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COMPACT SUMS OF TOEPLITZ PRODUCTS ON
WEIGHTED DIRICHLET SPACE OF THE UNIT BALL

YINYIN HU AND YUFENG LU

ABSTRACT. On the weighted Dirichlet space, by the Sobolev’s embedding
theorem, we characterize the compactness for operators which are finite
sums of products of several Toeplitz operators. Moreover, the essential
spectrum of Toeplitz operator is characterized.

1. Introduction

For any integer n > 1, let B,, denote the open unit ball in C,,. The boundary
of B,, is the sphere S,, and the closure of B,, in the Euclidean metric on C,, is
denoted by B,,. Let ¢ denote the rotation-invariant positive Borel measure on
S,., which is normalized so that o(S,) = 1. Let u be a positive regular Borel
measure on the closed interval [0,1] with w([0,1]) = 1, and 1 is in the support
of p. Let v be the product measure of y and o. For f € L'(B,,dv), we have

/f )z /(/f%w )()

The weighted Sobolev space W12(B,,, dv) is the completion of the space of
all polynomials f in z and Z with

|w%ﬂ/fduﬁ+2/ﬂ 1412 me<m

where 9 is the weak partial derivative. Then W12(B,,, dv) is a Hilbert space
with inner product

qmzﬁj@w@/

Z of g +<af ag>
825 azt 07 0z 2

n

where (-, )2 denotes the inner product in the Bergman space L2 (B,,,dv). The
weighted Dirichlet space D(B,,, dv) is the closure of the space of all holomorphic
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320 Y. HU AND Y. LU

polynomials f in W12(B,,,dv) with f(0) = 0, and let Q denote the orthogonal
projection from W12(B,,, dv) onto D(B,,, dv).

Let
WL (B,) = d o € WI2B,, dv), 0, 22, 02 c 1@, dv), i=1,2,....n
n ny b ’321782 nsy ) b bR ) .
For f € W1°°(B,,), a new norm on it is defined by
of of .
* = sl b =1, .
151 = mamax {7 IGE L) i =10

Given a function f € W(B,,), the Toeplitz operator T with symbol f is
defined by Trg = Q(fg) for functions g € D(B,,, dv), then T} is bounded and
IT¢]] < +/nl| fll«. The Hankel operator Hy is defined by Hrg = (I —Q)(fg) for
functions g € D(B,,, dv).

In 1996, T. Nakazi and M. Yamada [5] introduced four Riesz’s functions.
With the help of Riesz’s functions, T. Nakazi and R. Yoneda [6] characterized
completeness of weighted Bergman space L2(D,dodf/2r), where do is a pos-
itive finite Borel measure on [0,1). They proved that when ¢ is continuous
on the closed disk, then Ty is compact if and only if ¢ = 0 on JD. T. Le
[1,2] proved the characterization is also true for the general rotation-invariant
positive Borel measure on the open unit ball and the open unit polydisk.

On the Dirichlet space, Y. J. Lee [3] proved that a compact Toeplitz operator
with a special symbol on the Dirichlet space must be zero. In [7], Yu proved that
this characterization is true for all Toeplitz operators on the Dirichlet space.
In [4], by using complete different arguments, the compactness for operators
which are finite sums of products of several Toeplitz operators is characterized
on the weighted Bergman and Dirichlet spaces.

In this paper, by the Sobolev’s embedding theorem, we characterize the
compactness for operators which are finite sums of products of several Toeplitz
operators on weighted Dirichlet space of the unit ball. Moreover, the essential
spectrum of Toeplitz operator is characterized.

2. Preliminaries

For f € L?(B,,dv), we put

113 = [ 17G)Pav).

The Bergman space L2 (B, dv) is the closure of the space of all holomorphic
polynomials in L?(B,,,dv). Let P denote the orthogonal projection from L2
onto L2.

