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CONFORMAL TRANSFORMATION OF LOCALLY DUALLY
FLAT FINSLER METRICS

LAyA GHASEMNEZHAD AND BAHMAN REZAEI

ABSTRACT. In this paper, we study conformal transformations between
special class of Finsler metrics named C-reducible metrics. This class
includes Randers metrics in the form F = o + 8 and Kropina metric in
the form F = <. We prove that every conformal transformation be-
tween locally dually flat Randers metrics must be homothetic and also
every conformal transformation between locally dually flat Kropina met-
rics must be homothetic.

1. Introduction

Let F' be a Finsler metric on an n-dimensional manifold M. For a non-zero
vector y € T, M, F induces an inner product g, on T, M by
| o
gy (u,v) = gij(x, y)u'r? = i[Fz]yiyjulvj.

For two arbitrary non-zero vectors v,y € T, M the angle 6(v,y) between y and
v is defined by

cos O(y,v) := yv' /F(x,y)\/ gij (x, y)vivd,

where y; = g;;(z, y)y’. It should be remarked that the notion of angle is not
symmetric, in that the angle 0(y, v) between y and v is different from the angle
6(v,y) between v and y generally. Now assume that F' and F are two Finsler
metrics on an n-dimensional manifold M. If the angle 6(y, v) with respect to F
is equal to the angle 0(y, v) with respect to F' for any vectors v,y € T, M\{0}
and any x € M then F is called conformal to F. The transformation F — I
of the metric is called conformal transformation [1,2].

In conformal geometry, it is one of interesting issues to study the conformal
transformation. In [3], S. Basco and X. Cheng obtained the relations between
some geometric quantities of two conformally related Finsler metrics and dis-
cussed the properties of those conformal transformations which preserve these
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quantities. Later G. Chen, X. Cheng and Y. Zhu proved that if both con-
formally related (o, 3)-metrics F' and F' are Douglas metrics of non-Randers
type, then the conformal transformation must be homothety, and also confor-
mal transformation between two Finsler metrics of isotropic S-curvature must
be homothety [4]. In this paper we study the conformal transformation be-
tween two special class of Finsler metrics of locally dually flat type. Locally
dually flat Finsler metrics are studied in information geometry and naturally
arise from the investigation of the flat information structure, this notion is in-
troduced in [12]. X. Cheng and Y. Tian in 2011 found some equations that
characterize locally dually flat Randers metrics [8]. By assuming conformally
related two locally dually flat Randers metrics we get the following theorem:

Theorem 1.1. Every conformal transformation between locally dually flat Ran-
ders metrics must be homothetic.

Moreover in 2016 G. Chen and L. Liu studied locally dually flat Kropina
metrics [5]. By using the results of this research we prove the following theorem.

Theorem 1.2. Every conformal transformation between locally dually flat
Kropina metrics must be homothetic.

C-reducible Finsler metrics are a special class of Finsler metrics which was
introduced by M. Matsumoto. By Theorems 1.1 and 1.2 we can get this corol-
lary.

Corollary 1.3. FEvery conformal transformation between locally dually flat C-
reducible Finsler metrics must be homothetic.

2. Preliminaries and notations

Let M be an n-dimensional C'°° manifold. Denote by T, M as the tangent
space at x € M, and by TM = UzepTo M as the tangent bundle of M.
Each element of TM has the form (x,y), where x € M and y € T, M. Let
TMy = TM\{0}. The natural projection 7 : TM — M is given by n(x,y) = =.
The pull-back tangent bundle 7*T M is a vector bundle over T'My whose fiber
mTM at v € TMy is just Ty M, where m(v) = z. Then

