p = H(J?o) + ug.
Thus, we have

(up — ur,n(zo, 1)) = —(H(x0) — H(x1),n(x0,71)) > 0.

The strict n-monotonicity of H implies that x1 = xg. Thus from above, we have
u1 = ug. Hence (zo,up) € Graph(p o M), i.e., ug € (¢ o M)(zo). O

Theorem 2.10. Let X be a Banach space with the dual space X*. Let ¢ : X* —
X*n: X xX — X be single valued mappings, H : X — X* be a strictly n-
monotone mapping and M : X — 2% be a (H,n,¢)-monotone mapping. Then
(H + pp o M)~ is a single valued mapping.

Proof. For any given z* € X*, let z,y € (H + pp o M)~ (z*). It follows that

%{x* ~H(z)} € (po M)(x),

%{x* — H(y)} € (9o M)(y).
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From the n-monotonicity of (¢ o M) implies that
1, ., . 1
;<w — H(z) = (2" = H(y)),n(z,y)) = ;<—H(x) + H(y),n(x,y)) = 0.

This implies that z = y and (H + pp o M)~! is a single valued mapping. O

Definition 2.11. Let X be a reflexive Banach space with dual space X*. Let
p: X* = X* n:X xX — X be single valued mappings, H : X — X* be a
strictly 7-monotone mapping and M : X — 2% be a (H, 7, p)-monotone mapping.
A proximal mapping Rf/[’"’” : X* — X is defined by

R (%) = (H 4 pp o M)~ (z*), Va* € X*.
Theorem 2.12. Let X be a reflerive Banach space with dual space X*. Let @ :
X* — X* be a single valued mapping, nn: X x X — X be a 7-Lipschitz continuous
mapping, H : X — X* be a y-strongly n-monotone mapping and M : X — 2% be

a (H,n,p)-monotone mapping. Then the prozimal mapping Rﬁ’"’@ X' = X s
%—Lipschitz continuous, i.e.,

H H T
Ry (@) = Ry ™ (y7)| < ;le* —y'll, va',yt e X

Proof. Let z*,y* € X*. It follows that
Ry (a%) = (H + pp o M)~ (a");
Ry™(y") = (H + ppo M)~ (y")

then

%{x* — H(Ry " ("))} € (90 M)(Ry™ ("))

1 * * *
;{y — H(Ry ™ (y"))} € (p o M)(Ry"(y")).
Since (p o M) is n-monotone, we have

%@* — H(Ry ™ (")) = (y" = H(Ry " (y"))), (R ™ (@), Ry ™ (y"))) = 0.

It follows that
lla* =y Ry (@) = R (o)l = [l2* — y* [ In(Ry7™ (x*), Ry (y*))]|
> (% —y" (R (@), R (y)))
> (H(RY;"?(x%)) — H(RY "% (y*)), n(Ry™ ¢ (27), Ry (y)))
> || Ry (27) — Ry ()12
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Thus

* B * T * * * * *
1Ry (2%) = Ryp™ (y") || < Sl =y I, Va©, y" € X O

Now, we formulate our main problems.

Let N; : X XX - X*, p: X* 5> X, n: XxX = X,g: X - X be
single valued mappings, and P;,G;,T; : X — CB(X)(i = 1,---,¥) be set valued
mappings. Let H : X — X* be a strictly 7-monotone mapping and M : X — 2%~
be a (H,n, p)-monotone mapping. Then the system of nonlinear variational type
inclusions is to find z; € X, u; € T;(x1),v; € Gi(x1),w; € P;i(21) such that

0€ H(g(z1)) — H(g(x2)) + p1[N1(ur,v1) + M(g(x1), w1)],
0 € H(g(wa)) — H(g(xs)) + p2[Na(uz,v2) + M(g(x2), w2)],

0€ H(g(ze-1)) — H(g(xe)) + pe—1[Ne—1(up—1,v0-1) + M(g(ze—1), we-1)],
(2.1) 0€ H(g(ze)) — H(g(z1)) + pe[Ne(ue, ve) + M(g(xe), we)],
where p; (i =1,2,---,£) is a positive constant.
Remarks 2.13.
(i) We note that if i+ = 1,2,3, then (2.1) reduces to finding z; € X,u; €
Ti(x1),v; € Gi(x1),w; € Pi(z1) such that

