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CYCLIC CODES FROM THE FIRST CLASS TWO-PRIME
WHITEMAN’S GENERALIZED CYCLOTOMIC SEQUENCE
WITH ORDER 6

PraMoD KUMAR KEWAT AND PRITI KUMARI

ABSTRACT. Let p1 and p2 be two distinct odd primes with ged(p1 —
1,p2 —1) = 6. In this paper, we compute the linear complexity of the first
class two-prime Whiteman’s generalized cyclotomic sequence (WGCS-I)
of order d = 6. Our results show that their linear complexity is quite good.
So, the sequence can be used in many domains such as cryptography and
coding theory. This article enrich a method to construct several classes
of cyclic codes over GF(q) with length n = pip2 using the two-prime
WGCS-I of order 6. We also obtain the lower bounds on the minimum
distance of these cyclic codes.

1. Introduction

Let ¢ be a power of a prime p. An [n, k,d] linear code C over a finite field
GF(q) is a k-dimensional subspace of the vector space GF(¢)™ with minimum
distance d. A linear code C'is a cyclic code if the cyclic shift of a codeword in C'
is again a codeword in C, i.e., if (¢cg,...,cn—1) € C, then (¢p—-1,¢0,...,Cn—2) €
C. Let ged(n,q) = 1. We denote by R the ring GF(q)[x]/(z™ — 1). We can
consider a cyclic code of length n over GF(q) as an ideal in R via the following
correspondence

GF(¢)" — R, (C0,C1y- -y Cn1) F Co+Cr1T+ -+ gzt

The total number of cyclic codes over GF(g) and their construction are
closely related to the cyclotomic cosets modulo n. One way to construct cyclic
codes over GF(q) with length n is to use the generator polynomial

" —1
(1) ged(@ —1,5)"

where S(z) = Z?;ol s;x" € GF(q)[z] and s = (s;);—, is a sequence of period
n over GF(q). The cyclic code C; generated by the polynomial in (1.1) is called
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the cyclic code defined by the sequence s°°, and the sequence s> is called the
defining sequence of the cyclic code Cj.

Cyclic codes have been studied in a series of papers due to their efficient cod-
ing and decoding properties and a lot of progress have been adapted (see, for
example [1], [6], [7], [9] and [10]). The Whiteman’s generalized cyclotomy was
introduced by Whiteman and its properties were studied in [12], is an important
technique to sequence design. Ding defined the two-prime Whiteman’s gener-
alized cyclotomic sequence (WGCS) using Whiteman cyclotomic classes in [4]
and its coding properties were studied in [5] and [11]. For keystream sequences
for additive synchronous stream ciphers there are some common cryptographic
measures of their strength such as good autocorrelation property and large
linear complexity. In this correspondence, we calculate the exact value of the
linear complexity of this sequence. This article enrich a method to construct
several classes of cyclic codes over GF(q) using the two-prime WGCS-I with
order 6. We also obtain the lower bounds on the minimum distance of these
cyclic codes.

Our technique to calculate the linear complexity is same as in [4] and con-
struction of cyclic codes over GF(q) follow from [5]. But we need to remark
that in this paper, we investigate the linear complexity of two prime WGCS-I
of order six are same as two prime sequence of order two. Therefore, we con-
struct many classes of cyclic codes over GF(q) for large length. In particular,
we give the parameters of several classes of cyclic codes for ¢ = 2 and ¢ = 3.

2. Preliminaries
2.1. Linear complexity and minimal polynomial

The linear span Lg and the minimal polynomial ms(z) of binary sequence
of a period n over GF(q) can be calculated by the following equations:

_ " -1

~ ged(am — 1, 97(x))’

Ly =n — deg(ged(a™ — 1, 5™(x))).

SOO

ms(x)

We refer the readers to [8] for detailed informations of the linear complexity
and the minimal polynomial.

2.2. The Whiteman’s generalized cyclotomic sequences and its con-
struction

Let n be a positive integer. The multiplicative order of an integer a modulo
n is equal to ¢(n), then the integer a is known as primitive root of modulo n,
where ¢(n) is the Euler phi function and ged(a,n) = 1. Define n = pyps, d =
ged(pr —1,p2 —1) and e = (p1 — 1)(p2 — 1) /d, where p; and py are two distinct
odd primes. From the Chinese Remainder theorem, there are common primitive
roots of both p; and ps. Let g be a fixed common primitive root of both p;



CYCLIC CODES 287

and py. Let u be an integer satisfying
(2.1) u=g (mod p1), u=1 (mod ps).
The Whiteman’s generalized cyclotomic classes D; of order d are defined by

D; ={¢*u’ (mod n):s=0,1,...,e—1}, i=0,1,...,d — 1.