™ TM = {(z,y,v) |y € TyMo,v € T, M}.
A Finsler metric on a manifold M is a function F' : TM — [0, 00) which has
the following properties: (i) F is C* on T'My; (ii) F(z, Ay) = AF(z,y), A > 0;

and (iii) For any tangent vector y € T,,M, the vertical Hessian of F?/2 given
by

1
gij(2,y) = [QFQ}
yiyl
is positive definite.
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Every Finsler metric F induces a spray G = y° agi — 2G(x,y) 6‘; by (see
[11])
i L 9g;1 99jk i, k
(1) G'(z,y) = 79" (@, {25 ¢ (2,9) — 5 (@ 9)}y'y"
In Finsler geometry there is a quite important class of metrics called (a, §)-
metric. An («, 8)-metric is a scalar function F on TM defined by F := o«b(g),
where ¢ = ¢(s) is a C on (—bg, by) with certain regularity, o = /a;;(z)y’y’
is a Riemannian metric and 8 = b;(z)y’ is a 1-form on M. As we know that
the geodesic coefficients G of F' and geodesic coefficients G?, of « are related
as follows:

(2) G'= Gg +aQs', + a_1®{7“00 — 2aQso}yi + U{rgg — QaQso}bi,

where

QS/
Q=505
o_ 00 —s(00" — ')
2{(¢ — s¢/) + (b* — 5%)¢"}’
\I’ ¢//

T 2{(0—s¢) + (17 - )9}
The Randers metric F' = « + 3, the Kropina metric F' = %2, the generalized

Kropina metric F = o!~™#™ and Matsumoto metric F = aa—jﬁ are («, f3)-
metrics with ¢(s) = 1+ s, ¢(s) = L, ¢(s) = s™ and ¢ = 11, respectively.
Denote the Levi-Civita connection of o by V and define b;; by (b;;)¢’ =
db; — bjGij, where 6% := dz* and Gij = I‘gkdmk. For a generic («, 8)-metric, we

use usually the following notations:

1 1
rij = 50y +b50), sij = 5(bagy = bya)-

Furthermore, we denote

. gtk - i, - j — N
= a"rkg, roo == riy'y, rio =iy’ ri= bt

s =a'

Pl . i — j 2 ._ i
j Skj, S5 = b Sijy S0 ‘= SiY, Sio ‘= Sijy], b :=> bi.

Randers metric is an important class of Finsler metrics which is a special
case of (o, B)-metrics with ¢(s) = 1+ s. By (2) the spray coefficients G* of F
and geodesic coefficients G?, of a are related as follows:

i i €00 i i
(3) G :Ga+(ﬁ780)y +Oé$0,

where €ij = Tij + b7SJ + bjsi and €oo = 6ijyiyj [6]
Another (a, §)-metric that we are interested to study in this paper is Kropina
metric. Let F = % be a Kropina metric on a manifold M, then geodesic
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coefficients G*(z,y) are [13]:

i i o? i 1 ao? i 1 B i

(4) G'=Gg - %50 + @(FSO + ro0)b" — bj(So + Emo)y :
A Finsler metric on a manifold is said to be locally dually flat if at any point
there is a local coordinate system in which the spray coefficients of F' are in

the form
. 1 ..
Gz _ _591]1;]'1/],7
where H = H(z,y) is a scalar function on the tangent bundle TM. Such a
coordinate system is called an adapted coordinate system. It is easy to see
that every locally Minkowskian metric is locally dually flat. But the converse
is not true [7]. In [12], Z. Shen proved that a Finsler metric F'(z,y) on an open

subset U C R"™ is dually flat if and only if the following PDEs hold:
(5) [Fz]:rkylyk - 2[F2]:1:l =0.

In this case, H = —%[F 219", Locally dually flat Finsler metrics are stud-
ied in Finsler information geometry in [12]. In [7], the authors studied and
characterized locally dually flat Randers metrics and obtained the following
theorem:

Theorem 2.1 (see [7]). Let F = a+ 3 be a Randers metric on an open subset
U CR"™. Then F is dually flat if and only if in an adapted coordinate system,
o and B satisfy

(©) G, = (20 -+ 7B)y' — a2(si — 0,

roo = 208 — 575% + (37 + 2702 — 2b,0%)a?,

sio = [0; — 0b;,
where 6 = Ok (x)y* is a 1-form on U, ' := a0y, and 7 = 7(x) is a scalar
function.

