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LEHMER’S GENERALIZED EULER NUMBERS IN
HYPERGEOMETRIC FUNCTIONS

RupAM BARMAN AND TAKAO KOMATSU

ABSTRACT. In 1935, D. H. Lehmer introduced and investigated general-
ized Euler numbers W,,, defined by
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where w is a complex root of z2+2+1 = 0. In 1875, Glaisher gave several
interesting determinant expressions of numbers, including Bernoulli and
Euler numbers. These concepts can be generalized to the hypergeometric
Bernoulli and Euler numbers by several authors, including Ohno and the
second author. In this paper, we study more general numbers in terms
of determinants, which involve Bernoulli, Euler and Lehmer’s generalized
Euler numbers. The motivations and backgrounds of the definition are
in an operator related to Graph theory. We also give several expressions
and identities by Trudi’s and inversion formulae.

1. Introduction

In 1935, D. H. Lehmer [17] introduced and investigated generalized Euler
numbers W,,, defined by the generating function

(1) m ZW

where w = _1% V=3 and w? = @ = _1% V=3 are the primitive cube roots of
unity. Notice that W, = 0 unless n = 0 (mod 3). The sequence of these
numbers is given by

{Wsn}tn>0 =1,-1,19,—-1513,315523, —136085041, 105261234643,
—132705221399353, 254604707462013571, . ..

and the sequence of these absolute values is recorded in [19, A002115]. In [14],
the complementary numbers W(J ) ( =0,1,2) to Lehmer’s Euler numbers are
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defined by the generating function
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n= 1

Notice that Wéj) =0 unless n =0 (mod 3). When j =0, W,, = WY(LO) are the
original Lehmer’s Euler numbers. When j = 1, we also have

3 ZWl)t _ 3t

= .
et + w2ewt 4 wewt

Lehmer’s Euler numbers and their complementary numbers W(] ) can be con-
sidered analogous of the classical Euler numbers F,, and their complementary
Euler numbers F,, ([11,16]). For, their generating functions are given by

@ Seb e et (S )
= "n!' " cosht et 4et — (20)!
and
oLt ot 2t <o\
5 E,— = = - v
5) ; "n!  sinht et —et (; (21 + 1)!) ’

respectively. For N > 0 hypergeometric Euler numbers Ey , ([11,16]) are
defined by

1 _ 2N /(2N)!
. . = N—
1F2 (LN +1,(2N +1)/2582/4) - coshit — S0 Fe2n/(2n)!
e tn
=2 Eva
— n!

where 1 Fy(a; b, ¢; z) is the hypergeometric function defined by

el (a)(n) Pl

1F5(a;b,¢2) = ZWJ

n=0
Here ()™ denotes the rising factorial, defined by ()™ = z(z+1) - - - (z+n—1)
(n > 1) with ()® = 1. When N = 0, E, = Ey,, are the original Euler

numbers. Similarly, hypergeometric Fuler numbers of the second kind ENJL
([11,16]) are defined by

1 - 2N+ /(2N + 1)!
1F2(L;N +1,(2N +3)/2,2/4)  sinht — SN " e2n+1 /(20 + 1))

o n
= E EN’”E
n=0
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When N = 0, En = Egm are the original complementary Euler numbers.
There are many kinds of generalizations of Euler numbers, but hypergeometric
Euler numbers have advantages as natural extensions in terms of determinant
expressions ([11,16]). For N > 0 and n > 1, we have

(2N)!

(2N +2)! 1
(2N)! (2N)!
2N+4)! (2N+2)!
(6) Enzn = (—1)"(2n)! : : 1
(2N)! (2N)! (2N)! 1
(2N+2n—2)!  (2N+2n—4)! (2N+2)!
(2N)! (2N)! (2N)! (2N)!
(2N+2n)! (2N+2n—2)! 2N+4)! (2N+2)!
and
(2N+1)! 1
2N+3)!
§2N+1g! (2N+1)!
(2N+5)! (2N+3)!
(7) Enazn = (=1)"(2n)! : : 1
(2N+1)! (2N+1)! (2N+1)! 1
2N+2n—1)! (2N+2n—3)! (2N+3)!
(2N+1)! (2N+1)! (2N4+1)!  (2N+1)!
(2N+2n+1)! (2N+2n—1)! 2N+5)! (2N+3)!

