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ABSTRACT. For y € R, a sequence z = (z,) € £°°, and a non-negative regular matrix
A, Bartoszewicz et. al., in 2015, defined the notion of the A-density da(y) of the indices
of those x,, that are close to y. Their main result states that if the set of limit points of
(zn) is countable and density d4(y) exists for any y € R where A is a non-negative regular
matrix, then limy, o (Az)r = ZyeR 04(y) - y. In this note we first show that the result
can be extended to a more general class of matrices and then consider a conjecture which
naturally arises from our investigations.

1. Introduction

We start by recalling the definition of natural density. For n,m € N with n < m,
let [n,m] denote the set {n,n+1,n+2,...,m}. Let A C N. Define

- ANl ANl
d(A) = limsup [Anlnl| and d(A) = liminf M

n— 00 n n—00

The numbers d(A) and d(A) are called the upper natural density and the lower
natural density of A, respectively. If d(A) = d(A), then this common value is
called the natural density of A and we denote it by d(A4). Let J4; be the family
of all subsets of N which have natural density 0. This J; is a proper nontrivial
admissible ideal of subsets of N. The notion of natural density was used by Fast
[5] and Scoenberg [18] to define the notion of statistical convergence. Details of
statistical convergence and later on, ideal convergence are thoroughly described in
1,3, 4,6,7,8,10, 11, 12, 14, 15, 17, 19].
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48 K. Bose and S. Sengupta

In [16] Osikiewicz had developed the ideas of finite and infinite splices. Let
E\,Es,FEs5,...,E,... be a partition of N into countable number of sequences. Let
Y15Y2,Y3y - - -, Yk, - - - be distinct real numbers. Let (z,) be such that

li =Y.
nosoomer, " i
Then (x,,) is called an infinite-splice (In the same way Osikiewicz defined an finite
splice taking finite number of sequences and finite number of distinct real numbers).
He proved the following:

Theorem 1.1.([16, Simplified version of Osikiewicz Theorem]) Assume that (x,)

is a splice over a partition {E;}. Let y; = lim  x,. Assume that d(E;) exists
n—oo,n€k;

> d(E;) =1.

for each i and

Then
1
NP ILEPBALY

In fact Osikiewicz considered a more general case, namely a regular matrix
summability method A and A-density the details of which are presented in the
preliminaries. Very recently in [2] a new approach was made to study the general
version of Osikiewicz Theorem by defining the notion of the A-density of a point
and an alternative version of the same result was established. In fact it was shown
that the assumptions of Osikiewicz Theorem imply those of the following Theorem:

Theorem 1.2. Suppose that x = (x,) is a bounded sequence, d4(y) exists for every

yeR and > da(y) =1. Then
yeD

lim (Az), = Y 0a(y) - v.

n—oo
yeD

and consequently Osikiewicz result is a consequence of Theorem 1.2.
A natural question arises whether the result is only true for regular matrices.
Note that one of the main condition of regularity of a non-negative matrix A =

o0
(an,k) is that lim > an i, = 1. In this note we first show that actually the result

&)
can be extended to a larger class of matrices A = (ay, ) satisfying lim > an, < 00
using almost the same arguments used in [2]. The main observation which leads
to Theorem 2 is that if (z,,) € £*° and §4(y) exists for all y € R, then D := {y €

R :04(y) > 0} is countable. We produce an example of a matrix A = (a,, ;) with
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oo}

li_>m > anx = oo and a bounded sequence (x,,) for which d4(y) exists for all y € R
N0 =1

but D := {y € R: d4(y) > 0} is uncountable. This surprising example naturally
gives rise to the following conjecture:

o0
Conjecture (x). For any matrix A = (a, %) with lim > a,, = co there exists

a bounded sequence (z,) for which d4(y) exists for all y € R and D := {y € R :
d4(y) > 0} is uncountable.

In the last section of the note we deal with this conjecture essentially showing
that it is false however showing that with imposition of certain conditions on the
matrix the conjecture becomes true.