The same theorem was studied for Kropina metrics in 2016 as follows.

Theorem 2.2 (see [5]). Let F = %2 be a Kropina metric on a manifold M.

Then F is dually flat if and only if in an adapted coordinate system, [ and «
satisfy

7) Gl = 55 [0+ 00 - )],
(8) ro0 = % {5(%2 +&) — 4(§kbk)042}>
1

(9) Sk = 737 |07 Ok — BK) + T(88 — u6)]

where 0 = 0;(z)y" and & = & (x)y" are 1-forms on M and & := a"¢;.
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Two Finsler metrics F' and F on a manifold M are said to be conformally
related if there is a scalar function o(z) on M such that F = e“®F. A
Finsler metric which is conformally related to a Minkowski metric is called a
conformally flat Finsler metric. Let F and F be two conformally related Finsler
metrics on an n-dimensional manifold M. It follows from (1) that the geodesic
coefficients of F and F satisfy

_ . . 1 - . 1- ., - _
Gt = Gt S PP _Fali E_ @ .
+2F1,ky Yy +259 {Firay” — Fu}

If F=e°@F, then F;k = 0, @ F | where o), := % and o9 = o,y*. Conse-
quently
1 F
G'=G"+ (Jo)y + g’l{(aky VE, — o1 F}
) ) F2 )
(10) =G"+ (00)y" — 703

By a conformal change F = ¢°(*) F' various quantities in (a, §)-metrics are
changed as follows:

G=e"@a, f=er@g,

L t a = 1/0,2]:[/ y] ﬂ = b yl Then a” — e2a($)aij7 d” — e—QU(w)aij7
b = e?@b;, b = e~ 7@, Further7 we have [6]

(11) EiHj = ¢"(®) (bi;j — bjﬁi + faij),

where szJ denote the covariant derivative of b; with respect to @ and f :=
b p,. From (11), we get

1
8ij = e’ (@) [Sij + §(bz‘0j — bjai)},
1
(12) Tij = e (®) [Tij — g(biaj + bjO'i) + fai]}.

3. Proof of Theorem 1.1

Now assume that both F = & + B and F = a + (8 are Finsler metrics of
Randers type. By Theorem 2.1, if F' and F are locally dually flat metrics, then
by plugging F' = e”®) F we obtain the following equations

(13) Gl = (20 + " rB)y’ — 2 @a (e 7b' — 6Y),

(14) oo = 2e°08 — 5% 732 + (37 + 270% — 2¢7b,0%)e* a2,

(15) S_iO = e”ﬂéi - egﬂ_bi,

where 0 = 0y (z)y* is a 1-form on U, #° := a**0,, and 7 = 7(x) is a scalar

function and G%L denote the spray coefficients of F. We need the following
lemma for the proof of Theorem 1.1.
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Lemma 3.1. Let F and F be two Randers metrics which they are conformally
related i.e., F = ¢ @ F. Then

(16) 50 = @K (x)s0,
€00 = 2¢° K (x)08 — 5¢*° Q(x)73? + 2¢° K ()50 3
+ (3Q(2)7 4 2Q(x)7b* — 2¢ b, K (2)0%)e** o?,

where K(x) = g and Q(x) =

These equations can be obtained by using (6), (14) and (15). As we know
the spray coefficients of two conformally related Finsler metrics satisfy in (10).
Plugging (3) into (10), we get

€00 . ) . F?
(17)  GL (ﬁ —50)y° +ash =G, (ﬁ — 50)y" + asy + ooy’ — 5"

By replacing quantities that we get in (6), (13) and (16) in (17), one can see
0= (2K (x)0 +e°Q(2)7B)y" — e27a?(Q(x)Te b — K (2)6")
1
+ {260F(—562"Q(m)7,82 + e K(2)08 + 2e° K(x)s08) — so

+2(3Q(z)7 + 2Q(z)Tb? — zeoka(x)ok)e2va2}yi _ { s

A

+ ﬁ(%ﬁ + 2503 — 5782 + o (31 + 27b* — 2bk9k))}yi —a?p

— (20 + 1B)y" + e* a(BK (x)0" — b K (2)0) — a(B6° — 6bY)
2

+a?7b — ooy’ + 701.