Lemma 2.1. Suppose f is in D(B,,,dv). Then there exists a positive constant
C such that |f(2)] < C| f]-
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Proof. Since f is in D(B,,dv), by the mean value property, we have

f(z) = /S f(z + rE)do (),

where 0 < r < 1.
Hence,

()] < / (= + r6)|do (©),

and then
1—|z| 1-|2|
/0 FEldu(r) < / /S 1z + 76)|do(€)diu(r)
< / | () d(a)

n

< | 1) g

Since 0 is in the support of p, it is clear that fol_‘z‘ du(r) # 0. Let f =
Y mezin Gm2™, a direct computation gives that

(n—1)Im!
IF15 = ||t =7
2 MGXZ; 4 m| = 1)1
(n — 1)!m!im)|
I£11* = |am | mj 1 T o
mz " (] - 2)!

Thus, with the fact that ||f||2 < ||f]|, we can find a positive constant C' (de-
pending only on z and p) such that

%
rer=c| [ 1swkaw]| =clsl < i .
As a consequence of the above Lemma, each point evaluation is verified to be
a bounded linear functional on D(B,,, dv). Hence, for each z € B,,, there exists
a unique function R,(w) € D(B,,dv) which has the following reproducing
property
9(2) = (9, R-)
for every g € D(B,,, dv).
For multi-indexes m, k € N™, from a direct calculation, we have

<Zm,Zk> _ / Z 0z™ 8zkd (Z)

14
B =1 621 8Zi
n oj—

1 ,
= / rImIFRI=2 () / mikiém_digkidlda(f)
0 Sn
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_{o it m#£k,

ml(n Im! 1 m :
[l fo 20l =Ddp(r) it m =k,

where dj, is the ordered n-tuple that has 1 in the k-th spot and 0 everywhere
else. For s € N, let ay = fol r2%dp(r). For m € N put

1
_|__(tm[=20 1*
em(2) = [m(n— Dimlay, 1] ©
It follows that the set {e,, : m € N"} is an orthonormal basis for D(B,,, dv).
Then

R(z,w) = Z em(2)em(w) = Z |m|(n + |m| — 2)! LM

_ Im)
meNm meNm (n 1).m.a‘m|_1

Lemma 2.2. Suppose f € W (B,,). Then f can be extended to be a contin-
uous function on B,,.

Proof. With the fact that

|f(2) = f(w)] < 2n|z — w| max Sup{l H I}
" zeBy,

Note that f € W (B,,), then it follows max; <<, sup,cp_ {|azfj [, |ayj [} < .
Thus we get f is uniformly continuous on B,,. Since f is bounded and uniformly

continuous, then it possesses a unique, bounded, continuous extension to the
closure B,, of B,,. O

It is well known that the Sobolev’s embedding theorem closely connects the
Dirichlet space and Bergman space. In the following lemma, we will proof part
of Sobolev’s embedding theorem which is in the weighted case.

Lemma 2.3. Suppose fr — 0 in the weighted Dirichlet space, and || fx|| = 1
for every k =1,2,.... Then ||fill2 = 0 as k — oo.

Proof. Suppose fk(z) =D meztn b 2m . Then for given s € Z1",

fkv Z b(k S

mGZ‘*‘”

— <bgk)zs Zs>

:bgk)/ 2(|\ 1)dp(r) / ZSZKS dz|2do, )

Sn j=1
|s|(n — 1)ls!
(n+|s| —2)!"
Since fi, — 0 in D, then (fy, 2%) — 0 as k — co. It follows from the fact that 1

is in the support of p, a)4—1 > 0 for every multi-index s € 7™, Then bgk) -0
as k — oo.

= bgk)a|s\—1
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Note that || fi[|* = Y7_, [|32]3 = 1, then

ml(n —1)!m!
S I e DI g,
mez+n—0 ( + |m| = 2)!

Let € > 0 be given. It follows that for sufficient large |m|, there is an integer
Ny independent of k such that for all m € Z*™ with |m| > Ny, we have

— 1)lm!
3 ‘,,W%_lu

—_ 1)
meZ+T"—0 (n—l—\m\ 1)!