2. Preliminaries

We first present the necessary definitions and notations which will form the
background of this article.
If x = (x,) is a sequence and A = (a,,x) is a summability matrix, then by Az

we denote the sequence ((Az)1, (Az)s, (Az)s,...) where (Ax), = > anrxk. The
k=1

matrix A is called regular if lim z, = L implies lim (Az), = L. The well-known
n—oo n—oo

Silverman-Toeplitz theorem characterizes regular matrices in the following way. A

matrix A is regular if and only if

(i) nlirrgo G =0,

(i) lIm > apk=1,

(iil) sup Y. |anx| < co.
neN k=1
For a non-negative regular matrix A and £ C N, following Freedman and Sem-
ber [9], the A-density of E, denoted by d4(E), is defined as follows

oo
64(E) = limsup Z ap,, = limsup Z ank1g(k) =limsup(Alg),,

n—00 n—00 n—00
keE

04(FE) = liminf Z ap, ) = lim infz an,x1g(k) =liminf(Alg),

k=1
where 1f is a 0-1 sequence such that 1g(k) =1 <= k € E. If 64(F) = 04(E)
then we say that the A-density of E exists and it is denoted by d4(E). Clearly, if

A is the Cesaro matrix i.e.

R { L o ifn>k
kT 0 otherwise



50 K. Bose and S. Sengupta

then 04 coincides with the natural density.

Throughout by ¢>° we denote the set of all bounded sequences of reals.

In [2] in a new approach, the authors had defined for a sequence (z,,) a density
d4(y) of indices of those x,, which are close to y which was not dealt with till then
in the literature. This was a more general approach than that of Osikiewicz [16].

Fix (z,) € £>°. For y € R let

day) = lim da({n: |z, —yl < })

and
daly) = lim da({n: |z, —y| < e}).
e—0+
If 54(y) = da(y), then the common value is denoted by §4(y).
The main result of [2] was the following.

Theorem 2.1. Let x = (z,) € £*°. Suppose that the set of limit points of (x,,) is
countable and 6 4(y) exists for any y € R where A is a non-negative regular matriz.
Then

lim (Az), = ZéA(y) Y.

n—oo
yeR

Now recall that a non-empty family J of subsets of N is an ideal in N if for
ABCN, 1)A,BeJ= AUB €7 (ii))A € J,B C A= B € J. Further if

U A=Nie {n} €TV neN, then J is called admissible or free. An ideal J is
AT
called a P-ideal if for any sequence of sets (D,,) from J, there is another sequence

of sets (Cp) in J such that D,, A C,, is finite for all n and |JC,, € J. Equivalently

if for each sequence (A,,) of sets from J there exists Ao, € J such that A4,, \ Ay is
finite for all n € N then J becomes a P-ideal.
For a bounded sequence (z,,), we now recall the following definitions (see [13]):

(i) (zy) is J convergent to y if for any e > 0, {n : |z, —y| > e} € 7.
(ii) A point y is called an J-cluster point of (z,,) if {n: |z, —y| < e} ¢ T for any
e > 0.
(iii) y is called an J-limit point of (x,,) if there is a set B C N, B ¢ J, such that
lyen =
In this note we primarily consider non-negative matrices A = (a, ) satisfying
(i) apg >0 for all n, k;
(i) 'n,h—>Holo an,;; = 0, for all &;

(oo}
(iii) lm Y app < 0.
" k=1
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One should note that one can not replace the hm in (iii) above by sup for the

simple fact that in that case if one considers a matnx A having infinitely many ZEero
rows, like the matrix A = (ay %) where

u _{1 if n =k and n is even
k=0 otherwise

then even d4(N) does not exist.

Throughout the next section by a non-negative matrix A we will always mean
a matrix satisfying the above three conditions. It should be noted that the notion
A-density can be similarly defined as in the case of regular matrices and all the
axiomatic conditions, as stated in [9] are satisfied here except for the fact that the
density of the set of natural numbers N is now a finite real number, not necessarily
1. Further it is easy to check that {E C N: §4(E) = 0} forms a P-ideal of N. The
proof being very similar to the case of regular matrices (see [2]) is omitted here.