By multiplying both sides of the equation mentioned above by 2F to remove
the denominators and sort this equation by a, we get

0= a3{%ai + K(2)e*7 0" 4+ 7b' — Q(x)1e b’ — 9’} + ocZ{K(x)eQ"Gi,B + §ai[3
— ' 7b? + V'K (2)e?70 — y'e® b K (2)0% + y'e? Q(x)Tb* + y e”Q(x)T
+ 7B + 00 — Q(2)Teb' B — 266" + y'bpf* + €2 LK ()0 — ;yT}
+ a2y K ()0 + ¢ 2K (2)0' + y'e” Q(a)7 — 80" — ooy’ — 4’75
D05 — VK ()05 - 2510 + %%Q} — 00y’ + K (2)(y' 505 + 35705)
~ 308+ 306 — 5o+ G)y'TH - Syier Qs

We can rewrite this equation as the followmg

1. _ _ o .
0= a{a2{§UZ + K(2)e*70" + 7b" — Q(x)Teb" — 01} + a{K(z)ez"Qlﬁ
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+ goiﬁ + VK (2)e?70—Q(x)Te’b' f—y'th? + y'e” Q(x)Tb* + gyie"Q(x)T
+y'bpb* + 00 — y > K (2)0F — 280" + 70 B + €*° BK (2)0" — gy%}
+ 7 BPK (2)0" + y'e” Q(x)TB—B%0"—y (T8 + 09 —2K (2)0) + (b’ B—2y")
— ¥V K (x)08 + goiﬁQ} — {oniﬁ—yiK(x)soﬁ + 34083 + gyie“Q(gc)Tﬂ2
3y K ()08 + y'sof — 506 — Sy},
From this equation, we know that
0=o0y'S —y'K(x)so + 3y'08 — 3y’ K ()63
(15) — 5+ ysoB + Sy QuTE — Syirs
By contracting (18) with y;, we have
0 = o008 + &> K (x)s08 + 3203 — 30K ()03
(19) — 30—053 +a”s08 + gaze"Q(x)Tﬂ2 — ga27ﬁ2.
It follows from (22) that

(20) {K(m)soﬂ 308 — 3K (2)08 + geUQ(x)Tﬁ2 + 008 — gT52 + 505}a2

1

= 50053-

This equality holds if and only if o?y; 3% = 0 then
o' =0.

It means that ¢ must be a constant function, i.e., conformal transformation
must be homothetic.

4. Proof of Theorem 1.2

In this section we try to prove Theorem 1.2. Let F be a Kropina metric that
satisfies dually flat conditions. Then Theorem 2.2 we have

Gl = 5 [w€ + @~ oy,

oo = g | BOE? + €) — 4(689)a°).

S0 = 733 (1200 — 300 + 7(6 — 5e8)),

where 0 = §,()y’ and € = &(z)y’ are 1-forms on M and & := a¥i¢;.

N
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Lemma 4.1. Let F and F be two dually flat Kropina metrics which they are
conformally related, i.e., F = ¢®® F. Then

log

(1) oo = 55 | BUKOY +Q8) — 4(Q8kb)a?],

202
(22)  Gh= g [a%Qe + (K6 — Qo).
(23) 5= ﬁ [bQ(Ke—ﬂebi — e BKO") + 7(e7 BQE" — e—”biQf)] ;
(24) 50 = ﬁ [b2K(eb2 — BORD) + TQ(BELYT — b%)],
where § = K(x) and £ = Q(x).