0€ H(g(z1)) — H(g(x2)) + p1[N1(u1,v1) + M(g(x1), w1)],
0 € H(g(z2)) — H(g(x3)) + p2[Na(uz,v2) + M(g(x2), w2)],
(2.2) 0 € H(g(ws)) — H(g(x1)) + p3[Nz(us,vs) + M(g(x3), ws)],

where p; (i = 1,2,3) is a positive constant.
(ii) We note that if i = 1,2, then (2.2) reduces to finding z; € X, u; € T;(z1),v; €
Gi(z1),w; € P;(x1) such that

0€ H(g(w1)) — H(g(x2)) + pr[N1(ur,v1) + M(g(x1), w1)],
(2.3) 0 € H(g(x2)) — H(g(x1)) + p2[Na(uz,v2) + M(g(x2), w2)],

~—

where p; (i =1,2) is a positive constant.

(iii) We note that if ¢ = 1, then 21 = z,u; = u,v1 = v,w; = w and (2.3) reduces
to finding z € X,u € T'(x),v € G(x),w € P(z) such that

(2.4)  0€ H(g(x)) = H(g(z")) + p[N(u,v) + M(g(x), w)], Va* € X,

where p is a positive constant.
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3. Main Results

Theorem 3.1. Let N; : X x X — X*,g: X — X,n: X xX — X be single
valued mappings. Let a single valued mapping p; : X* — X* satisfying @;(u +
v) = @i(u) + ¢i(v) and Ker(p;) = {0} (i.e., Ker(p;) = {x € X* : g;(x) = 0}),
(i=1,---,0). Let M : X x X — 2% be a (H,n,p;)-monotone mapping. Then
(24, us, v5,w;) where x; € X, u; € Ti(x1),v; € Gi(x1),w; € Pi(x1)(i =1,---,¢) is a
solution of (2.1) if and only if

g(z1) = Rﬁ’("':ﬁ)[Hg(xg) — p1p1 o Ni(ug,v1)],

g(x2) = Ry \[Hg(x3) — paa © Na(ug, va)],

H _
glwe—1) = Ry 0 [Hg(xe) — pe—1pe—1 0 Ne—1(ug—1,ve-1)],

3.1) g(xe) = Ry ("5t [Hg(1) — pepe o Ne(ue, ve)),
where p; >0 =1,---,¢) is a constant and

H,0i B .
RMZ,ZU =[H+pipio M(-,w)]™, (i=1,---,0)
18 a resolvent operator.

Proof. From the definition of Rﬁ’g’ﬁ), we have

Hg(z2) — pr1 o Ni(uq,v1) € [H + prpr o M (-, wr)]g(x1)
S Hg(x2) — p1p1 o Ni(ur,v1) € Hg(z1) + p1(p1 0 M(g(x1), 1))
&0 € Hg(x1) — Hg(xz) + prp1 [Ni(u1,v1) + M(g(z1), wr)].

Since ¢1(u1 + u2) = @1(u1) + p2(uz2) and Ker(p1) = {0}. Thus
0 € Hg(w1) — Hg(w2) + p1[N1(u1,v1) + M(g(w1),w1)], p1 > 0.
Similarly, for all z; € X, u; € T%(xl),’l)i € Gi(xl),wi S H(.’El),

0 € Hg(wz) — Hg(ws) + p2[Na(uz,v2) + M(g(w2), w2)], p2 > 0,

0€ Hg(xp) — Hg(x1) + pe[Ne(ue, ve) + M(g(xe), we)], pe > 0.
Thus (x;, u;, v;, w;) € X is a solution of (2.1). O
On the basis of Theorem 3.1., we define the following algorithm:

Algorithm 3.2. Let T;,G;, P, : X - CB(X), N; : XxX = X* ¢;: X* = X* n:
XxX = X,9g: X —=X(i=1,---,¢) bemappings. Let H : X — X* be a strictly n-
monotone mapping and M : X — 2% be a (H,7, ¢;)-monotone mapping. Then for

109
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any arbitrary chosen z¥ € X, u{ € T;(29),0? € G;(29),w? € Pi(29) (i = 1,---

there exists a point 1 € X such that

o} = af = g(a) + R 0h [Ho(ah) = pror o Na(ul o)) o1 > 0,

where

9(@9) = Ry 28 [Hg(a8) — papz o Na(u3, v9)), p2 > 0,

g(zy) = RI]\?E’.:%)[HQ(QJ% = pepe o Ne(ug, vp)], pe > 0.