Let
P ={p1,2p1,3p1,...,(p2 — 1)p1}, Q = {p2,2p2,3p2, ..., (p1 — 1)p2},
4-1 5-1
Co = {O} UuQu U Dy; and C7 =PU U Doy,
=0 i=0

-1 d—1
Cy={0yuQu | J D, cy =PuU D
1=0 1‘:%

It is clear that if d > 2, then Cy # Cj and C; # C} . Now we define two
types of Whiteman’s generalized cyclotomic sequences of order d (see [2]).

Definition. The first class two-prime Whiteman’s generalized cyclotomic se-
quence (WGCS-I) A>® = (\;)?~ of order d and period n, is defined by
o 0, if ¢ € Cy,
(2:2) &_{Liﬁea.
The second class two-prime Whiteman’s generalized cyclotomic sequence
(WGCS-II) s = (s;)"= of order d and period n, is defined by
. — 0, if i € Cy,
T 1, ifieCF.
The sets C1 and Cy C Z,, are known as the characteristic sets of the sequence
A% and s°°, respectively and the sequences \; and s; are referred to as the
characteristic sequences of Cy and CY, respectively.

The cyclotomic numbers corresponding to these cyclotomic classes are de-
fined as

(4,7)a=|(D; +1)N Dj|, where 0<4,5<d-—1.
Additionally, for any t € Z,,, we define
d(i,j;t) = |(D; +t) N Djl,
where D; +t = {w+t|w € D;}.

2.3. Properties of Whiteman’s cyclotomy of order d

Here, we review some of properties of Whiteman’s generalized cyclotomy of
order d = ged(py — 1,p2 — 1). The proof of the following lemma follows from
Theorem 4.4.6 of [3].
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Lemma 1. Let the notations be defined as above and t # 0. We have

%7@ i#j, te PUQ,
W50 =3 s ge ) A A
(P1=1=d)(p2=1) i=j,teq, t¢ P

(#',5")a for some (i',7"), otherwise.
The following two lemmas follow from [8].

Lemma 2. Let the notations be defined as before. The four statements given
below are equivalent:
(1) -1eD 4.

(2) 7(’”_129)2_1) is even.

(3) One of the sets of equations given below are satisfied:
p1 =1 (mod 2d), p1 =d+1 (mod 2d),
p2 =d+ 1 (mod 2d), p2 =1 (mod 2d).

(4) pip2 =d+ 1 (mod 2d).

Lemma 3. Let the symbols be defined as before. The following four statements
are equivalent:
(].) —1 € Dy.
(2) 7@171{;21’271) is odd.
(3) The following set of equation is satisfied:
p1 =d+1 (mod 2d),
p2 =d+1 (mod 2d).

(4) pip2 = (d+ 1) =1 (mod 2d).

Now, we employ the sequence A*° (defined in (2.2)) to construct cyclic codes
over GF(q).

3. A class of cyclic codes over GF(q) defined by two-prime WGCS-I

In this section, we compute the parameters of the cyclic code C) defined
by the sequence A* over finite field GF(q), where ¢ is a power of a prime p.
We have ged(n, q) = 1, where n = pyps (product of two distinct primes) is the
length of the cyclic code. Let r be the order of ¢ modulo n. Then, the field
GF(¢") has a primitive nth root of unity. Let o be a primitive nth root of unity
over the finite field GF(gq). We define

(3.1) Ax) = Z rt = (Z—l— Z + Z + Z) z' € GF(q)[x].

ieCy ieP ieD; i€Ds i€Ds
To find the parameters of the cyclic code, for this, first we find the generator
polynomial
" —1
A = e =1 A@)




CYCLIC CODES 289

of the cyclic code C) defined by the sequence A\*°. In the sequel, we need
following results. We have

0=a"—1=(aP)P2 —1= (o —1)(1 +aP* + P +--- + a(pz—l)pl).
It follows that
(32) aPt + a2p1 4+ a(P2—1)P1 = —1, ie, Zai - _1
i€P
By symmetry, we get
(3:3) aP? +a® a2 = e, Y ol =1
1€Q
The following two lemmas follow from [8].