3. Results for Non-negative Matrices

The main result which we are going to establish in this paper is the following.
Theorem 3.1. Let x = (z,,) € £°°, and the set of limit points of (z,,) is countable.
Let A be a non-negative matriz as defined before (necessarily with sup io: ap, | < 00).

n k=1
Suppose d4(y) exists for all y € R. Then

lim (Az), = 25,4

n—oo
yeR

As in [2] we start with the following observation.

Lemma 3.2. Let (z,) € € and d4(y) exists for ally € R. Then D := {y € R :
d4(y) > 0} is countable and
Z daly) <M

yeD

o0
where sup Y an = M.
n k=1

Proof. Let (r,) be a strictly decreasing sequence converging to M. For m € N let

1

Dy :={yeR|daly) > E}

Note that Dy c Dy C ... C D,, C ... and D = UDm. Now if y1,¥y2, ...,y € Dy, be

distinct, let us choose ¢ = min ‘y’ vl

i > 0. Consequently the sets E; = {n: z, €
i#j
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(yi — €,y; + €)} are pairwise disjoint. Moreover

1 1
0 i) > i) > — >
0A(E;) > 6a(yi) > = lim inf Z nf 2 —.
kEE;
Then for any 7 > 0, 3 ny € N such that Y ane > L — 7V n > ni. Again

kEE;

oo
limsup Y apx < 7, Vn € N. So for any fixed r,, we get no € N such that
n o k=1

oo

> ank < M+9 <r,Vn>nyand for a suitably chosen 6. Let ng = max{ns,ns}.
k=1

As E;’s are disjoint, we have

l

Z On k= Z anykE%—ZTVnzno.

i=1,k€EE;

But

oo
§ Qp k § E Qn,k < Tp-
k=1

1
ke U E;

Now note that # —Ir<rp,=>1< 1@:’;% Hence choosing 7 so that 1 — 7m > 0

we observe that [ must be finite. Thus D,, is finite for each m which implies that
D =|J D,, can be at most countable.

m
Again

> a0

yEDp,

thlnf Z O k

keE;

m~

IN

Za"k+ Vn > N (for some N)
cE;

*
Il
_

where ¢q is arbitrary. So

> baly) Z ank+€o<zank+€o<7“p

yeD
m ke U E;

for suitably chosen gy. Finally in view of the fact that D = U D,,, we get

Y daly)= lim Y baly) <7

yeD yED,,
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Since this is true for any rp, so letting p — co we get >~ da(y) < M. m]
yeD

In [2] it was observed that generally it is not true that D = {y € R: d4(y) > 0}
should be nonempty as also D := {y € R: d4(y) > 0} need not be countable.
The next result extends Theorem 6 [2].

Theorem 3.3. Let (x,) be a bounded sequence and A be a non-negative matriz

such that §4(y) exists for every y € R and moreover Y, da(y) = M. Then
yeD

lim (Az), = Y da(y) - y.

n—o0
yeD

Proof. Since (x,) is bounded, there exists a K > 0 such that |z,| < K for every
n€N. Let D ={y; : i =1,2,...} where y;’s are distinct. Let ¢ > 0 be given and
let » € N be such that

ZéA(yi) >M —¢ and | Z yi - 0a(yi)| <e.
1=1 i=r+1
Let N € N be such that

. 1
giil?\yﬁyjbﬁ

Vi,j €1,2,...,r and such that the sets F; = {j : |z; — y;| < =} have the following
property
€ — €

Salys) — D S 0a(Ei) <0a(E;) < da(yi) + D)

for i = 1,2,...,7. Obviously E1, ..., E, are pairwise disjoint. Now we can choose a
mo € N such that

1 — 1
Q(El)_ﬁ< Z A,k <6A(E7,)+N
keE;

1 5
1 Y ann —6aly) < — +
(3.1) |keE,-a k A(y)‘<N+r(k+1)

for every n > mg and i = 1,2, ...,7. Then for n > mg we have

> 1 1
(Ax)n = Zan,kxk S Z an,k(yl + N) + Z an,k(y2 + N) +...
k=1 keE; keE;