Proof of this lemma by using (7)-(9) is straight.
By contracting (12) by y* and 3’/ we have following equality

(25) Too = a2 (7“00 + fOé2 — 50'0).
Input (8) and (21) into (25) we can get

o

0= o[B80 + Q8) — 4(Qeb)o?]

1
— {57 [BOV + ) — 46t )0?] + fa? = oo }.
To remove denominators multiply both sides of equation mentioned above by
2b% and sort by «

0= e7{[-4(Qekb") + 4(&b") — 26210
+ (OB + Q€) — (86 + &) + 2%, .
We know that o and j3 are relatively prime polynomial then
(26) 0 = 2(Q&b") — 2(&b") +° f,
(27) 0= (K0b” + QE) — (b + &) + 2b% 0.

Moreover the relation between spray geodesic coefficients of two conformally
related Finser metrics are as follows:
2
. . . « .

Gl =Gl + oy’ — S0
(22) into this very equation we can get
1 . )
biz |:620'Q§Za2 + (K9b2 _ Qg)y}

2

L1 oo 2 il i, Y
—b—z{ag—&-(eb —§)y} on+2a.

By replacing (7) and

0=

Multiply both sides of this equation by 2b%32b;
0= {2@2‘7625%1» — 2tih; + be}a2



CONFORMAL TRANSFORMATION

+ {20508 — Q&) — 2(00° — €) — 20700} 8.
This means that
(28) 0 =2e*Q&"b; — 26'b; + b f,
(29) 0 = 2(K60b* — Q) — 2(0b* — &) — 2b%0y.
By (28) — (26) we have the following

2Q¢'b;(e* — 1) = 0.

Because of 0 = o(z) is a nonzero function then
(30) Q&'b; = 0.
Replace equation (30) into (26)

(31) &b = LT

Moreover by computing (27) x 2 — (29) we can get
4QE — 4€ + 6b%0g = 0.

Differentiating with respect to y* and contracting by b we have

(32) 4QED — 460" + 6V f = 0.

By using (30) and (31), equation (32) can simplified as follows:
40 f = 0.

This means that f = 0. By (27) x 2 — (29) we can get

(33) 20%(2K0 — 20 — o) = 0.

Differentiating with respect to y* and contracting by b’ we have
2K0;b" — 20;b" — f = 0.
By the above calculation we know that f = 0, then
(34) 06 (K — 1) = 0.
Case 1: Let K =1 then by (33) we have
o9 =0,

i.e., the conformal transformation must be homothetic.

415

Case 2: In the case of 6;b° = 0, geodesic coefficients of F' by (4) is as follows:

a2 1 a? 1

(35) G' = Gh — —55 4+ == (=350 + 70)b* — = (50 + %ﬁ)o)yi.

23 B B2

By replacing (4), (35) into (10) we have
, a*, 1.a* . 1. B3 .
0=Gy — 250 + @(ﬁso + 700)b" — 1—72(80 + @roo)y’ -G,
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o’ 1 o i 1 B i ki B2
(36) + %So 2b2(§50+7”00)b + 2 (50 + —5r00)y" — (oky)y" + -0

By using (9), it is easy to get the following quantities for dually flat Kropina
metric F

(37) o = e 3 [0 — )+ 7(5¢" - )],
o [b2(9b2 BOLLF) + T(BERbE — bzg)}.
Replace (7)-(9), (21)-(24) and (37), (38) into (36)

0= [e%a?w (KOW — Qe)y'] +

(38) S0 =

+ B2 + Q) — 4(Qet)a )b

b2
e’ O{ —o i [ed i P i i 263/
- 8Bk? [bQ( o' — e” BKO") + 7(e” BQE" — e~ b QE)}
i B2y
+ 8ab45 [b2K(9b2 — BORbF) + TQ(BELDT — b2§)} B 2b23;2 (KO0 + Qf)}

“ b [~ sa) + 1006 - 1) - 53[0 + 02 ~ )]