Lemma 4. Let the symbols be same as before. For 0 < j <5, we have

> ait:{ —25 (mod p), ift € P,
—P2—= (mod p), ift € Q.

i€D;
Lemma 5. For any r € D;, we have rD;j = D(;1j)(mod a), Where 1D; =
{’I"t | te D]}
Throughout this paper, let dy = Dy U Dy U Dy and d; = D1 U D3 U Ds.
Lemma 6. Let the symbols be same as before. For all t € Z,, we have

71“2—“ (mod p), ift € P,

_ ) B (mod p), ifteQ,
Ae’) = A, ift € Dy,
—(A(CE) + ].), th e Dl.

Proof. Since ged(py,p2) = 1, we have tP = P if t € P. By (3.1), (3.2) and
Lemma 4, we get

A(at):Za”:<Z+Z+Z+Z>ati

1€Cy i€P i€D;y i€Ds i€Ds

—1 —1 -1
= (=1 mod p)— (p1 5 mod p) - (p1 5 mod p> - (p1 c mod p>

1

If t € Q, then tP = 0. By (3.1), (3.2) and Lemma 4, we get

AMa') =Y ali = (Z+Z+Z+Z>aw

i€Cy i€eP i€D; i€D3 i€Ds

-1 —1 —1
= (p2—1 mod p)— <p26 mod p> — <n26 mod p> - (1)26 mod p)
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:pz—l
2

If t € Dy, we have three cases:
Case I: Let t € Dy, then by Lemma 5, we have tD; = D;. Since ged(t, p2) = 1,
we have tP = P if t € Dy. Hence,

Aah)=) o= (ZJFZ*ZJFZ)W‘

ieCy ieP i€Dq i€D3 1€Ds5

(Texeyey)e

ieP €D, i€Ds i€D;
= A(a).
Case II: Let t € Ds, then by similar to the proof of the Case I, we have
A(a?) = A(a) and Case III: Let t € Dy, then by similar to the proof of the
Case I, we have A(a') = A(a).
Similarly, if ¢ € Dy, we have three cases:
Case I: Let t € Dy, then by Lemma 5, we have tD; = D1 (mod ¢)- Since

ged(t,p2) = 1, we have tP = Pift € D;. We have o —1 = (a—1)(3X1, o) =
0 and @ — 1 # 0, this give 327" o’ = 0. Therefore,

n—1
Zai:1+2ai+2ai+ Z al=0.
i=0 iepP i€Q ielUS_ Dj

From (3.2) and (3.3), we get

(3.4) Y oat=1

ielUS_y Dj

mod p.

Hence

Alah) =D o = <Z+ D+ Z) a' = —(Ae) +1).

1€Cq i€P  1€D; i€D3  1€Ds

Similarly, we can prove other two cases namely, Case II : ¢ € D3 and Case
III: t € Ds. O

Lemma 7. If ¢ € dy, we have A(a) € GF(q) and (A(a))? = Alw). If q € dy,
we have Ala)? = —(A(a) + 1).

Proof. We have ged(n,q) = 1,ie., ¢ € Z%, then ¢ € |J)_,D; = dyUdy. If
q € dp, by Lemma 6, we have (A(a))? = A(a?) = A(a). So, A(a) € GF(q).
Similarly, if ¢ € dy, from Lemma 6, the result follows. O
Lemma 8. If p1p, =1 (mod 12), we have

n—1

M) (A@) +1) = =
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If p1p2 = 7 (mod 12), we have

Ala)(Afa) +1) =

Proof. We have

A(a):—l—l—Zai—&—Zo/—l—Zai,

i€D; i€D3 1€Ds5
and
Ala)(Ala) +1) = — (Z ol Y att Y o/'>
i€D1 i€Ds i€D5
+Z Zai+j+z Zaiﬂ'
€Dy jEDy i€D3 j€D3
P Y a2 3 Y ot
1€Ds5 jEDs5 i€Dy jED3
(3.5) +23 > a2y Y ot
i€D3 jEDs i€Ds jED;

Let p1ps = 1 (mod 12) from Lemma 3, —1 € Dy and from Lemma 5, —D; =
{—t it e D]} = Dj.

