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ABSTRACT. In this paper, we first define generalizations of Pell and Pell-Lucas sequences
by the recurrence relations

Prn = 2CLPTL—l + (b - GQ)Pn—z and qn = 2afqn—l + (b - a2)qn—2

with initial conditions po = 0, p1 = 1, and qo = 2, q1 = 2a, respectively. We give generat-
ing functions and Binet’s formulas for these sequences. Also, we obtain some identities of
these sequences.

1. Introduction

Due partly to their innumerable applications in not only the field of science, but
also of art and literature, there have been many studies on special number sequences
such as Fibonacci, Lucas, Pell, Jacobsthal, Fermat, Mersenne. In particular, there
have been many studies on Fibonacci and Lucas sequences, and their generaliza-
tions. For a small sample of these studies, one can see [1, 2, 4, 6, 9]. Although
to a lesser extent, Pell and Pell-Lucas sequences have also been well studied and
generalized by many authors. Some examples of these studies can be found in [3,
5,7, 8.

Fibonacci {F, }52, and Lucas {L,, }52, sequences are defined by the recurrence
relations F,, = F,,_1 + F,_o with initial conditions Fy, = 0, F}, = 1, and L,, =
L, _1+ L,_o with initial conditions Ly = 2 and L; = 1, respectively. Similarly, Pell
{P,}5%, and Pell-Lucas {Q, } 72, sequences are defined recursively by the relations
P, =2P,,_1+ P,_> with initial conditions Py =0, P, = 1, and Q,, = 2Q,_1+ @n_o
with initial conditions Qg = 2, Q1 = 2, respectively.

In [1], Bilgici gave generalizations for Fibonacci and Lucas sequences as follows:

fo=0,fi=1 fo=2afp 1+ 0—-0a*)fn2 (n>2)

lo=2,11=2a I,=2al,_1+(b-a*)l,—2 (n>2)

Received July 26, 2017; revised December 2, 2018; accepted December 6, 2018.
2010 Mathematics Subject Classification: 11B39, 11B99.
Key words and phrases: Pell sequence, Pell-Lucas sequence.

23



24 Tilay Yagmur

where a and b are any nonzero real numbers.

The main objective of this study is to give new generalizations for Pell and Pell-
Lucas sequences, in much the same way that Bilgici did for Fibonacci and Lucas
sequences in [1]. We shall then determine generating functions and Binet’s formu-
las, and give well-known Catalan’s, Cassini’s and d’Ocagne’s identities for these
generalized sequences. In addition, some identities of these generalized sequences
and some relations between these two generalized sequences are given.

2. Generalized Pell and Pell-Lucas Sequences

In this section, we define generalizations of Pell and Pell-Lucas sequences. Then,
we give generating functions and Binet’s formulas for these generalized sequences.

Definition 2.1. For any real nonzero numbers a and b, the generalized Pell sequence

{Pn}52, and the generalized Pell-Lucas sequence {q,}52, are defined recursively,
for n > 2, by

(2.1) pn = 2apn—1 + (b — a®)pn_2,
qn = 2aqn—1 + (b - aZ)qﬂ—?

with initial conditions pg = 0, p; = 1, and q9 = 2, q; = 2a, respectively.
It is obvious that, in Eq. (2.1) and (2.2), if we take respectively
(1) a =1, b =2, we obtain classical Pell and Pell-Lucas sequences,
(2) a= %, b= g, we obtain classical Fibonacci and Lucas sequences,
(3) a= %, b= %, we obtain classical Jacobsthal and Jacobsthal-Lucas sequences,

4) a= %, b= %, we obtain Mersenne and Fermat sequences.

The following theorem gives us generating functions for generalized Pell and
Pell-Lucas sequences :

Theorem 2.2. The generating functions of the generalized Pell sequence {pn}>2,
and the generalized Pell-Lucas sequence {an 152 are given, respectively, by

— _ 2—2
p(:z:) - 1—2a:c—:fb—a2)a:2 and q(x) - 1—2a3c—(l;liva2):c2 :

Proof. The generating functions p(z) and q(z) can be written as p(z) = >, pra”
and q(z) = > o2, qnz". Then, we write
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o0 o0
p(z) = Z Pnt” =Po+ P12+ Y Pt

n=2
:x+2aan 1™+ ( b—a an 2z
n=2
:x+2asc2pnx + (b —a?) an
n=0

=z + 2azxp(z) + (b — a®)z’p(x).
Thus, we obtain
(1 —2az — (b—a?®)z?)p(z) = z.