—1)Im! 1
e mln
D bW Pay, Yo+ m| = 2)! (n + |m| — 1)|m]

meZtn—0
< 1 < €
T (n+|m[=1)m|[ 2

Since bg,]f) — 0, there is an integer Ky such that for all £ > K, we have

— 1)Im! €
p(k) |2 (717 z.
> b U G | — 1)1 2

It follows that

(n—1)lm!
1 fell3 = 16820, —————— < (k> Ky).
’ mZ "+ ] = 1)!
Then we get the desired result. O

3. Compact sums of Toeplitz products

In this section, we characterize the compactness of operators which are finite
sums of products of several Toeplitz operators on the weighted Dirichlet space.
Our result generalizes the result of [4] to the high dimensional cases with a
complete different argument. First, we will characterize the compactness of
Toeplitz operators on weighted Dirichlet space of the unit ball. In the following,
Toeplitz operator and Hankel operator on the weighted Bergman space over the
unit ball are denoted by T and Hy.

Theorem 3.1. Suppose that f € WH>°(B,,). Then Tt is compact if and only
if f(€) =0 for almost every €] = 1.

Proof. By Lemma 2.2, we have f can be extended to be a continuous function
on B,. On weighted Bergman space of the unit ball, it is shown in [1] that
Toeplitz operator Tf is compact if and only if f(£) = 0 for almost every [£| = 1.

Suppose that f(¢) = 0 for all |¢| = 1, it is shown in [2] that rfmz is a compact
Toeplitz operator on L2(B,dv). It suffices to show that for all {g.} C D,
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lgell =1, g — O,
2 fgk fgk
Aan(a)| + 3 { | B+ |22} o
I fgell” = ‘/ f(2)gr(z)dv(z +Z{ 0z |l o%;

Since g, — 0 on D, then g—i’j 0 on the Bergman space L2(B,,,dv) for
every 1 = 1,2,...,n. o

There exists a constant M > 0 such that |f(z)| < M for all z € B,, since f
is continuous on B,,. According to Lemma 2.3,

fgk of —of 210012
ZH 3 = E;(%gk,%gk)§n||f||*||9k||2—>07

and
| /7f(2)gk(2)dV(z)l2 < 2% 0
B’Vl

as k — oo. Also,

%2,

0z;

of  of of gk dgr Of dgr ,Ogk
<azjgk’8z]gk>2+< k,f7> <f8zj’82:] gr)2 + <f87zj’f87zj>

of ~ of 5f 3gk dgr Of =~ Ogr Ogk
— — Tip2—=—
= (e, 00 gz iz ¥ g o F g 12 T AT w2 T )
The proof of Y, ||%||% — 0 follows from Lemma 2.3 and the fact that

ﬁ #|2 is a compact Toeplitz operator on L2 (B, dv).
Conversely, suppose that T is compact. For any positive integer M, we
have

Z <Tf€7mem>

|m|=M
(n+ |m| —d; —m—d;

Z Im|(n—1 'm'aM 1 Z +f(2)miz™ "% | miz™ T M dy(z)

|m|=M
_ (n+ M —2)! of(2)
Z (n — 1) Mo, _ 1/13 (5, %+ f(@)ma)
M —1)!
Z ( ) |Z1|2m1 . |Z ‘2(m,—1) |Zn‘2m" dV(Z)
malom_g!omy,!
|m|=M,m;>0

n

_ Z( (TL+M—2)! /B (|zl|2+~~+|Zn|2)M71(af(Z)Zi+f(2)mi)d1/(z)

=1 n — 1)!M!aM_1 821

- =T / || 79 ©r - Daur)
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(n+ M —2) (‘3f
+(n71,M,aM1/ Z )M =1y (2).

Since f is in Q, there exists a positive integer C' > 0 such that |8f | < C for
every t = 1,2,...,n. Let € > 0 be given. There is an integer M, such that for
all m € N” With |m| > M., we have (Tyen,em) < €, and % < e. Thus for
any M > M., then

— 1/ / FrE)do(€)r2 M=V ()|

< (n(;iM 2)' Z (Trem, em)| + — / Z| 2(M—1)|d,/(z)

|m|=M
m—DI(M-1)n+M-1Dle ¢
= (n+M72)! (DM 23

<
- 2M
Then we have

1 )do (€)r* M=V dpu(r) = 0.
MgnooaMl//frfa ulr) =
For each 0 < r <1, put o(r fS (ré&)do(§). By Proposition 3.1 in [1], it is
shown that