Z Z ot = Z Z oI

€Dy jED, 1€Dy jED,
= |Dy| + Z d(1,1;7m)a" + (1,1)6 Z o' +(0,0)6 Z o
rePUQ €Dy ieDy
+(5,5)6 Y o' +(4,4) »_ o
i€Dy i€D3
(3.6) +(3,3)6 Y o' +(2,2)6 Y o,
i€Dy i€Ds
SIS WD P
i€D3 j€D3 i€D3 jE€D3
= |Ds| + Z d(3,3;r)a" + (3,3)6 Z ' +(2,2)6 Z o
rePUQ = ieD;
+ (1,1)¢ Z o’ +(0,0)6 Z o
i€Dy i€ D3
(3.7) +(5,5)6 Y o'+ (4,4)6 Y o,
1€Dy i€Ds5

IDIEED I S

i€Ds j€Ds 1€Ds5 jEDs
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=|Ds|+ Y d(5,5m)a"+(5,5) Y o'+ (4,4) »_ o

re PUQ i€ Dy i€Dq
+(3,3)6 »_ o' +(2,2)5 Y
1€D> 1€D3
(3.8) +(1,1)s Y o' +(0,0)5 Y o,
1€Dy 1€Ds5
23 Y at=2 3 Yt
i€Dq j€D3 i€Dy j€D3
=2 > dB.1ir)a"+(3,1)5 Y o' + (2,006 »_ o
re PUQ@ i€Dg €Dy
+(1,5)6 Y o' +(0,4) »_ o
1€Do i1€D3
(3.9) +(5,3)6 > o' +(4,2)6 > ai> ,
i€Dy i€Ds
23 Y ati=2Y Y at
1€D3 jEDs i€D3 jEDs
=2 > d(5,3im)a" +(5,3)s »_ o' +(4,2)s »_ o
re PUQ 1€ Do €D
+(3,1)6 Y o' +(2,0)5 Y o
i1€Do i€D3
(3.10) +(1,5)5 > o' +(0,4)s > ai> ,
i€Dy i€Ds
23 Y ate2y Y et
i€Ds5 jE€D, i€Ds5 jE€D,
=2 Z d(1,5;r)a” + (1,5)6 Z a4 (0,4)6 Z o
rePUQ i€ Dy i€Dq
+(5,3)6 »_ o' +(4,2)6 Y o

1€D> 1€D3

(3.11) +(3,1)6 Y o'+ (2,006 > o/'> .

i€Dy i€ D5
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Substituting the values of (3.6)-(3.11) into (3.5) and then from Lemma 1 and
(3.4) and [8], we get

Aa)(A(a <Za+za+z )
€Dy icDs Py
+< )ZGDO (3]2\44—1) Z;;loz
() g (Fr) 5
- 12(1’1 “Dp2-1) 3(P1 —1)(p2—7)
36 36
_j)(1p1 - 7;((3;02 —1) +3(p1 - 12(]32 —1)
-1

Now suppose that p1ps = 7 (mod 12). By Lemma 2, —1 € D3 and from Lemma
5 —Dj = {—t:t € D} = D(j43)(mod 6)- Similar to the above proof, in this
case

(3.12) A@)(A(0) +1) =~ L

This completes the proof of the lemma. ([
Note that

(3.13) Ay = D@ =1 g

2
It is elementary to prove the following Lemma:

Lemma 9. If p is an odd prime, then

(2) :{ 1, i p=1(mod 24) or p=7 (mod 24),

P =1, i p=13 (mod 24) or p =19 (mod 24).

Lemma 10. Ifn =7 (mod 12) and 2 =0 (mod p) or n =1 (mod 12) and

221 =0 (mod p), then ¢ (mod n) € do.

Proof. First, we prove that when n =7 (mod 12) and 2 =0 (mod p), then
q (mod n) € dy. Clearly, dp is a multiplicative subgroup of Z. Since ¢ is a
power of p, it is sufficient to prove that p € dy. Let us assume that p € d;.
We deal with p = 2. Let 2 € d;. By the definition of Whiteman’s generalized
cyclotomic classes, 2 = u®g’, 0 < i < e— 1 and s is odd. From (2.1), we have

2=¢""" (mod p;) and 2=g' (mod po).
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Therefore, 2 must be a quadratic residue (non residue, respectively) modulo p;
if it is a quadratic non residue (residue, respectively) modulo ps.

For p = 2, if ”T“ = 0 (mod p), then 8 divides p1ps + 1. Since ged(p; — 1, pa —
1) =6, it is clear that we get only the following four conditions for p; and po,

{ p1 =1 (mod 24),

p2 =7 (mod 24),
p1 =7 (mod 24),
p2 =1 (mod 24),

p1 = 13 (mod 24),

{ p2 = 19 (mod 24)
)

)

{ p1 =19 (mod 24),

)

p2 = 13 (mod 24).

By Lemma 9, it follows that none of the above four possibilities are possible.
This gives a contradiction therefore 2 € dy.