Hence, we have

Similarly, we have

[ee] oo
x) = anx" =qo+qix + Z qnz”
n=0 n=2

=2+ 2azx + 2a Z gn-12" + (b— a2) Z Qr—2z"

n=2 n=2

—2—2ax+2ax2qnx +( b—a? an
n=0

=2 — 2ax + 2azxq(z) + (b — a?)2z%q(z).
Thus, we obtain

() = 2 —2ax -
W)= 1—2az — (b—a?)a?’

We now give Binet’s formulas for the generalized Pell and Pell-Lucas sequences
by the following:

Theorem 2.3. The nth terms of the generalized Pell and Pell-Lucas sequences
are given by

pn= "5 and g, =a"+p"
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where a = a+Vb and B = a—+/b are the roots of the equation 2?2 —2azx—(b—a?) = 0.

Proof. Using the partial fraction decomposition, p(z) and q(z) can be expressed as

— 1 1 1 1 _ 1 1
p(l‘) — T oypar—1 + 2/ Br—1 and q(x) — T oax—1  Bx—1°

However, note that, a4+ = 2a , « — 8 = 2v/b and o3 = a® — b.
Then, we have

> ., 1 1 11
1 o0
:72(0‘”76”)1'71
2\/671:0
:iian_ﬁnx”
n=0 Oé—ﬁ

Also

s 1 1
a(@) =) ana" = ——+ -
n=0

= (a"+B")a"
n=0

Inspecting the above expressions, we get the following:

a™—p"

Pn = "5 and q, =a"+ (" O

The following corollary is also consequence of Theorem 2.3:

Corollary 2.4. Let n be any integer. Then,
pn=—(a*>=b)""p, and q_,=(a®—b)""q.

3. Some Identities on Generalized Pell and Pell-Lucas Sequences

In this section, we give well-known identities Catalan’s, Cassini’s and d’Ocagne’s
for the generalized Pell and Pell-Lucas sequences. Also, we investigate some name-
less identities of these generalized sequences, and give some relations between these
sequences.

Theorem 3.1.(Catalan’s Identity) For any integers n and r, we have

Pn+rPn—r — pn2 = _(a2 - b)"_rPr27
An+rdn—r — qn2 = (02 - b)"_r4bpr2.



New Approach to Pell and Pell-Lucas Sequences 27

Proof. Using Binet’s formula of the generalized Pell sequence, we write

an-i—r _ ﬁn—i—r QT — Bn—r a — Bn

2 _ B 2
anrrpnfr_pn — Oé—ﬁ O(—,B ( Oé—ﬁ )
_ _# n—r 2r 2r T QT
- (&—,8)2(a5) (0[ +5 2 ﬁ )
= (B (X

a—p
Thus, we obtain
Pn4+rPrn—r — pn2 = *(CLQ - b)nirprz'

Using Binet’s formula of the generalized Pell-Lucas sequence, the second identity
can be proved in a similar manner. O

Taking » = 1 in Theorem 3.1, we obtain the following:

Corollary 3.2.(Cassini’s Identity) For every integer n, we have

Pn+1Pn—1 — Pn2 = 7(a2 - b)nila
9dn+19n—-1 — qn2 = 4b(a2 - b)nil-

Theorem 3.3.(d’Ocagne’s Identity) Let m and n be any integers. Then,

PmPn+1 — PnPm+1 = ((12 - b)an—na
1
AmAn+1 — Andm+1 = —2(6)5((12 =0)" (@™ = g,

Proof. Using Binet’s formula of the generalized Pell sequence, we write

a™ — Bm an+1 _ ﬁn+1 a — 6n am+1 _ Bm+1

PmPn+1 — PnPm+1 = a—3 o — B o — B o — ﬂ
_amﬁnqu _ /BmanJrl + anﬂm+1 + Bnam+1
- (a—p)?
amﬁn _ anﬁm
a™m™ " _ Bmfn
= n_—_ -
(0B =5

Thus, we obtain

PmPn+1 — PnPm+1 = (a2 —b)"Prm—n.

The second statement of the theorem can be proved similarly. O
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Theorem 3.4. Let n be any integer. Then,
4bp, = (b— a2)qn—1 + dn+1,
qn = (b - QQ)Pnfl + Pn+1-

Proof. Using Binet’s formula of the generalized Pell-Lucas sequence, we write

(b—a*)qn-1+ qni1 = —aB@" 1+ ") + (™t 4 gt
=a"(a—-p)+6"(B—-a)
- B 2an o ﬂn
=
= 4bp,,.