S RCLGE

For all multi-indexes l1,l> € N", a direct computation gives that Tz, =

T51, T¢T 1, which is also compact. Thus we have fSn f(f)gllgbda(g) = 0. Since
this is true for all multi-indexes I; and [, we have f(£) = 0 for o-almost all
£E€S,. O

Given a function f € L*°(B,,dv(z)), we define the Hankel operator on
weighted Bergman space
Hy: L2(dv) = (L2(dv))* = L*(B,, dv(z)) © L2(dv(2))
by
Hpg=(I-P)(fg), g€ Li(dv(2)).
For m € Z*" and z € B,,, put
1
o (=14 mD N2
em(z) = ((n — 1)!'mlayy, .
Then the set {€,, : m € Z*"} is an orthonormal basis for L2(B,,) by [2]. Put
_ (n—=14m|)!
" (n=1)Imloyy,
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then €,,(2) = amz™.

Lemma 3.2. For multi-indexes p,s € 7t let f = zPZ° on the closed unit
ball. Then Hy is compact.

Proof. For multi-indexes m, k € N™ and m # k, then
(Hy " Hyen(2),21(2))2
= (fem(2), (I = P)(fer(2)))2
= (fem(2), fer(2))2 — (fém(2), P(fek(2),))2

= —amag(2™TPES, P(2PTRE%)),.

Since
P(zp+k28) = Z (z”+k§‘9,aqz’1>2€q(z)
qEZL*™
= (2PTFzs, ap+k_szp+k75>2’€vp+k—s(z)a
then

(Hy Hpen(2),n(2))2

zm+pES,Zp+k_s>2<zp+kEs Zp+k—s>2

2
= _amakap+kfs<
=0.

s Qptk—s

Thus fjf*H:f is a diagonal operator on L2(B,,,dv) with the respect to the
standard orthonormal basis {&,,,m € Z*"}. The eigenvalues of H f*ﬁ ¢ are

given by
Am = <ﬁf*ﬁfgm(z)7gm(z)>2

for all m € Z*™. Since

~ -1 !
Il = S [ ooy

(n — D'mlayy, Ja;
— (I
_(n—=1+m|)! (n=1lm+p+s)!
= (= Dlmlag P G ] + (o] Js| — 1)
_ Yt prs| (M + p+ 8)l(n — 1+ [m])!
 aml(n+ m| + [p| + |s| — 1)!

9

and

IP(fem)ll3

= ‘<fgm=gm+pfs>2|2
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_ (n—1+ |m|)! (n—14+|m|+ |p| — |s])! (/|Z7”+/’|2dl/(z))2

(n — 1)'m'oz‘m‘ (n — 1)'(m +p— S)!Ot|m‘+‘p|_‘s|

(m+p)2 (n=1+[m[+[p[—[sP!(n -1+ |m“D!O‘IQmHIpI.
mim+p—s)!  (n—=1+[ml+|p)P|m|+|p-s|¥m|

It suffice to prove that || fén||3 — [|[P(fén)]|3 — 0 when |m| — co. By Lemma
2

3 in [6], we have lim,, . % =1 and lim.,,— oo % = 1. The
m m m Pl—I|s

meaning of m — oo is |m| — co. We consider two types of sequences {m(k)}%2

in N” where m(k) = (my(k), ..., mn(k)) such that |m(k)| — oco.

Type 1: some m; (k)z’;l is bounded. Without loss of generality, we denote

m = (1,ma,...,my), which ma,...,m,; — co. It follows that
. At prsl (M + p 4+ 8)(n — 14+ |m])!
L 5 " apmyml(n + ] + o] + [5] = 1)

R G ) R G el
m=o0 (n+ |m[)(n+|m| +[p| +|s| = 1)

< lim L—H: im o
m—oo N, + |m| m—oo N + |m|

=0.