Again suppose that p € d;. Since p € dy, then p=u°¢’, 0 <i<e—1ands
is odd. We have

i

st (mod py) and p=g¢' (mod ps).

p=g

Since s is an odd integer, then we must have

)z

where (—) is the Legendre symbol. If n = 7 (mod 12), by Lemma 2, (p; +p2)/2
is even. If ”T'H = 0 (mod p), then n = p1ps = —1 (mod p). From the Law of
Quadratic Reciprocity,

(;) _ (C)EER) (Z) for i=1,2,

and

It follows that

() G) -

This is contrary to (3.14). Thus, p € dp. Similarly, we prove that if n =
1 (mod 12) and 271 = 0 (mod p), then ¢ (mod n) € dy. O

Let the symbols be defined as in Section 2. We explain the factorization
of 2" — 1 over finite field GF(q). Let po(z) = [[;cq4,(z — ') and py(x) =
[Lica, (z— at), where « is the p;po-th primitive root of unity over GF(q). Let

(aP1)’;0 < i < pg is the pa-th roots of unity of the splitting field 22 — 1 and
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(aP2)%0 < i < p; is the pi-th roots of unity of the splitting field 271 — 1. We
have,

P —1 = H (r —a') and 2P* —1 = H (x —ab).

1€ PU{0} 1€QU{0}
Then we have
n—1
; Pt —1)(2P? -1
(3.15) x”—le(x—al):( x)—(l )u(x),
i=0

where p(x) = po(x)pi(z). It is straightforward to prove that if ¢ € do, then
wi(xz) € GF(q) for i € {0,1}.

Now we are ready to compute the generator polynomial and the linear com-
plexity of the sequence A* (defined in (2.2)). For this, let Q0 = % (mod p),

Qg = pQT_l (mod p) and 2 = Mé”_l) (mod p). We have the following two
theorems.

Theorem 1. (1) Whenn= 7 (mod 12) and “ #0 (mod p) or n=1 (mod 12)
and "T_l Z0 (mod p), then the generator polynomial gx(x) and the linear span

Ly of the sequence A\>° (defined in (2.2)) are given by

In—L lle#O,QQ#O,Q#O’
T it Q1 £0, 2 #0, Q=0,
g)\(l’) = :ij’;:llv if Q1 = 0, QQ 7& 0,
5151:117)( 1y if Ql 7& 07 QQ = 07
z"—1)(z— .
m, if Ql = QQ =0.
and
n, 040, Oy £0, Q£0,
n—1, 0,40, Q9 £0, Q=0,
Ly(z) =< n—pa, if Q3 =0, Qo #0,
n—mpi, 1f§217é0, QQZO,

n—(p1+p2—1),

if 9 =02 =0.

Thus, Cy is the cyclic code with generator polynomial gx(x) as above over
GF(q) defined by the two-prime WGCS-I of order 6 has parameters [n,k,d],
where the dimension k =n — deg(ga(x)).

_g2) When n = 7 (mod 12) and
I =

=0 (mod p) orn =1 (mod 12) and

(mod p), then the generator polynomial gx(x) and the linear span Ly
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of the sequence \>° are given by

ﬁ;@;, if U #0, Q2 #0, Q#0, Ala) =0,
I”jl(;i, if 1 #0, Qo #0, Q#0, Ala) = —1,
TR ifQ#0, Qe #0, =0, Ala) =0,
et if Q1 #0, Qo #0, Q=0, A(a) = —1,
e et if Q1 =0, Qs #0, Ala) =0,
ga(z) = T T if Q1 =0, Qo #0, Ala) = —1,
el if Q1 #0, Qo =0, Ala) =0,
m if U #0, Q2 =0, Ala) = —1,
(2P1 (jclrL)?afgz(I_I)lio(z)v if =0 =0, A(a) =0,
(wpl(fl)?xlp)z(ni_l)l/,)u(z)’ if = Q2 =0, Ala) = —1,
and
p— @@l o yr0) 40, Oy £0, Q#0,
one of A(a) = {0,—1} but not both,
n— B2 DR2 50y L0, Qy £0, =0,
one of A(a) = {0, —1} but not both,
La@) =4 " k22 DF2 - yr () =0, Qy # 0,

one of A(a) = {0,—1} but not both,
n— (pl_l)(]272+1)+27 if L £0, Oy =0,

one of A(a) = {0, —1} but not both,
n— 7@1“)(52“)72, if O = Q2 =0,

one of A(a) = {0, —1} but not both.