By Nadler’s Theorem [29], there exist ul € Ty(z1),v1 € Gi(21),w} € Pi(x]) such

that

lui = udll < (1 + (1 +0)"H)H(Ta(x1), Ti(a})),
lor = oill < 1+ (1 +0)7H)H(G1 (1), Ga(a1)),
lwi —wi] < (14 (1 +0)7")H(Pi(a1), Pa(a1)),

lug —wgll < (14 (1+0)"1)H(Te(21), Te(1)),
log = vfll < (1 + (1 +0)71)H(Gelx1), Ge(a?)),
lwe — wpll < (1+ (1 +0)")H(Pe(a1), Pe(a?))-

Similarly, for given 2} € X,u! € T;(z1),v} € Gi(21),w} € P(z})(i = 1,---

there exists a point 23 € X such that

2 =} — g(ad) + RII2 [Ho(eh) — pror o Na(ud, o). pr > 0,

where

g(x3) = Rﬁg:ﬁz)[Hg(xé) — patpa © Na(ug,v3)], p2 > 0,

g(a) = Ryl [Hy(xt) — peoe o Ne(ui, vp)], pe > 0.

a€)7

Again, from the Nadler’s Theorem [29], there exist u? € T1(2%),v? € G1(2?),w? €

Py (2?) such that
luf —uill < (1+ 1+ 1)7HN(T(x1), Ti(an)),
[o7 —vill < (1+ (1 +1)"H)H(Gi(a), Gi(e)),
[wf —will < (1+ (L+1)7H)0(Pi(aF), Pi(z1)) (i=1,---.0).
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We can compute {«7}, {ul'}, {vI}, {w?}, by induction schemes:

(32)  aftt =g —g(af) + Ry [Hy(xh) — pror o Ni(uf, of )], p1 > 0,

where
g(xy) = RJ\HJZ’,@)[HQWEL) — patpa © Na(ug, v3)], p2 > 0,
9(ap) = Ry 5n [Hg(at) — pepe o Ne(uy 7)), pe > 0,
and

u € Ti(a}) : [luf™ —u|| < (L4 (1+n)" (Tt ), Ti(at)),

vf € Gi(?) o™ =P | < (14 (14 n) " H)n(Gi(ay ™), Gi(ah)),

wi € Pi(at) : lwi ™ —wl| < (1+ (1 +n)"H)n(P(2y™), Pi(at)) (i=1,---,0).
If i = 1,2,3, then Algorithm 3.2 reduces to three step iterative algorithm, see

[3, 4, 5], which are as following:

Algorithm 3.3. For any arbitrary chosen z{ € X, u € Ty(2?),2? € G1(20),w? €
Py (20), compute {z7} by iterative schemes:

(33)  aptt =g —g(a}) + Ry [Hg(ah) — prr o Ni(uf, of)], p1 > 0,
where
g(w5) = Ry o2 [Hy(ah) — paa © Na(ub,v3)], p2 > 0,
g(@5) = Rﬁ’?)ﬁ?’ y[Hg(x}) = psps o N3(ug, v3)], p3 > 0
and
up € Ti(a?) : fluf ™ —uf|| < (L4 (1 +n) " )0(T(27T), Ti(2]))

v € Gi(a?) : lof ™ = o | < 1+ (14 1) TH9H(Gi(a1 ™), Gilal)),
wy' € Pi(a) « Jwf*t —will < (14 (1+n)"HH(P(a ™), P(a})) (i =1,2,3).

We note that the Algorithm 3.3 gives the approximate solution to the variational
inclusions (2.2).

If i = 1,2, then Algorithm 3.2, reduces to the Ishikawa type iterative algorithm,
see [1, 7, 17, 20], which are as following:

Algorithm 3.4. For any arbitrary chosen 2§ € X, ul € Ty(29),v? € G1(29),w) €
Py (2), compute {27} by iterative schemes

(34)  aftt =g — g(af) + Ry [Hg(@h) — pror o Ni(uf, of)], p1 > 0
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where
g(z3) = Rﬁ?ﬁz)[Hg(f?) = patp2 © Na(uz, v3)], p2 > 0
and
up € Tia) : [luf ™ —uf|| < (L+ 1+ ) (L1, Ti(a?)),
v € Gilal) ¢ o —of | < (14 (1 +n) ") (Gi(ay™), Gila})),
wi € Pyay) : lwf ™ —wil < (L+ (L+n)"H)n(Pi(el ™), Pi(a])) (i =1,2).