1
+ Z amk(yr—&—ﬁ)—i—K. Z A -
kEE, k€(E1U---UE,.)e

53
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Now we can choose mq > mg such that Vn > m;

(oo}
Zan,k <M +e.

k=1
Then
M+5>Zank— Z ank:+ Z Qn,k
keUE kG(UE)
and consequently
€
n,k = n, 5 i_i_ .
kZGUEi = €
i=1
Therefore for n > m; we have
> g < (M+e)—(M———(1+ L Je) = — + (2+
’ N K+1 N

ke(U) Ei)e
=1

Subsequently we get for n > m;,

1 1
-r)n < Z an,k:(yl + N) + Z a”ﬂ,k(yQ + N) T+

keE, keFEs
1 Kr 1
+ D anklr+ )+ 2+ )k
kEE,
Analogously
1
Zank yi— )+ z ank(y2fﬁ)+
keE, keFE>
Kr 1
- )= —(2 K.
Y anslor = )= B e
kEE,
Thus
r 1 Kr 1
(3:2) (A2)n =3 > analyi+ ) S -+ @+ p)eK
i=1 keE
and
- 1 Kr 1
_ — ) > :
(3:3) (Az)n =3 Z_“nk(yl N = Bk
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Hence using (1) and (2) we obtain

- Z5A(yi)-yz’ = 25,4 Yi)-Yi Z 6a(yi)-

1=r+1
ZéA vi)yi + | Z S ()il
1=r+1
< (Az)p — ZéA(yi>-yi +e
i=1
Y it L +i[z i+ =) — 6a(yi) il + €
; ' N ; ' N
i=1 kEE; i=1 k€EE;
K
< R
Z Zank 0a(yi))(yi + NZ(SA% (2K+K+1+1)
i=1 keE; i+1
M Kr K
< =42 _
SIS e — 50 (el + >]+n+N+(2K+K+1+1>E
i=1 kEE;
1 € 1 M Kr K
<rMl=+—7——7-)(K+1 — 4+ —+ 2K+ ——+1)e.
syt rmep BT Ty TR T e

Analogously from (1) and (3) we get

_ Z(SA(yi).yi > — r(% + ﬁ).([( L1+ %)

K
—— —— — 2K+ ——+1)e.
(2K + K+1 +1)e
Since N can be chosen arbitrarily large, we obtain

> K
— Doyl < 2K + —— +1)e
Z5A(y)y| +K+1+)

for every € > 0. Therefore we can conclude that

lim (Az), = ZéA(yi) Y. O

n—oo

Next we prove the following result which is a variant of the corresponding result
of [2] forming the basis of a necessary condition for the existence of a limit of

{(Az)n}.

Proposition 3.4. Suppose v = (x,,) € 1°. If §a(y) = M, then My is a limit point
of the sequence {(Ax),}.
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Proof. Since () is bounded, there is K > 0 such that |z,| < K VN € N. Let y
be such that 64(y) = M. Let N € Nand let Exy = {j € N:|z; —y| < &}. Then
there exists ky > N such that

— 1 1
Z Ak k> 04(En) — N =M-—.

N
keEN

o0
Again as we have limsup > a,, = M, we get
n—oo k=1

1

(o]
Za;ﬂ\,,k <M+ —.
k=1 N

Sincey7%<xk<y+%ka€EN and —K <z < K Vai ¢ En, so we have

Zakz\r,k(y—%)_ Y ans K

k€EEN kE(EN)©
1
< (Az)py < Z Ay k(Y + N) + Z agy k- K.
kEEN ke(En)e
Thus
- 1
y(z Ay e — M) — ~ Z Qky b — Z aky k(K +y)
k=1 kEEN ke(En)e

- 1
< (AZ)kN*MySy(ZCLkN,k*M)wLN Z Ay ke + Z aky k(K —y)
k=1 keENn ke(En)©

and consequently

1 1
| (Az)ry — My |<] Y kg |+ ] > aky k(B +yl) | +orlyl-

keEN ke(EN)©
Since
> 1 1 2
D Gk =D vk — Y Gy o <M+ —(M-5)=x
ke(En)e k=1 kE€EN
SO

M 1 1
[(Az)ky — My| < (W‘FW)‘F Z akN,k(K+\y|)+N|y\
ke(En)e

M 2 1
< () + R E D+ ol
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Therefore

lim (Ax)g, = My. a

N—oc0

Corollary 3.5. Let (x,) be a bounded sequence. Suppose that there are y and z
(y # 2) with 64(y) = 0a(z) = M. Then the limit le (Ax),, does not exist.