When N = 0 in (6), we have a famous determinant expression of Euler numbers

discovered by Glaisher in 1875 ([3, p.

52)).

Similar hypergeometric numbers are hypergeometric Bernoulli numbers By,

([4-9]), defined by

(8) . -

tNV /N

1Fi(L; N+ 15t)

et — Zg:_ol t"/n!

- t
= Z BN,nH )

n=0

n

where 1 Fy(a; b; 2) is the confluent hypergeometric function defined by

. B e (a)(n) P
1F1<a7b7 Z) - Z (b)(n) ﬁ .

n=0

The determinant expression of hypergeometric Bernoulli numbers are given by

N!

NI 1
N! N!
(N+2)! (N+1)!
(9)  Bnn=(—1)"n! : : 1
N! N! N! 1
Nin—D! (Nin—2)! (N
N N N NI
N+n)  (Nan-1)! 1ol (NED!

When N =1, B,, = By, are the classical Bernoulli numbers defined by

(10) !

o0
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et —1 :ZB"H'

n=0
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The determinant expression for the classical Bernoulli numbers was discovered
by Glaisher ([3, p. 53]).

In this paper, we introduce and study the hypergeometric Euler numbers of
higher grade are introduced as total generalizations of hypergeometric Euler
numbers, hypergeometric Euler numbers of the second kind, hypergeometric
Bernoulli numbers as well as Lehmer’s generalized Euler numbers.

2. Hypergeometric Lehmer-Euler numbers of higher grade

For N,n > 0, define hypergeometric Lehmer-FEuler numbers WI(\f)n . (1=0,1)
of grade r by

)
(11) ZWN,n,rﬁ

n=0

IN+j+1 rN+j+2 PN +j4+r ("))
= (15| 1 il = )

) ) ’
T T T r

where 1 F,.(a; b1, ..., by;2) is the hypergeometric function, defined by

1 T(a,bl, a)b’ﬁz) nZ:;) (bl)(n) . (b,r)(n) n!

From the definition, W](Vj) = 0 (mod r) unless n = 0 (mod r). When

N =0 and r = 3 in (11), (J) Wéj) 5 are the Lehmer’s generalized Euler
numbers (j = 0) in (1) and thelr complementary numbers (j = 1) in (3). These
numbers where r = 3 have been extensively studied by Ohno and the second
author ([14]), including congruence properties. When N = 0 and r» = 2 in
(11), E, = WO(J732 are the classical Euler numbers (j = 0) in (4) and their
complementary numbers (j = 1) in (5). When 7 = 1 and j = 0 in (11),
Bnp = W( ) n,1 are the hypergeometric Bernoulli numbers. When N =r =1

and j =01in (11), B, = W1(,072,1 are the classical Bernoulli numbers in (10).
We can write (11) as

(12)

5 PR
r

F(l rN+j+1 rN+j+2 rN+j+r.<t)r)
1 [
r r r

> trm

nzzo(rN+j+1)(7’N+j+2)~~(7’N+j+7‘n)
_ i (PN A _ i _ONADE
B « (rN +rn+ j)! B = (rN+rm+j5)
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When N =0 in (11), ,92 = WO(J) are the Lehmer-Euler numbers of grade
r, defined by

r —1
i1 42 AT [t
1 W(a)i (1.7 (2 .

If r = p is prime, the generating functions of Lehmer-Euler numbers of
degree p can be expressed by

Sl -
n=0 n! Zl 0 eC !
and -
n
S W = <
n=0 ’ Z C

where (, is the (primitive) p-th root of unity.

The definition (11) with (12) may be obvious or artificial for the readers with
different backgrounds. However, there are motivations from Combinatorics, in
particular, graph theory. In 1989, Cameron [2] considered the operator A
defined on the set of sequences of non-negative integers as follows: for z =
{zn}n>1 and z = {2, }n>1, set Az = z, where

(14) 1+ i Zptt = (1 — i J;nt”>
n=1 n=1

Suppose that z enumerates a class C. Then Ax enumerates the class of disjoint
unions of members of C'; where the order of the component members of C' is
significant. The operator A also plays an important role for free associative
(non-commutative) algebras. More motivations and background together with
many concrete examples (in particular, in the aspects of Graph theory) by this
operator can be seen in [2]. In the sense of Cameron’s operator A, we have the

following relations:
A N! _ [ By
(N+n)f | n [’
Lfoemr
(2N +2n)! |
ANty Enon
(2N +2n +1)! @n)! [~
W BN ‘
(BN +3n+)![
These relations are interchangeable in the sense of determinants too. See

the Section 5 about Trudi’s formula.
We have the following recurrence relation.