We note that the Algorithm 3.4 gives the approximate solution to the variational
inclusions (2.3).
If i = 1, then ; = x and we have the following Mann type iterative schemes:

Algorithm 3.5. For any arbitrary chosen 2° € X, u® € T(2°),v° € G(2°),w° €
P(2°), compute {z"} by iterative schemes

(35) @ =a" = g(@™) + Ryl [Hg(2") — po o N(u",0")],p > 0
and

w e T(a") [l =] < (L4 (L4+ )7 H)(T (@), T(a),

vt e Ga) o =" < (L4 (L4 )T H)H(GE" ), G,

w € P(a"): [w™™ —w"|| < (14 (1+n)")H(P@" ), Pa")).

We note that the Algorithm 3.5 gives the approximate solution to the variational
inclusions (2.4).

Now, we prove that following theorem which ensures the convergence of the
iterative sequences generated by Algorithm 3.2.

Theorem 3.6. Let X be a uniformly smooth Banach space with modulus of smooth-
ness px(t) < ct? for some ¢ > 0 and X* its dual space. Let g : X — X be a
K-strongly accretive and &-Lipschitz continuous, H : X — X* be a ~y-strongly n-
monotone and s-Lipschitz continuous with respect to g and N; : X x X — X*
be (ri, pi)-Lipschitz continuous with respect to first and second argument, respec-
tively. Let T;,G;, P, + X — CB(X™) be a (Cr,,Ca;,Cp,)-Lipschitz continuous for
(i=1,---,0) respectively. Let p; : X* — X* be a single valued mapping satisfying
vi(u+v) = p;(u) + pi(v) and Ker(p;) = {0} and ¢; : X* — X* be a 0;-Lipschitz
continuous with respect to Ny, (i =1,--- £), respectively. Letn: X x X — X be a
T-Lipschitz continuous mapping and M : X x X — 2X" be a (H,n, ¢;)-monotone
mapping where (i =1,--- ,f). Assume that

Hn,pi Hn,pi n n—
(3.6) |RERe (@) — RED, @) < &l —wf
where & is a positive constant for (i =1,--- £) and

7_{71—156—16€‘1pz9e0wC7z4—pe€cl)_+ Tl_QSé_léz_lffCPf-+~-~

0<Q+ —
~y ,Y£—1K£—1 ,4—1,%—2
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+p101(r1¢n, +plCG1>} <1,

—1 _ 0—150—1 0—2  0—1c0—1
T T pe0o (reCr, + peCa,) TS TR (P
Al Tpl1 : =+ {102 01 (rCr pies) > 0,

é éé‘é

(3.7) = /1= 2K+ 64c6% + & Cp, + T 0.

Then the sequences {x'}, {ul}, {vl},{wl}(i = 1,--- ,£) generated by Algorithm
3.2 converge strongly to the unique solutions (x;,u;, v;, w;) respectively, where x; €
X,u; € Ti(x1),v; € Gi(x1),w; € Pi(x1) is a solution of (2.1).

Proof. From Algorithm 3.2 and Theorem 2.12; we have
|27t = 2| = l|l2f — g(at) + Ryg( 6 [Ho(xB) = prioy o Ni(uf, o))

—ay T (e ™) = RGO Hg (257! = prr o Na(ud ™ of ]|

< ot — 277t = (g(at) — g(2t ™) + ||RH".¢1,L)[H9($§L) = p1p1 o Ni(uf, op)]
H,n,p1 n—1 H 7] tpl n—1
RIS (Ho(ah™) — prgr o Na(ud ™l + RIS [Ho(an™)

—prpr o Ni(uf ™ o] = R [Hg (25 7") = prn o Na(uy ™" of 7|

< laf — 277 = (g(at) = g(ai™ )l + T Hg(a) — prpr o Ni(uf, o) — Hg(zy ™)
|

+p1p1 0 Ni(up™h o )|+ &llwf — wi

< Jlaf -2t (g(w?)—g(w?’l))ll+%HH9(932) Hg(zy )|

(3.8) +f||<p1 o Ny (uf, vf') — o1 0 Ni(uy ™", o 7)) + &allwi —wi ™.