Now we recall some important results from [2] which will be useful in the sequel.

Lemma 3.6.([2]) Let J be an ideal of subsets of N. Assume that X := {n : z, €
[a,b]} ¢ J. Suppose that

{n:a<z,<t—c}eJor{n:t+e<z,<b}el
for any t € (a,b) and any € > 0 such that ¢ < min{t — a,b — t}. Then there is
y € [a,b] such that {n: |z, —y| >¢c} €T for every e > 0.
Proposition 3.7.([2]) Let J be a P-ideal. Assume that (x,) € £>° does not have
any J-limit points. Then the set of limit points of (x,), i.e. the set

{y € R:x,, — y for some increasing sequence (ny) of natural numbers},

is uncountable and closed.

Corollary 3.8.(]2]) Let [a,b] be a fized interval and J be a P-ideal. Assume that
{n:x, €la,b]} ¢ I and any point y € (a,b) is not an I-limit point of (x,). Then
the set of limit points of (xy,) in [a,b], i.e. the set

{y € (a,b) : &, — y for some increasing sequence (ny) of natural numbers},

is uncountable and closed.

Corollary 3.9.([2]) Let (zy,) € £>°. Assume that the set of limit points of (x,,) is

countable. Then the sequence (x,) has at least one J-limit point for every P-ideal
J.

We can easily prove the following results analogous to the results of [2] which
will help us to reach our final goal.

Lemma 3.10. Letr € (0,1), 1y > 1y > r3 > ..., lim r, = and let (E,) be a

n—oo
decreasing sequence of subsets of N.

(i) If da(Eyn) = 10, n € N, then there is a subset E of N with d4(E) = r and
such that E C* E,, n € N, i.e. E\ E, is finite for every n € N. Moreover,
if 0a(Ey) =, then §4(E) = .

(ii) If 6a(En) = 7, n € N, then there is a subset E of N with 04o(E) = r and
such that E C* E,, n € N.

57
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Theorem 3.11. Let (z,) € £>°. A point y € R is an A-statistical limit point of
(zn) if and only if d4(y) > 0. Moreover if §4(y) > 0, then there is E C N with
54(F)=0da(y) and liel%l'n =y.

n

Corollary 3.12. Let (x,) € £>°. A point y € R is an A-statistical cluster point of
(xn) and it is not an A-statistical limit point if and only if

(1) 5a({j : le; —yl < 1/n}) > 0 for every n;
(2) 6aly) = lm 54({j : |oj | < 1/n}) =0,

Proposition 3.13. Let (x,) € £>°. Assume that y1,ya2,... are the only distinct
real numbers such that d4(y;) > 0 Vi. Then there exists a partition E1, Es, ... such
that 54(F;) = 6a(yi), i =1,2,... and liHEl Ty = Y;.

nek;

Lemma 3.14. Assume that {E, : n = 1,2,...} is a partition of N such that
> 0a(E,) < M. Then there is a partition {F, :n=0,1,2,...} of N such that
n=1

(i) F, C Ey;
(i1) da(Fpn) =0a(Eyn);

(i) 64(Fo) =M — 3 6a(En).

n=1

Finally we prove a sufficient condition for a bounded sequence (x,,) to have the
property that > da(y) = M.
yeR
Theorem 3.15. Let (z,,) be a bounded sequence. Suppose that the set of limit
points of (xy,) is countable and d4(y) exists for ally € D. Then > da(y) = M.
yeD

Proof. Suppose that, on the contrary,

> daly) < M.