Thus, Cl is the cyclic code with generator polynomial gx(x) over GF(q) defined
by the WGCS-I of order 6 has parameters [n,k,d], where the dimension k =

n — deg(gx(x)).

Proof. (1) When n = 7 (mod 12) and 2 #£0 (mod p) or n = 1 (mod 12)
and 21 #0 (mod p), then by Lemma 8, we have A(a) # 0,—1. Therefore,
from Lemma 6, A(a') = 0 only when ¢ is in P or @ or both. By Lemma 6
and (3.13), we follow that the conclusion on the generator polynomial gy(z) of
cyclic code C over GF(q) defined by the sequence A>°. The linear complexity
of the sequence A* is equal to deg(gx(z)).

(2) When n = 7 (mod 12) and 2 = 0 (mod p) or n = 1 (mod 12) and
22l = 0 (mod p), then by Lemma 8, we have A(a) € {0,—1} and p;(z) €
GF(q)[] for each i if ¢ € dy. From (3.13), Lemmas 6, 7 and 10, we follow that
the conclusion on the generator polynomial gy (z) of cyclic code C) over GF(q)
defined by the sequence A°°. The linear complexity of the sequence A* is equal
to deg(g2(2)). O
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The following corollaries follow from Theorem 1, Lemmas 8 and 10 and give
the parameters of the cyclic codes C' with generator polynomial and the linear
complexity of the sequence A>° (defined in (2.2)).

Corollary 1. Let g = 2, the generator polynomial and the linear complexity
are gx(x) and Ly, respectively. We have the following conclusions:

(1) If p1 = 13 (mod 24) and p2 = 7 (mod 24) or p; = 1 (mod 24) and
pe =19 (mod 24), then

z" —1

r—1

gr(z) = and Ly=n-—1.

Therefore, the parameters of the cyclic code Cy over GF(q) are [n,1,n — 1].
(2) If pr = 7 (mod 24) and p2 = 19 (mod 24) or p1 = 19 (mod 24) and

pe =7 (mod 24), then

n

x
P2 — 1

gr(z) = and Ly =n—ps.

Therefore, the parameters of the cyclic code Cy over GF(q) are [n,pa, p1].
(3) If p1 = 7 (mod 24) and py = 13 (mod 24) or p; = 19 (mod 24) and
p2 =1 (mod 24), we have

(2" = 1)(xz—1)
P —1)(aP2 — 1)

gr(z) = ( and Ly =mn—(p1 +p2—1).
Therefore, the parameters of the cyclic code Cy over GF(q) are [n,p2,p1].

(4) If p1 = 1 (mod 24) and p2 = 7 (mod 24) or p; = 13 (mod 24) and
p2 = 19 (mod 24), we have

d Ly=n—
T e Ae) =1 AT 2

I Catn ) N _
o= { LT 1000 )52
(z—1)p ()’

Therefore, the parameters of the cyclic code Cy over GF(q) are

n (p1 —1)(p2 — 1) +2
’ 2

(5) If p1 = 7 (mod 24) and py = 7 (mod 24) or py = 19 (mod 24) and
p2 =19 (mod 24), we have

dl.

1 2

G D Ala) =0 N 1) 4o
gr(z) = (”pﬁgﬁl’“{‘j(””” Z,f () and Ly=n— (pr+1)(p2 —1) + i
ey A

In this case, the parameters of the cyclic code Cy over GF(q) are

(p1+1)(p2 — 1) +2

. .

7d]'
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(6) If pr = 7 (mod 24) and ps = 1 (mod 24) or p; = 19 (mod 24) and
p2 = 13 (mod 24), we have

(z"—1)(z—1) A —0
gx(z):{ @D ¥ A@) 1

" —1)(z—1 . and

Gy i AMe) =
n_ (pr+1)(p2+1) -2
- .

In this case, the parameters of the cyclic code Cy over GF(q) are
(p1 +1D)(p2+1) =2
[n,
2
If ¢ = 3, then we have only one possibility: p; = 7 (mod 12) and ps =
7 (mod 12).

Corollary 2. Let ¢ =3 and p1 =7 (mod 12) and ps =7 (mod 12). Then we
have

Ly =

d).

@ -y _
D f Ala) =0 —1 1) +2

g(z) = { (@7 ks (=) f () and Ly =n — (1 >(p22 FH+2
ey U Ma)=1

In this case, the parameters of the cyclic code Cy over GF(q) are

[ (p1 = D(p2+1)+2
1 2

d.