Since g is a k-strongly accretive and J-Lipschitz continuous and from Lemma 2.5,
we have

lzf — 277" = (g(af) = g(@})I* = [laf — 27712
+2(j (@} — 277" = g(a}) + 921 7), —(g(a) — g(z7™1)))
< lof = 27 7P - 2@t — 277, g(af) — gt ™)

+2(j (@} — 2t ™" = g(af) + gt ™)) —j(at — 277, ~(g(a7) — 921 7))
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n n—1
< ||$1L . x;zfl”Q o 2;‘1“.73? . x?71||2 + 4d2px(4\|9(11)—dg(w1 )||)
< (1= 28|t — 277 + 64cl|g(z) — g(a7 )|

(3.9) < (1 — 2k + 64c?) ||l — 2712
Since H and g are Lipschitz continuous, we have
| Hg(a?) — Ho(y )| < sollat — 277",
[Hg(ay) — Hg(zy M| < sy — a3 ™',

(3.10) [Hg(xp) — Ho(ay™ || < sdllaf — 2y~ .

Since ¢ is a 01-Lipschitz continuous with respect to Ny (-, -) and Ny(-,-) is a (r1,p1)-
Lipschitz continuous with respect to first and second argument, respectively. T; and
G, are (r,-H-Lipschitz continuous and (g, -H-Lipschitz continuous respectively, we
have

1 0 Ni(uf, 0f) — 1o Ny (uf ™ of ™| < 01| Ny (uf, 0f) = Na(up ™t o 71|
< 01Ny (uf, of) = Ni(ul ™ of) + Ni(uf ™ of) = Ni(uf = of )|
<O Ny (uf, o) = N (e~ o) + 00Ny (uf = of) = N (up =t of |
< Oyryluf —uf |+ Oapa[op — o 7
<O (1+ (1 +n)" )9(Ti(2), Th (27 7)
+0ip1(1+ (14 n)"H)H(Gr(a}), Gi (a7 ™)

n
1
n
1

(311) <1+ 1 +n)"H0u(ri¢r +pile) 2t — 2.
Again, P, is a (p,-$)-Lipschitz continuous, we have

lwi —wi ™ < A+ (1 +n)"H)H(Pr}), P2 ™)
(3.12) < (L (@47 flaf =2,
From (3.8)—(3.12), we have

n n — 0
Hxl-‘rl_le S{ /1—2/‘€+64062+(1+(1+n) 1)(7';01 1(7"1(7’;/1 +p1<G1) +§1CP1)}X

n e 780, e
(3.13) l2F — 27| + TH% -z .

Again, since g : X — X is a k-strongly accretive and d-Lipschitz continuous, we
have

lg(ah) — glay ™ Mlllaf — 257 > (g(ah) — g(ah ™), j(af — 257 "))
(3.14) > k|wy —ah 2
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Therefore

1
25 — 57|l < —llg(at) — gz )|

1 no,n H.n,
< RGP [Ho(ah) = paga o Na(ud, of)] — RIS (1]
1

< —{IIRy (55 [Ha(a) = paa o Na(ug,v3)] = Rygtee [t
K ( 2)

+ | Rl [t = Ry )

H,) M(','LU;L71)
< ’T{IIHg(zg) — Hg(x )|l + p2llez 0 Na(uf, v5) — @2 0 Na(uh~', 0311}
52 e
sz —wy |

IN

alng(fﬂg)*Hg( DI+ 7||902°N2(U2,U2) 20 Na(uy ™", vy~ )|

L&

wnle

(3.15) —lwy —

where t = Hg(x3 ") — papg 0 No(uy w5~ 1).

Since s is a f2-Lipschitz continuous with respect to Na(-, ) and Na(-,-) is a (12, p2)-
Lipschitz continuous with respect to first and second argument, respectively, and
Ty, G2 are (1,-$H-Lipschitz continuous and (g,-$-Lipschitz continuous, we have

l[p2 0 Na(ufy,v5) — @2 0 Na(uh ™", 05~ 1)|| < 02| Na(uf, v5) — Na(uh ™", 05|

(3.16) < (14 (1+n)"Hb2(rolr, + pala, )t — 2771
Again, P; is a (p,-$)-Lipschitz continuous, we have

[wy — w37 < (L+ (1 +n)"H)H(Pa(ah), Po(at ™))
(3.17) < (14 (14 n)"NCp,lat — 2771
Again, from (3.10),(3.15)—(3.17), we have
57

2 — 237 < 22|a% —

nle.