yeD

Then by Corollary 14 in [2] the set D is non-empty. By Lemma 3.2 the set D is
countable. Enumerate D as {y1,ys,...}. By Proposition 3.13 there is a partition
{Er : k = 1,2,...} of N such that d4(E;) = da(yr) and lim  z, = y.

n—oo,ne€kEy,

By Lemma 3.14 there is a partition {Fy : k = 0,1,2,...} such that F, C Ej,

0 o0
04(Fy) = 0a(Ey) for every k > 1, Fy = N\ UFl so that 04(Fp) = M — > 04(Fy).
i=1 k=1
Thus d4(Fp) > 0. Consider the sequence (z,,)ner, and the ideal J4|p, = {E C Fy :
E € 3J4}. Since 4(y) = 0 for every y ¢ D, so by Theorem 3.11 y can not be an
A-statistical limit point of (z,) and so can not be an J4|g,-limit point of (2, )ner,
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for any y € D°. If y; was J4|g,-limit point of (z,,)ner,, then there would be a set
B C Fysuch that B ¢ J|p,, and lir% X, = y;. But then B ¢ J4 and since BNF; = ()
ne

and eljign&p_ T, = yi, we would have 64 (y) = 64(y) > 6A(BUFE;) > 54(F;) = da(y),

which gives a contradiction. Therefore the sequence (2, )ner, has no Ja|g,-limit
points.

Note that J4|g, is a P-ideal. To see this assume that Ay, A, -+ € J4|g,. Then
A1, Ay -+ €374 and as J4 is a P-ideal, we can find A, € J4 such that A, \ A is
finite for every n. Since Aso N Fy € Ja|g, and each A,, C Fy, then A, \ (A N Fp) is
finite for every n. Now by Proposition 14 in [2] applied to the sequence (x;,)ncF, and
P-ideal J4|g,, we obtain that the sequence (z,)ner, has uncountably many limit
points which are, in turn, limit points of (x,). This contradicts the assumption. O

Finally combining Theorem 3.3 with Theorem 3.15 we get the desired proof of
our main result.

4. Conjecture (%)

Throughout the paper we have considered the matrices with the following prop-
erties.

(1) anx >0 for all n, k;
(ii) lm a,x =0, for all k;
n— oo

oo
(iii) lim )" apx < 0.
k=1
Now the natural question arises whether the results discussed above remain true
if any one of the conditions for the matrix can be relaxed. The first condition is
clearly essential.
Coming to the second condition, if nh_}n;o an,; > 0 for some k, then note that the

axiomatic condition in [9] namely the condition for E;, Es C N such that E;AE,
is finite,04(E1) = da(E2) ,which is very crucial in defining a density function does
not hold anymore. For example, let

1 1 0 0
1+ 1 90 o ..
TS S
3 3 3
Al
A

Here a,1 — 1 as n — co. We take By = N,E; = N\ {1}. Then E1AE,; = {1},but
04(E7) = 2 whereas §4(Fs) = 1.

59



60 K. Bose and S. Sengupta

e}
Finally let us relax condition (iil) and assume that lim ) a, = co. Observe
n

that Lemma 3.6 forms the backbone of our main result as o;lly then the sequence

can be partitioned into countably infinitely many splices. Below we produce an
o0

example of a matrix A with lim " a, x = co and a bounded real sequence (x,,) for
k=1

which {y € R:d4(y) > 0} is uncountable,i.e. Lemma 3.2 is not true when M = co.

Proposition 4.1. Define the matriz A = (an,i) in the following way

. 7{ ﬁ ifn >k
mk 0 otherwise

where g : N — (0,00) is defined as g(k) = n+ 1 if k € [27,2"TY). Then there is a
bounded sequence () such that {y € R:d4(y) > 0} is uncountable.