+ 8ﬁb4 {b2(0b2 691) + 7(ﬂ£z _ bzf)} + 2ﬁ32/;4 {5(9[)2 + 5) o 4(§kbk)a2
2
- 8624 22000 — 3008+ 7(860 2]~ [5(0r? ) — a(ge)o?]
2
Tt [b2(0b2 BOR*) 4+ 7(BELDT — b%)} — ooyt + % ol

Multiply both sides of this equation by b; and replace &b° = §;b° = f = 0 we
get

1

0= 7 [KOb” — Q<] B —

o [b'K6 — T02Q¢] + o [b1K6 — 7QV*¢)]

8b* 8b23
1 2
+ @ [BKO +QE)] — % [b'K6O — TQV¢] + 2b€ S [0 + Q)]
2 S0~ )8 + 85,)2 (b0 — 26)] - SWWW Tb%¢]
2
(39) = —h [BOV+ OB + o (800 — RG] + L [8(012 + )] — o

Multiply both sides of equation mentioned above by 86*a?3 to remove de-
nominators and sort it by a. So we can obtain

0= a2{8K0b462 — 8D2QEB% + 282 [KOb* + Q&b*] — 282 [b K6 — TQb*¢]
— 80262 [0 — ¢] — 282 (60" + b2 + 26210 — ™)) — 8K B0 |
— 4B [KOb® 4 Q€] + 48 [00% + ¢].
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Then we get
0= 452{2a2[K9b4 +QEV: — Ob* — €1% — broy)

4B KOB? — Q€ + 0b? + 5]}.
Since 8 # 0 then
0 = 2a%[K0b* + QEb? — 0b* — €b? — brog] + B2 [—KOb? — QE + 6b + ¢£].

a? and (2 are relatively prime, this means that the coefficients of 82 and «a?
must be equal to zero

(40) 0= —K60b> — Q& + 0b* + ¢,
(41) 0 = X [KOb* + Q& — 0b* — €] — b0y,
Replace (40) into (41) we get
gpg = 0.
This completes the proof of theorem.

C-reducible Finsler metrics are a class of Finsler spaces which their Cartan
torsion has special form. These spaces first were introduced by M. Matsumoto
[9]. In [10] Matsumoto and Hojo proved that a Finsler space is C-reducible if
and only if the space is either a Randers or a Kropina space. By Theorems 1.1
and 1.2 we can obtain Corollary 1.3.

At the end, we improved the result into general case and get the following
theorem.

Theorem 4.2. FEvery conformal transformation between locally dually flat
Finsler metrics must be homothetic.

Proof. Let F and F be conformally related Finsler metrics such that F' = ¢ F
and both of them are locally dually flat, then we have

[FQ}mkylyk —2[1*:‘2]961 = 0, [FQ]mkylyk —Q[Fg]zz =0.
Substituting the relation F' = e’ F into second equation and by making use the
first one, we get following equation
(42) 4% (o, FFy" — o F?) = 0.

If we put hF = F2(5lk — FFyzyk7 then Ukh;“ = 0. By fundamental tensor g;; we
may also write it as

(Tjhlj = 07
where hj; = F?(g;; — F, Fy;) and o) = o1g”. Matrix hyj is symmetric of
rank n — 1, whose kernel is spanned by the vector (y,...,y"). So the vector
(o1, ...,0™) is proportional to (y*,...,y™), namely

of =yt
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for some function A = A(z,y). Lowering indices yields
o = Agjry" = \.FF,;.

Namely, the vector(a',...,o™) is proportional to (FF,,..., FF,). However,
we know that the Legendre transformation, which sends the vector (y!,...,y")
to (FFy,...,FFEyn), is a diffcomorphism between T,, M \ {0} and T M \ {0}.
For each fixed x, one can choose two values of y such the corresponding vectors

(FFy,...,FFyn) are linearly independent. Being proportional to these two

vectors, (0!, ...,0™) must be zero. As a result, o is a constant. 1
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