(3.18) +(1+(1+n) |z} — =

_1){Tp292(7"2C;FQ + p2Qas) n §20p, }
")/ K

Similarly, we have
g =237 < Ellg(x5) — g™ < S Hg(x}) — Hg(ai ™)

TP3 ne1l m— &3 ne
(3.19) +?7||9030N3(u§»v§)—SDSONB(% 0% 1)||+;Hw:?—w3 Y.
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Since 3 is a f3-Lipschitz continuous with respect to N3(, -) and Ns(+,-) is a (r3, p3)-
Lipschitz continuous with respect to first and second argument, respectively, and
T3, G5 are (r,-9H-Lipschitz continuous and (¢,-$-Lipschitz continuous, we have

lps © N3 (ug, v§) — 5 0 Na(uz ™", v3 71|

(3:20) < (L4 (L4 n)"H)83(ra¢ry + pslas) et — 27 7M.
Again, P5 is a (p,-$)-Lipschitz continuous, we have

lwy —wi ™ < (14 (1 +n)"H)H(Ps(aT), Pa(zy ™))
(3:21) < (14 (1 +n)7H)Cp, llaf — 277
Again from (3.10),(3.18)—(3.21), we have

n n—1 750 n n—1
_ < = _
oy — a5~ || < o o) — 2|

1 1 :
KR

3.22 1+ (1+n)"! {
(3:22) 1+ ) L
Continuing this process, we have

_ 750 _
ey — 2y < 7”96? -z

Tpe—100—1(re—1Cr,_, +pe—1Cc,_,)
Ky

(3.23) + (1 (1+m) 7

+ P Y g,

Again,
_ 1 _ 1. m
o7 =2y~ < —llg(@f) = g(ay DI < — 1Ry (0 [Ho(21) = pepe o Ne(ug, o)

H,n, n— n— n—
_RME?,ZZL”)[HQ(% b) = pepe o Ne(uy = o ]|

T _ TPe _ _
< EHHQ(&C?) — Hg(z?™ Y| + %Hw o Ne(up,vy) — ¢r o Ne(up =t vp= b

(3.24) +2Jwy —wy 7.

K
Since @y is a 0-Lipschitz continuous with respect to Ng(+,-) and Np(-,-) is a (rg, pe)-

Lipschitz continuous with respect to first and second argument, respectively, and
Ty, Gy are (r,-$9-Lipschitz continuous and (g,-$-Lipschitz continuous, we have

lpe o Ne(ug,vy') = @ o Ne(up ™ vy )| < Ol Ne(ug, vf) — Ne(up ™ oy 7|
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(3.25) < (L+ (L+n)"Ne(reCr, + peCe, )t — 277
Again, P, is a (p,-$)-Lipschitz continuous, we have

lwi —wp M < (1 (1 +n) )9 (Pe(a?), Pe(zi™))
(3.26) < (@4 e —ai .
Again from (3.10),(3.23)-(3.26), we have

e T80 e TPe _ e
lzf — 277 < — a7+ H(l + (L+1)"0e(reCr, +peca,) |27 — 277

- n
oy |27

€€<P — n n—
2 (14 (L) 7|2t — 2t il

1) 0
(327) < {ij + (sz Z('WCIZ;‘FPZCG@) + EKEP@)(l + (1 +n)1)}||x? _ x;z—ln'

Now,

. o 126252 -
oty =it < | T+ 0

7250pe00 (reCr, + piCa,) | TS0&Cp, )
+
5272 "{‘2’7

(3.28) +(1+(1+n)*1)(

TPo—1(Te— + pe— —
pe-1(re—1Cr,_, + pe 1CG2_1)+& 1<Pg_1)]|x?z?_1”,
Ky K

Téflséflaffl 767185725572

pebe(reCr, + peCa,)
Rl T

25— < l +

+(1+(1+n)1){(

,72—1,@6—1

-2 02 50-2 0o (10 Cr -+
(3.20) ” — £_2§ECP£>+"'+(T'02 2(r2(r, poG2)+§2CP2)} et — a1,
K= Ky K
Again,
(3.30) a7t =2t < pnllay — 277,
where
Ciy [ 7101 (il +piCay) | (70T T pabe(rer, + peCa,)
ﬂn:Qn+(1+(1+n) 1){ ,yl : +( »yé,‘-qé—l : ‘
.\ 7_2—152—15@—1&@32) R (7-23692p2(7‘2CT2 + p2Cas,) n §2Cp2735>
Rl—1y =1 K2 Ky ’