Also we have limy, o0 || P(f€r)]|3 = 0 in the same way.
Type 2: all m;(k) = co. Stirling’s approximation of the Gamma functions
gives
(m +p)??

li =1
mgnoo (m —+ P + s)'(m +p — S)'

and
-1 12
. (1= 1+ ] + o) .
m—oo (n—1+[m|+ [p| + [s])l(n — 1+ |m| + |p| —[s])!

IP(fEma)ll3 1

. o~ 2 .
FemmlZ — Since || fen @3 is

The above two limits imply limg_ oo
bounded, we conclude that

li e, 2 _|P(fe 2
k;ﬂ;o(l\fem(mllg [P (femm))2)

P(fe, 2
| (f;e L(k))2||2 B 1) _o
| femm)ll3

i 7m0

Of course these two types still do not cover all possibilities. However, any
sequence {m(k)}32, with |m(k)| — oo contains a subsequence of either Type 1
or Type 2. Consequently, any sequence {\,,(x)}2Z; contains a subsequence that
converge to zero. It is an elementary fact that this implies limj,,| o0 Ay = 0
as desired. Therefore, H f*ﬁ ¢ is a compact operator, which implies that H ¢ is
also a compact operator. (I
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Thus, for any polynomial p(z,Z), ﬁp is compact. Since any function f in
C(B,,) can be uniformly approximated by polynomials, we conclude that H 7 is
also a compact operator. With this, we get the following theorem.

Theorem 3.3. Suppose f € W1>°(B,,). Then Hy is compact on the weighted
Dirichlet space D(dv).

Proof. For any h € D and g € D+,
(Hyh,g) = (fh,g)

- / FEME) [ GEn(e)

n

af dg Oh  0Og of , g
+Z [ azi>2 g gt (gh 5@}

/ fEm)ane) [ G

af  Og oh Og af  Og
+;[<5‘zih’ 52 H g+ (i ’azi>2]'

Suppose {hi} = 0 on D, and |hg|| = 1 for any k = 1,2, ..., then ||hx|s — 0
as k — oo.

[H el < 1 fll2llPell2 + 29/l £l 2 +

oh
Z |H %]

i=1

Since {hy} ~ 0 on D, then {%’:} % 0 on the Bergman space L2(B,,,dv).
By Lemma 3.2, we get that fIf is compact on L2(B,,dv). It is clear that for
any i =1,2,...,n, [Hp%% |y = 0 as k — co.

Then we get ||Hyhg|| — 0. This completes the proof of the theorem. (]

Now for f € W1°°(B,,), define an operator W : D+ — D by

Wig=Q(fg), geD*-

It is easy to see that Ty, = TyT, + WyH,. With above equation, we have the
following corollary.

Corollary 3.4. Suppose f,g € WH>°(B,,). Then Ty, —T¢T, is compact on D.

More generally, we show that a sum of products of Toeplitz operators can
be a compact perturbation of a Toeplitz operator as shown in the following
lemma which will be a key ingredient in the proof of the main theorem of this
section.

Lemma 3.5. For symbols u;; € Whoo(B,,), there exists a compact operator K
on the weighted Dirichlet space such that

N M;
SN T, =T

=N + K.

= 1“17
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Proof. Since it is known that Ty, — TyT, is compact for f,g € W1>°(B,,), the
proof is similar to Lemma 3 in [4]. O

In Theorem 3.1, it is shown that T’ is compact on weighted Dirichlet space if
and only if f = 0 a.e on S,,. Using this fact together with Lemma 3.5, we prove
the following theorem which generalizes the result of [4] to the high dimensional
case.

Theorem 3.6. Suppose u;; € W1o°(B,,). Then the following statements are
equivalent:
(1) ENIH 1T, is compact on D(B,,,dv).

(2 )Efvll'[Mlu” =0onS,.
Proof. The compactness of LV 11'[ 1Ty and Ty M, ATe the same by
J=1 Wij

Lemma 3.5. Thus the result follows from Theorem 3 1 The proof is complete.
O

4. Essential spectrum

In this section, the essential spectrum of Toeplitz operator on weighted
Dirichlet space over the ball is characterized.