Proof. Let (x,,) be defined as follows:

1
1 = 57
1 3
Tog = —,T3 = —
2 4’ 3 4’
1 3 5 7 ete
Tg = —. s = —.Lg = —. L7 = —
4 ]’ 5 ]’ 6 ]’ 7 g’
In general
2k +1 n
Tonf = 21’L+1 for k € [0,2 )-
Now consider a dyadic interval I = [2%, k;;l ). Then I contains 2" P elements from
{zanyr : k €[0,2")}. Therefore
1
: > limi ™) : Ton =l nTP =
da{m meI}_lgLri)lglofgm)l{lE[O,2 ) xonyy € I nh—>Holon+22 00

where n is the largest natural number such that 2" < m. Let y € [0, 1]. Note that
for every ¢ > 0 there is a dyadic interval I = [Qﬁp, k;;l) contained in (y — e,y + ¢).
Thus d4(y) = oo for every y € [0,1] (consequently d4(y) exists and it equals co).
As for each point y € R\ [0, 1], d4(y) = 0 so we can conclude that d4(y) exists for

all y € R and {y: da(y) > 0} = [0,1] is uncountable. O

In view of the above example one can naturally think of the following conjecture.
Conjecture (x). For any matrix A = (ay, ) with
(i) apk >0 for all n, k,

(ii) lim an i =0 for all k,
n— oo
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(iii) nh_>néo kZ::1 Ay = 00
there exists a bounded sequence (x,) for which §4(y) exists for all y € R and
D :={yeR:04(y) > 0} is uncountable.

Proposition 4.2. There is a non-negative matric A = (an 1) satisfying all the above
properties (as prescribed in Conjecture (%) such that for any bounded sequence (x,,)
for which §4(y) exists for all y € R the set D = {y: 04(y) > 0} is a singleton.

Proof. Let the matrix A = (a, k) be such that

- { n ifn==k
nk =1 0 otherwise

o0
Clearly lim 3 ay = co. Let (x,) be a bounded sequence. First note that isolated
" ok=1
points of the sequence have density 0 with respect to matrix A. Now if (z,,) has
more than one limit point, let ¥ be one of them. Choose another limit point z of
the sequence (z,,). Let we choose 0 < € < —‘ygzl and consider the set B. = {k : z}, €
(y—e,y+e¢)}. Observe that the set BE = {k: x) ¢ (y — ¢,y + )} must be infinite,

or else z would not be a limit point of (z,,). Let BS = {n1,na,...}. So > an, s =0
for all i = 1,2, .... This implies that limninf > ank =0. But it is eazilﬂicso see that
limsup > ank = 00. So d4(y) does not e];(eif{. This is true for all limit points of
(:ETS F?flfulgly if (z,,) has only one limit point y, say, i.e. (z,) is convergent to yo
then obviously d4(yo) >0 and D = {y:da(y) > 0} = {yo}. O

Finally one can ask for which matrices the Conjecture (*) is true ? The following
result shows that the Conjecture is valid for matrices A satisfying certain conditions.

Proposition 4.3. Let A = (a, k) be a non-negative matriz satisfying the conditions
of Conjecture (x). In addition let there exist a sequence of positive real numbers
(0k)72., with the following properties.

(i) For any k, min{ai1,a12,...,a1x} > 0k ;

(ii) lim 6,.2"? >0, for any p < n.

n—oo

Then there exists a bounded sequence (x,) such that the set {y : da(y) > 0} is
uncountable.

Proof. Let (z,) be defined as in Proposition 4.1. Now consider a dyadic interval

I =2, &E1). Then I contains 2" P elements from {zon, : k € [0,2")}. Therefore

da{m : @y € I} > liminf 0,,.|{l € [0,2") : zanyy € I} = lim 6,2"7P =0
m— o0 n—oo

where n is the largest natural number such that 2"t < m. Let y € [0, 1]. Note that

for every € > 0 there is a dyadic interval I = [2%, ’“;,1) contained in (y — e,y + €).
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Thus d4(y) = oo for every y € [0,1] (consequently d4(y) exists and it equals o).
As for each point y € R\ [0,1], d4(y) = 0 so we can conclude that d4(y) exists for
ally e Rand {y:04(y) > 0} = [0,1] is uncountable. O

Problem 1. Find the necessary and sufficient conditions or some other condition
for a matrix A for the Conjecture (%) to be true.
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