4. The minimum distance of the cyclic codes

Here, we determine the lower bounds on the minimum distance of some of
the cyclic codes of this paper and the symbols are the same as above.

Theorem 2 ([5]). The cyclic code C; with the generator polynomial g;(x) =
z"—1
xPi—1

has parameters [n, p;,d;] over GF(q), where d; = p;_(_1yi and i =1,2.

Theorem 3 ([5]). The cyclic code Cp, ,, q) with the generator polynomial
g(z) = % has parameters [n,p1 + p2 — 1,d(p, p,.q) over GF(q),

where d(p, p,.q) = min(py, p2).

Theorem 4. Assume that q € dy. Let the cyclic code C%9) with the generator

polynomial g9 (z) = (xipiz_nﬁij(w) has parameters [n,p; + 7(p1_1)2(p2_1),d(i’j)}

over GF(q), where i € {1,2} and j € {0,1} and d) > [VPim(—nel- If
—1 € dy, we have (d9))? —dH3) 41 > Pie(—1)i-

Proof. Let the codeword c¢(x) € GF(q)[z]/(2™ — 1) with the Hamming weight
w in C%9). Choose any r € di. The codeword c(z") with Hamming weight
w in CHE+) mod 2)  Then  we conclude that d(#7) = @(-:0+1) mod 2) " Thyg,
c(x)e(z™) is a codeword of C;. From Theorem 2, C; is the cyclic code with

minimum distance d; = p;_(_1): and the generator polynomial g;(z) = :,,__11
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over GF(¢). Hence, we have (d(%1))? > d; = p;_(_1ys, and (d")2 —d(®) +1 >
Di—(-1)i if —1 € d;. O
Theorem 5. Assume that g € dy. Let the cyclic code cV

(p1,p2)

ator polynomial g§£i7p2)(x) = (m,,ﬁf);;gz(i‘l)lij(z) over GF(q), where i € {1,2}

and j € {0,1}. The cyclic code C((;z p2) has parameters [n,p; + p2 — 1 +
%’dam)}’ where dg;)l,m) > [/min(p1,p2)]. If —1 € dy, we have

(dEfo)l,m)Q - d(fa)l,pz) +1 > min(py, p2).

with the gener-

Proof. Let the codeword c(z) € GF(¢)[z]/(z™ — 1) with Hamming weight w
in C((;Z po): Choose any 7 € di. The codeword ¢(z") with Hamming weight

O((j"rU mod 2) d(j) _ d((j-‘rl) mod 2) Thus
(p1,p2 (p1,p2) (p1,p2) ‘ ’
c(xz)c(z") is a codeword of C(,, p, 4. From Theorem 3, Cp, ,, 4 is a cyclic

code over GF(q) with the generator polynomial g(z) = %

= min(ps, p2). Hence, we have (d(j) )2 2> dipy parg) =

w in . Then, we conclude that

and min-

imum distance d(

p1@2ﬂ) _ (p1,p2)
min(py, p2), and (dE;i7p2))2 — dgi,pz) + 1 > min(py,p2) if —1 € dy. O

Ezample 1. Let (p,m,p1,p2) = (2,1,7,31). We have ¢ = 2, n = 217 and
C) is a [217,121] cyclic code over GF(q) with generator polynomial gy(z) =
(z3f2—117)71}(z) — 296 94 4 91 | 087 L 86 4 85 4 83 4 81 4 80 4 T8 4 7T 4
275 4 72 4 69 4 6T L 065 L 164 L 163 L 60 4 58 4 55 4 058 4 052 4 51 4
o8 4 ot 4t 43 bt % 230 4 33 4 32 4 B 4 0 2% 2% 4
22 19 4 16 415 3 L 210 429 4 2% 4+ 22 + 1. We did some
computation with MAGMA and our computation shows that upper bound on
the minimum distance for this binary code is 31.