Lemma 4.1. Suppose f € WH(B,,). Then T} — Ty is compact.
Proof. For any g,h € D(B,, dl/) it follows

{ dg af af oh
1

<g’ 821‘ ({921

(17 - )2

=

Hence
((T7 = Tp)g, W < Vol flllBlzlgl + val flllgllzln]-
For any {hy} C D(B,,,dv), ||h] = 1, hx — 0, we have
1T = T bl < VAL Il (T = T)hall+ VAT — Tl
Since (T} — Ty)hy, = 0, it follows that
[(TF — T)he|l2 — 0,
which implies [|(T} — T%)hx|| — 0. This completes the proof. O

Lemma 4.2. Suppose || =1, and let fr(z) = (%)k—(%)k Then
0 on D(B,,dv), where (z,&) = > i, z:&.

w
Hf T

Proof. 1t is sufficient to prove A fk” 82" 2 0 as k — oo, in weighted Bergman

space for each j = 1,...,n. If not, there exists a zy € B,, such that m%(zo)
¢ J

does not converge to 0 as k — co. Hence there exists a ¢ > 0 such that
1+ <207 §>

k|
2

*71 > cllfi-
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Also we can find a p > 1, define S,(§) = {z € ]B%n,|1Jr L > p|zet) z0’5>|}
Vz € 5,(€), it follows that

K 1+ ;Za@ 1 > g 1+ <2Zo,f> Bkt > b1 £y,
Thus
I = [ RS )
> [ PRI 2 (S, 1A
which is contradiction. O

Theorem 4.3. Suppose g € Q. Then o.(T,) = g(Sy).

Proof. Suppose 0 € ¢(S,,), then there exists £ € S,, such that g(§) = 0. Let
fr(%) be defined as in Lemma 4.6, then H{‘%H “0o0n D.

||gfk||2—|/ (=)= \2+Z (29

0 0 0 0
éz,gifw2+495%vgéﬁ> <ﬁc ,fk6%>]

Then by Lemma 2.3 and the proof of Theorem 3.1, we have

(52 S 52 Fi)al + 1C5E fu, g 5ol + g B, S o)l + (e B2 fu 52 )l

af]?)

= k>2+< fk,

+ (g

lim =0
k=00 [1flI?
for every i = 1,2,...,n. And it is clear that
S 9(2) ful(z)dv(2) P lgl3l 13
lim 5 < lim 5 = 0,
k=00 [ koo [ fl?
n 1+(z,
R (Rt s LR o V1O s el LA )
khm Z ||Zf7||21 = khm (5.8 1252 = [g(§)| = 0.
A k Gl = LR 2k-2 0y (2)
The proof of the above is similar to the proof of Lemma 4.2. Since % <

w, then Ty is not a Fredholm operator. And it is clear that 0 € o.(T}).
Then g(Sn) c Ue(Tg)'

Conversely, suppose that 0 ¢ ¢(S,), it follows for any £ € S,,, there exists
€0 > 0 such that |g(&§)| > g0 > 0. Hence Tjy> is a Fredholm operator on the
weighted Bergman space. Since

ey = 3 [ B (7n B 20

i=1
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Let U; be an operator defined by U, f = 5+, 7 = 1,...,n, then Uj is a bounded
J

operator from weighted Dirichlet space to Welghted Bergman space. Thus we

get

Tig) = Z(Aj + UfﬁgPUJ’)7
j=1
where (A;f, h) = <38‘ZL2 fs a%hj>2- In order to prove that Tj,2 is also Fredholm

operator, it suffice to prove that A; is compact. Let f, — 0 in D(B,,,dv), it
follows that || fa|l2 — 0 by Lemma 2.3.

algl* , oh
[4jfall = sup [(4;fa,h)| = sup [ o 72|
Inl|=1 uhn— 0z " 0z
8Igl 8lg|
< Sup, 1Fall2ll = ||oo||*||2 < fall2ll =57~ oo,
it follows that lim,_,o0 ||A4; fo|l = 0. Hence we get that A; is compact for every

Jj=1,...,n. Thus T}y is also Fredholm operator. As T;T,—T|g2, TyT5—T)42,
T; - T is compact, hence T, is also Fredholm operator and 0 ¢ ae( y)- The
proof is complete. O
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