768262 .
Q, = 1—2n+64c62+W+(1+(1+n) )€1CP,
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as n — 0o, we see that u, — u, where

_a4 785 16 oy (rCr, + peCa,) n Tl e, 4.
K= Al Rf1 kl—1yt-1

N (7’28592,{)2(7”2CT2 + p2la,) L §2CP2T85> n 7p101(r1¢r, + p1€a,) }’

kY Ky gl
ZSZ(SZ
Q = 1/ 1-— 2f€+ 64062 +£1CP1 + #

Since 0 < pu < 1, by condition (3.7) and so 0 < p,, < 1 where n is sufficiently large.
It follows from (3.30) that {x,,} is a Cauchy sequence in X. Similarly, it follows from
(3.18) and (3.30) that {a7}(i = 1,---,£) is Cauchy sequence in X. Hence there
exists z; € X, u; € Ty(x1),v; € Gi(x1),w; € Py(x1) such that vl — w;,v] — v; and
w — wi(i=1,---,¢) as n — co. Next, we show that u; € T;(x1),v; € Gi(x1) and
w; € Pi(x1), respectively. Since u € T;(x1), we have

d(ur, T1(z1)) < llur — || + d(uf, T1(z1))
< lur = uf || + H(T1 (27), T1 (1))
(3.31) < lup — uff| + ¢y ||2F — 21]] = 0, as n — oo.

Hence uy € T (x1), since Ty (z1) € CB(X). Similarly, we can show that v; € G1(z1),
wy € Py(x1). Thus, it follows from Algorithm 3.2 that x; € X, u; € T;(x1),
v; € Gi(x1), w; € Pi(x1) satisfy (3.1) and hence from Theorem 3.1, it follows that
(x4, usy v, wi) (2 = 1,--+ ), where z; € X, u; € Ti(21), v; € Gi(x1), w; € Py(x1) is
a solution of (2.1). Now we show that (z;,u;, v;, w;) is unique, let (z},u}, v}, w))
where 2 € X, uf € T;(z7), vf € Gi(z7), w; € Pi(z}) be another solution of (2.1),
then from Theorem 3.1 implies that

g(a}) = Ryg("4L [Hg(x3) = prpr o Na(ui, o)) pr > 0,
where

g(a3) = Ry (o2 [Hg(a5) — pais 0 Na(u3, 03)], p2 > 0,
(3.32) 9(a7) = Ry (o [Hg(wh) — peoe © Ne(ug, vi)]. pe > 0.

From (3.32) and similar argument given as above, we have

21 — 21|l = ller — g(wr) + Ryp(5) [Hg(wa) = pripr o Na(u, v1)]

i+ glw}) — RV [Hg(o3) — pripr o Nu(uf v} |

< oy — il
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Since 0 < p < 1, thus 21 = z7. Similarly 2o = z3,--- ,2¢ = . Therefore
(xf,uf, v, wy), where z; € X, u; € Ti(x1), v; € Gi(z1), w; € P;(x1) is an unique
solution of (2.1). |

Corollary 3.7. Let X be a uniformly smooth Banach space with modulus of smooth-
ness px(t) < ct? for some ¢ > 0, and X* be the dual space of X. Let g : X — X
be a k-strongly accretive and 6-Lipschitz continuous, H : X — X* be a ~y-strongly
n-monotone and s-Lipschitz continuous with respect to g, and N; : X x X — X~
be a (ri, pi)-Lipschitz continuous with respect to first and second argument, respec-
tively. Let T;,G;, P; : X — CB(X*) be (r,-9-Lipschitz continuous, (g, -9)-Lipschitz
continuous, Cp,-9-Lipschitz continuous (i = 1,2, 3), respectively. Let @; : X* — X*
be a single valued mapping satisfying v;(u+v) = v;(u) + ¢;(v) and Ker(p;) = {0}
and @; : X* — X* be a 0;-Lipschitz continuous with respect to N;(i = 1,2,3)
respectively. Let n : X x X — X be a 7-Lipschitz continuous mapping and
M : X x X — 2% be a (H,n,p;)-monotone mapping. Assume that (3.6) holds
for (i=1,2,3) and