This proves the first identity. The second identity can be proved in a similar
manner. O

Theorem 3.5. Let m and n be any integers. Then,

1
Pm+n = §(pmqn+Pan)a

1
Am+n = 2bpmpn+§qmqn-

Proof. Using Binet’s formulas of the generalized Pell and Pell-Lucas sequences, the
theorem can be proved easily. |

Taking n = —n in Theorem 3.5 and using Corollary 2.4, we obtain the following:

Corollary 3.6. For any integers m and n, we have
1 2 —n
Pm—n = Q(a =b)""(Pmdn — Pndm);

1 —-n
AQm-n = §(CL2 - b) (qmqn - 4bpmpn)'

The consequence of the above is the following;:

Corollary 3.7. Let n be any integer. Then,

S S S

Pn-1 = h— (L2 2qn aPn ),
1

-1 = 3T (2bp,, — aqy).

From the second identity in Corollary 3.6, we obtain the following:
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Corollary 3.8. For every integer n, we have

qn” — 4bp,* = 4(‘12 —b)".

Setting m = n in Theorem 3.5, it is easy to see the following:
Corollary 3.9. Let n be any integer. Then,
P2n = PnQn,
1
PLn = 2bp5+ 5

The following corollary follows from Corollary 3.8 and 3.9:
Corollary 3.10. For any integer n, we have

don = qi — 2(@2 — b)n

If we take m = 1 in Theorem 3.5, we have the following:

Corollary 3.11.  For every integer n, we have

1
Pn+1 = aPn + gqm
Qn+1 = aqp + 2bpy,.

Theorem 3.12.  Let m and n be any integers. Then,

Pm+n PmPn+1 — (a2 - b)melpna
Pm+n = PmQn — (a2 - b)npm—n7
(a2 - b)l_n[pm—lpn - Pmpn—l]-

Pm—n

Proof. Using Binet’s formula of the generalized Pell sequence, we write

m _ om ,n+1 _ on+1 m—1_ gm—1 _n _ on
pmani(azib)pm_lp":aa—g : a—g - af= a—g aoz—g
1
= m[a’”*”(a —B)+ "B - )]
am—&-n_ﬁm—&-n
:W
= Pm+n-

This completes the proof of the first identity in theorem. Setting n = —n in the

first identity, the last identity can be obtained. The second identity can be proved
O

in a similar manner.
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Theorem 3.13.  Let m and n be any integers. Then,

1 n
PmPn = Zb[qm+n - ((12 - b) qun]a
AQmdn = 9m+n T (a2 = b)"Am—n,
Pmdn = Pm+n + (a2 - b)npm—n-

Proof. Using Binet’s formulas of the generalized Pell and Pell-Lucas sequences, we
write

B am _ ﬂm n n

Pmdn = W(a +B")
B OZm—i-n _ Bm—i—n amﬁn _ ﬁman
- a—p a—p
B am—i—n _ Bm—i-n nam—n _ Bm—n
I + (aB) TaZp
= Pm+4n + (GQ —b)"Prm—n-

This completes the proof of the last identity. The others can be proved similarly. O

Theorem 3.14.  For any integers m and n, we have

dn = AmPn—m+1 + (b - a2)qm—lpn—m-

The theorem can be proved easily using Binet’s formulas of the generalized Pell
and Pell-Lucas sequences.

Theorem 3.15.  Let m and n be any integers. Then,
1

P2mP2n = @[qgn—i-n - ((12 - b)anzn—n]’
Po2mPon = p72n+n - (a2 - b)znpfn—m
QemQen = 4bpp, +(a® = 0)*"qp,_,,
QemQ2n = Qngy +4b(0® = 0)¥"py, ..

Proof. Using Binet’s formula of the generalized Pell-Lucas sequence, we write

1 1 —n m—n
ok — (@ = D] = L@ BT — (@B (a4 B
a2m+2n + 52m+2n _ a2mﬁ2n _ BQma?ﬂ

4b
On the other hand, from Binet’s formula of the generalized Pell sequence, we get
B a2m _ 52171 a2n _ B2n
p2mp2n - a— ﬁ a— 6
a2m+2n + ﬂ2m+2n _ a?mﬁQn _ 527710[271
4b '




New Approach to Pell and Pell-Lucas Sequences

Hence, we obtain

1 2 2 2n 2
P2mP2on = @[qm—i-n - (a‘ - b) qm—n]