-1
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Proposition 2.1. For N >0 and 5 = 0,1, we have

n—1 .
j N +j)! )
W(J) — _ ( ) (’I" W J >1

N,rn,r ; (T’N+Tn —rk +]) (T‘k) N,rk,r (n = )

with W, = 1.
Proof. By (11), we get

(N+D o) (N
1 t w
( + Z (rN + 7l +j)! ) <Z Nyrn,r (rn)!

n=0

i v,

Z Nrnr 7"77, ZZ rN+7"n*7”k+.7)(rk)trn.

=1k=0

Comparing the coefficient on both sides, we obtain

W SN
2 TN e ke 0 2

We have an explicit expression of W](\f)nr

Theorem 2.2. Let j =0,1. Forn >1,

| " N+
2 DY (=nF D (e + :
Ny = (110) k§:1( ) po e PN i+ ) (PN i+ )
i1, ip>1

Proof. The proof is done by induction for n. From Proposition 2.1 with n = 1,

rI(rN + j)! G rirN+g)!

W(]) — = 7
Nyryr (rN +j+7r) NOr (rN +j+7r)!

This matches the result when n = 1. Assume that the result is valid up to
n — 1. Then by Proposition 2.1

Wirs _ 53 ON+t Wi,
(rn)! — (rN +rn—rli+35)! (rl)!
n—1 . l
(rN + j)! &
=- ~1
Z TN-l—TTL—Tl-f—])'kz::l( )
k
N !
< 3 ((rN +5)!)
iyt tig =1 (TN+T21 +j)' (TN+T7’]€ +])
i1peenip>1
(rN +j)!

~ (rN+rn+j)!
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n—1 n—1 .
= — (rN +rn—ri+j)!
Ak

" Z ((rN+])!)
T (rN +riy + ) (rN + rig + §)!
i1y i >1

__(rN )
(rN +rn+ j)!

n n—1 .

— _Z(_l)k—l Z (TN+J)!
= Sl (rN +rn—ri+3j)!

N\ k—1
el PN i+ ) (PN iy 4 5)!
iq,.i_1>1

~__(rN+)!
(rN +rn+ j)!

:i(_l)k Z ((TN'F])')

(rN +rig + )V (rN + rig + 5)!

i)

it tig=n
i1, >1

(N )
(rN +rn+ j)!

:zn:(_l)k Z ((TN—"j)!)k

(rN +7rig + )1 (PN 4+ rig + 5)!

(n—l:ik)

[

i1t tip=n
i1y i >1

There is an alternative form of W](\?)nr by using binomial coefficients. The
proof is similar to that of Theorem 2.2 and is omitted.

Theorem 2.3. Forn > 1,
w

N,rn,r

n AN
— (rn)! (4)’@("“) 3 (N +5))

kE+1 (rN 4+ 7riy + )1 (PN 4+ rig + 5)!

i1+ tig=n
i1,..0,ig >0

3. Determinant expressions

In this section, we shall show an expression in terms of determinants. This
result is a generalization of those of Bernoulli, Euler numbers and Lehmer’s
Euler numbers of grade 3.

Theorem 3.1. Forn > 1,

W

N,rn,r

= (—=1)"(rn)!
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(rN+j)! 1
(rN+j+r)!
(rN+j)! (rN45)!
(rN+j+2r)! (rN+j+r)!
x : : 1
(rN+j)! (rN+j)! (rN+j)! 1
(rN+rn+j—r)! (rN+rn+j—2r)! (rN+j+r)!
(rN+j)! (rN+j)! (rN+j)! (rN+j)!
(rN+rn+j)! (rN+rn+j—r)! (rN+j+2r)! (rN+j+r)!

Proof. For simplicity, put WNm =

that for any n > 1

(—1)”/TWJ(\,j7)7L7T/n!. Then, we shall prove

(rN+j)! 1

(rN+j+r)!