Ezample 2. Let (p,m,p1,p2) = (2,1,7,31). We have ¢ = 3, n = 217 and
C)y is a [217,97] cyclic code over GF(gq) with generator polynomial gy(z) =
(mﬁll;d—ll(m) — 120 4 94115 4 113 4 9,109 | 9,108 4 1106 4 4105 4 4,104 4 9,102 |
9710074 298 4 9,96 | 205 | 102 4 190 | 188 | 9,87 | 9,85 4 183 1 9,81 4 ,79 |
JE78 + 21377 +SC76 + 21,75 4 21,74 + 25871 4 21770 +£C69 +1‘67 + 21366 4 21,65 + £ZE64 4
2261 + 200 4 2059 4 256 4 2255 4 2054 4 253 4 251 4 2250 4 2249 4 2446 4 2245 4
o 4 2043 42 ot 4 2239 4 237 4 2230 4 2233 4+ 232 4 230 4 228 4 22 4
2024 4+ 222 + 2220 + 2218 £ 216 4 215 4 21 4 2212 4 221 427 4+ 225 + 1. We
did some computation with MAGMA and our computation shows that upper
bound on the minimum distance for this ternary code is 58. From Theorem 4,
we have the lower bound on the minimum distance for this binary code is 6.

Ezample 3. Let (p,m,p1,p2) = (2,1,7,19). We have ¢ = 2, n = 133 and C),

is a [133,19, 7] cyclic code with generator polynomial gy(x) = % =

o 4 29 4 276 4 257 4 238 + 219 + 1 over GF(q). From the table of linear
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codes, this cyclic code has poor minimum distance. The code in this case is
bad because q ¢ Dy.

5. Conclusion

In this manuscript, we have computed the linear complexities of the two-
prime WGCS-I of order 6. We have also constructed the cyclic codes of WGCS-1
of order 6 over GF(q). If A(«) ¢ {0, 1}, then the least value of linear complexity

isn—(p1+p2—1) and if A(a) € {0, 1}, then the least value of linear complexity

isn— w. Therefore, we conclude that these sequence possesses high

linear complexity. The cyclic codes employed in this paper depend on p1, p2 and
q. When ¢q € Dy, we get a good code. We expect that the codes in Examples
1 and 2 give good codes. When ¢ ¢ Dy, we get a bad code, for example, we
get a bad code in Example 3. Hence, we expect that cyclic codes mentioned in
this article can be employed to construct the good cyclic codes of large length.

References

[1] E. Betti and M. Sala, A new bound for the minimum distance of a cyclic code from its
defining set, IEEE Trans. Inform. Theory 52 (2006), no. 8, 3700-3706.

[2] Z.-X. Chen and S.-Q. Li, Some notes on generalized cyclotomic sequences of length pq,
J. Comput. Sci. Tech. 23 (2008), no. 5, 843-850.

[3] T. W. Cusick, C. Ding, and A. Renvall, Stream Ciphers and Number Theory, North-
Holland Mathematical Library, 55, North-Holland Publishing Co., Amsterdam, 1998.

[4] C. Ding, Linear complezity of generalized cyclotomic binary sequences of order 2, Finite
Fields Appl. 3 (1997), no. 2, 159-174.

(5] , Cyclic codes from the two-prime sequences, IEEE Trans. Inform. Theory 58
(2012), no. 6, 3881-3891.

[6] C. Ding, X. Du, and Z. Zhou, The Bose and minimum distance of a class of BCH codes,
IEEE Trans. Inform. Theory 61 (2015), no. 5, 2351-2356.

[7] M. van Eupen and J. H. van Lint, On the minimum distance of ternary cyclic codes,
IEEE Trans. Inform. Theory 39 (1993), no. 2, 409-422.

(8] P. K. Kewat and P. Kumari, Cyclic codes from the second class two-prime Whiteman’s

generalized cyclotomic sequence with order 6, Cryptogr. Commun. 9 (2017), no. 4, 475—
499.
[9] J. H. van Lint and R. M. Wilson, On the minimum distance of cyclic codes, IEEE Trans.

Inform. Theory 32 (1986), no. 1, 23-40.

[10] F. J. MacWilliams and N. J. A. Sloane, The Theory of Error-Correcting Codes. II,
North-Holland Publishing Co., Amsterdam, 1977.

[11] Y. Sun, T. Yan, and H. Li, Cyclic code from the first class whiteman’s generalized
cyclotomic sequence with order 4, CoRR, abs/1303.6378, 2013.

[12] A. L. Whiteman, A family of difference sets, Illinois J. Math. 6 (1962), 107-121.

PramMoD KUMAR KEWAT

DEPARTMENT OF APPLIED MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY (INDIAN SCHOOL OF MINES)
DHANBAD 826 004, INDIA

Email address: pramodk@iitism.ac.in



CYCLIC CODES

PriTI KUMARI

DEPARTMENT OF APPLIED MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY (INDIAN SCHOOL OF MINES)
DHANBAD 826 004, INDIA

Email address: priti.jsr13@gmail.com

301