Similarly,
P2 — (a® —b)*"p2,_, = (W)Q - (am%(%y
Q22N 4 G2mA2n o 2mg2n _ g2m o 2n
4b
= P2mP2n-
The others can be proved in a similar manner. 0O
Theorem 3.16.  Let n be any integer. Then,
PnPn+1 = 4ib[q2”+1 — 2a(a® = b)"],
Q1 = 2n+1 +2a(a® —b)",
Pn-1Pnt1 = P, —(a®—b)""h

Proof. Using Binet’s formula of the generalized Pell sequence, we write

an—l _ ﬁn—l an+1 _ ﬁn—&-l

Pn—1Pn+1 = o ﬂ o B
_ a2n +ﬁ2n _ (aﬂ)n_l(QQ +62)
(a—p)?
o a — 6n 2 n—1
= (%= )~ (08)

= p% — (a )",
This completes the last identity. The others can be proved similarly. O
Theorem 3.17.  For every integer n, we have
Andn+2 — 4bPn—1Pn+3 = (a2 - b)n714a2 (a2 +3b).

Proof. Using Binet’s formulas of the generalized Pell and Pell-Lucas sequences, we
write

Andnt2 — 40pn—1Pnt3 = (an + Bn)(an+2 + 6n+2)
2an—1 _ Bn—l an+3 _ Bn+3

R
2 2
@G G+ )

= (@B)""Ha+B)*(a® —af + 5?).

31
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Considering o = a + Vb and 8 = a — v/b, we obtain desired result. O
Theorem 3.18.  Let n be any integer. Then,

Pan+1 — (a2 — b)2n = Q2n+1P2n;

2 2n+1
P4an43 — (a *b) s = Q2n+1P2n4-2-

Proof. Using Binet’s formulas of the generalized Pell and Pell-Lucas sequences, we
write

9 1 ) 1 a2n _ BQn
dQ2n+1P2n = (a nt +p et )7
a—p
adn+1 _ 64n+1 52n+1a2" . a2n+lﬂ2n
= +
a—_3 a—f

= Pans1 — (aB)*"

= Pans1 — (a® — b)*™.

This completes the proof of the first identity. The proof of the second identity can
be done in a similar manner. |

Theorem 3.19.  For any integer n, we have

2 1 2 1
I = 2 pn+1 = d2n = 5 d2nt2e

Proof. The theorem can be proved easily using Binet’s formula of the generalized
Pell-Lucas sequence. |

Theorem 3.20. Let m and n be any integers. Then,

Pmn = 9mPm(n-1) — (a2 - b)mpm(n72)7
Am9m(n—1) — (a2 - b)mqm(an)-

Qmn

Proof. Using Binet’s formulas of the generalized Pell and Pell-Lucas sequences, we
write

- o 5 by o . . aQmn—m _ /an—m
AnPm(n—1) = (@ = b)"Pmn—2) = (™ + ™) -
" amn—2m _ an—Zm
~ (af) -
a™mn — ﬁmn

This completes the proof of the first identity. The second identity is just as easy. O
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Theorem 3.21.  Let n be any integer. Then,

Pani1 = (b—a®)ps +ppy1,
1
Pont1 = gjjzﬁfpn+1qn+2—'QGPn+2Qn‘¥(02—‘by%5a2—‘bﬂ~

Proof. Using Binet’s formula of the generalized Pell sequence, we write

n _ Aan n+1l _ on+1
b= a9 + P = —aB(E 4 (L

= gl e B = = )
O[271+1 _ 52n+1

S

= P2n+1-

Also from Binet’s formulas of the generalized Pell and Pell-Lucas sequences, we get

1
b_ a2 [Prt1Qn+2 — 2aPnt2qn + (a® — )" (5a* — b)]
L oot =gt o agey @t Bartr g
iy ey N B
(a® —b)"
+ W(SaQ — b)
1 n apB)” a+ B)?
— (a2n+1 —ﬂQ +1) ( ﬂ) ( ﬂ) [1+ ( B) ]
a—f a—p af
2 _ b)"
+ %_73@2 —b)
a2n+1 _ ﬁ2n+1
_ -
= P2n+1-
Hence, the proof is completed. |

Theorem 3.22. Let m and n be any integers. Then,

P3n = PnQ2n + (a _b) Pn,
Psn = Pondn — (a* —)"py,
QB = qnQ2n — (@ —b)"qy,

Pom+n = Pm9m+n + (a 7b) Pn,
@2m+n = 9Amm+n — (CL2 - b)m%-
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The theorem can be proved easily using Binet’s formulas of the generalized Pell

and Pell-Lucas sequences.

We would also like to point out that, if we take a = 1, b = 2 in the most of these

theorems and corollaries, we obtain known identities of classical Pell and Pell-Lucas
sequences.
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