(rN+j)! (rN+3)!
~ (rN+j+2r)! (rN+j+r)!
(15) Wi .rn = : : 1
(rN+j)! (rN+j)! (rN+j)! 1
(rN+rn+j—r)! (rN+rn+j—2r)! (rN+j+r)!

(rN+j)! (rN+j)! (rN+j)! (rN+j)!

(rN+rn+j)! (rN+rn+j—r)! (rN+j+2r)! (rN+j+r)!

When n = 1, (15) is valid because by Theorem 2.2

WN,'/‘ —

(rN +j)!
(rN4+j+n)!"

Assume that (15) is valid up to n — 1. Notice that by Proposition 2.1, we have

WN,'r‘n -

n—1

D

k=0

(D" "N +5)! s
(rN 4+ rn—rk+ j)!

N,rk -

Thus, by expanding the first row of the right-hand side (15), it is equal to

(rN+j)! -
(rN +j+7)! Nyrn—r
(rN+j)! 1
(rN+j+2r)!
(rN+j)! (rN+j)!
(rN+j+3r)! (rN+j+r)!
- : : 1
(rN+3)! (rN+j)! (rN+3)! 1
(rN+rn+j—r)! (rN+rn+j—3r)! (rN+7+r)!
(rN+j)! (rN+j)! (rN+j)! (rN+4)!
(rN+rn+j)! (rN+rn+j5—2r)! (rN+j+2r)! (rN+j+r)!
_ (rN +j)! W (N <
(TN+]+T)' N,rn—r (TN+]+2T)' N,rn—2r
(N4 i
n rN+rn+j—r)!
ok (1| ORI vy
(rN+rn+j)! (rN+j+r)!
n—1 .
1) k(N 4 ) - ~
= Z ( ) ( j)' WN,rk = WN,rn .

k=0

(rN 4+ rn—rk+j)!
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i _ _(rN+j)! i _
Note that Wy, = GNFIE and Wy = 1. [l

Remark 3.2. When N = 0, »r = 3 and j = 0,1, we have an determinant
expression of the Lehmer’s Euler numbers and their complementary numbers

Wi =W, 5 ([14)):

1
- 1
(G43)! L
‘ (j+6)! (G+3)!
Wi = (-1)n@n)t| L
1 1 NP
n+j—3)! 3n+;—6)! j !
(3 +f 3) (3 +f 6) (J+13) .
(Bn+4)! (3n+j—3)! (+6)r  (G+3)!

However, Wé 3)n 3 # Wéi) because these generating functions are given by

> t3n o 2t3l N

S it = (14 e
»ON, | |

o (3n)! — (314 2)!

and )
- ¢3n
Wi 1
2 Wan i = +Zgl+2 :
n=0
respectively.

4. Incomplete Lehmer-Euler numbers

In order to generalize the hypergeometric numbers W(J ) . we shall intro-
duce two kinds of incomplete Lehmer-Euler numbers. Slmllar but slightly dif-
ferent kinds of incomplete numbers are considered in [10,12,13,15]. For j = 0,1
and n > m > 1, define the restricted hypergeometric Lehmer-Euler numbers

W](\,j’)n’r}Sm of grade r by

N (PN, -
(16) ZWNnr<m ( +l§; TN+Tl+])t )

and the associated hypergeometric Lehmer-Euler numbers W](Vj’)anm of grade
r by
= t (rN + j)! -
17 W) 1 Tyl
( ) ngo Nnr>m +Z TN+TZ+])
When m — oo in (16) and m = 1 in (17), W}\{)n c =W e =W o ate
the original hypergeometric Lehmer-Euler numbers of grade r, defined in (11)
with (12). Hence, both incomplete numbers are reduced to the hypergeometric
Lehmer-Euler numbers too.
Notice that W](\?)n r<m = W](V)n r>m = 0 unless n =0 (mod 7).
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The restricted hypergeometric Lehmer-Euler numbers satisfy the following
recurrence relation.

Proposition 4.1. For j = 0,1, we have

n—1 .
() (rn)lrN+ ) ) >
= > 1
Mo =Gy N =k (k)L Nk (nz1)

with Wil < = 1.

The associated hypergeometric Lehmer-Euler numbers satisfy the following
recurrence relation.

Proposition 4.2.