2 262 0 S o0 262
0<0+ T{T 5§70°p3 3(23(2T3 + p3Ccs) |, T80 2(r2Cr, + p2Gc,) LTS 2€3CP3
Y K=y Ky K=y

1)
+% + p161(r1lmy +p1CG1)} <1,

725262 p303(rsCr, + p3Cas) n T50p202(r2Cr, + p2(c,) n 75%6%&3(p, n 56&2(p,
K272 Ky K2y K

+p101(r1¢r, +p1¢a,) > 0,

738353

(3.33) Q= V1-2k+64cs? + —5— + & (p, > 0.
K2y

Then the sequences {x}, {ul}, {vi}, {wP}(i = 1,2,3) generated by Algorithm 3.3
converge strongly to the unique solutions (x;,u;,v;,w;) respectively, where x; €
X,u; € Ti(x1),v; € Gi(x1),w; € Pi(x1) is a solution of (2.2).

Corollary 3.8. Let X be a uniformly smooth Banach space with modulus of smooth-
ness px(t) < ct? for some ¢ > 0, and X* be the dual space of X. Let g: X — X
be a k-strongly accretive and 6-Lipschitz continuous, H : X — X* be a ~y-strongly
n-monotone and s-Lipschitz continuous with respect to g, and N; : X x X — X* be
a (14, pi)-Lipschitz continuous with respect to first and second argument respectively.
Let T;,G;, P; : X — CB(X™) be a (r,-9-Lipschitz continuous, (q,-9-Lipschitz con-
tinuous, (p,-9)-Lipschitz continuous (i = 1,2), respectively. Let p; : X* — X* be a
single valued mapping satisfying ¢i;(u 4+ v) = @;(u) + @;(v) and Ker(p;) = {0} and
p; : X* — X* be a 0;-Lipschitz continuous with respect to N; (i = 1,2) respectively.
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Letn : X x X = X be a 7-Lipschitz continuous mapping and M : X x X — 2%
be a (H,n,p;)-monotone mapping. Assume that (3.6) holds for (i =1,2) and

)+ TS(SpQGQ(’f‘QCTz +p2CG2) + 5236@32 } <1,

-
0<Q+ {0191(T1CT1 + p1€c,
~ Ky K

T56p202(r2(T, + P2(a,) + §250Cp, <
Ky K

0

p161(ri¢r, +p1la,) +

2 252
(3.34) 0 = /1= 25+ 64c62 + &1Cp, + —— > 0.

K2

Then the sequences {x'},{ul'}, {vl'},{wl} generated by Algorithm 3.4 converge
strongly to the unique solutions (x;,u;,v;,w;)(i = 1,2) respectively, where x; €
X,u; € Ti(x1),v; € Gi(x1),w; € Py(x1) is a solution of (2.3).

Corollary 3.9. Let X be a uniformly smooth Banach space with modulus of smooth-
ness px(t) < ct? for some ¢ > 0, and X* be the dual space of X. Let g : X — X
be a k-strongly accretive and 0-Lipschitz continuous, H : X — X* be a ~y-strongly
n-monotone and s-Lipschitz continuous with respect to g, and N : X x X — X* be
a (r,p)-Lipschitz continuous with respect to first and second argument, respectively.
Let T,G,P : X — CB(X™) be {(r-9-Lipschitz continuous, (c-9-Lipschitz continu-
ous, (p-9-Lipschitz continuous, respectively. Let ¢ : X* — X™* be a single valued
mapping satisfying p(u +v) = o(u) + p(v) and Ker(p) = {0} where p : X* — X*
be a 6-Lipschitz continuous with respect to N respectively. Let n: X x X — X be
a T-Lipschitz continuous mapping and M : X x X — 2X" be a (H,n, p)-monotone
mapping. Assume that

(3.35) IRy @) = Ryt (@) < €™ — w |

and
0<Q+ %{55 4 p0(rér + pCa)} < 1,

(3.36) 80+ pO(rir + plc) >0, Q=+1—2k+64cd?+ &Cp > 0.

Then the sequences {z™},{u"},{v"},{w™} generated by Algorithm 3.5 converge
strongly to the unique solutions (x,u,v,w) respectively where x € X,u € T'(z),v €
G(z),w € P(x) is a solution of (2.4).
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