; — I(rN + j)! ;
W@ S (rn) W) >
N,rn,r,>m — (’I‘N +rn—rk +])'(Tk)' N,rk,r,>m (n = m)

with W](Vj,)(),r,Zm =1 and W](Vj,)r,r,Zm == WI(\/'j)r(m—l)Ar >m 0.

Proof of Proposition 4.1. By the definition (16), we get

(PN 4 ) — 1 (7) trn
1= (1 S e A
< - Z (rN + 7l + j)! Z Wi rm.rzm (rn)!

=1 n=0

rn : (49)
— iw(]) 3 +Z Z (TN+])'W]\/€rkT<m £
o Nn-nmém (TN +rn—rk +j) (Tk) :

n=1 k=max{n—m,0}

Comparing the coefficient on both sides, we obtain the first identity. O
Proof of Proposition 4.2. By the definition (17), we get

(rN+ )\ [0 t
- (” > T ) (Z Wz G

l=m =0

SDICINGATS y) ptakelils <3 TR
Nyrnr,2m — = rN+Tn—rk+_])(rk)!
Comparing the coefficient on both sides, we obtain the desired result. (Il

The restricted and associated hypergeometric Lehmer-Euler numbers have
the following expressions in terms of determinants. All elements in some more
bands become 0, in the expression in Theorem 3.1.

Theorem 4.3. For integers n and m with n > m > 1, we have

W](Vj,)rn,r,gm = (_1)”(Tn)|
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(rN+4)!
Nty L0
(rN+j)!
(rN+rm+j)!
X 0 0
1
(rN+j5)! (rN+j)!
0 (rN+rm+j)! (rN+j+r)!
Theorem 4.4. For integers n and m with n > m > 1, we have
0 1 0
0
i n (rN+7)!
Moz = (C0"0n)! | GNEmmy .
: - 1
(rN+j)! . (rN+j)! 0 --- 0
(rN+rn+j)! (rN+rm+j)!
n—m-+1 m—1

495

Proof of Theorem 4.3. For simplicity, put WN,m,gm = (—1)"1/171(;)m r<m/ (T7)!

and prove that forn >m > 1

(18)
(rN+j)!
oneyr b0
(TN.+j)!
. (rN4+rm+4j)!
WN,rn,Sm: 0

(rN+j)!
0 (rN+rm+j)!

0

1
(rN4j)!

(rNtj+r)!

n—m m

When n = m, we have WN,rm,gm = WNWm, which is reduced to Theorem 3.1.
Assume that (18) is valid up to n — 1. If n > 2m, then the determinant on

right-hand side of (18) is equal to

WN,rnfr,Sm . WN,rn72r,§m
(rN+j+7r)  (rN+j+2r)!
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(rN+7)!

(rN+rm+j)!

0

WN,rnf?r,Sm

T ("N+r+j)

= WN,Tn,Sm .

(rN 4+ 2r + j)!

4o (1)

1 0
(rN+j)!
(rN4r+j)!
(rN-Jrj)!
(rN+rm+j)!
(rN+j)!
(rN+rm+j)!

m—1 WN,rnfrm,Sm
(rN 4+ rm + j3)!

1
(rN+j)!

If m < n < 2m, then the determinant on right-hand side of (18) is equal to

77(3) 17(9)
W]\;,rn—r,gm B W]\;,rn—%’,gm
(rN+4+r+5)! (rN+2r+j)!
(rN+j)!
TNFra—rmI ) 1 0
(rN+j)! (rN+j)!
+ (_1)m—n—1 (rN+rm-+j)! (rN+2rm—rn+j)!
0 .
0 (rN+j)!
(rN4+rm—+j)!

WN,rnfr,Sm

WN,Tn72r,§m

T ('N+r+j)!  (rN+2r+j)!
_ WN,T’I’L*T,STH . WN,T"I’L*Q’I‘,SM

(rN+4+r+75)! (rN+2r+j)!
= WN,T'n,Sm .

+ ”_’_(_1)nfmfl

1
(rN+j)!

(rN+r+5)!

WN,rm,Sm

— I/T/Nrnfr'm <m
.. _1 m—1 i) » =
+(=1) (rN 4+ rm + j)!

(rN 4+ rn—rm+j)!

O

Proof of Theorem 4.4. For simplicity, put WN,rn,Zm = (=1)"Wn.rnr>m/(rn)!

and prove that

(19)

WN,rn,zm =

0 1 0
0
(rN+j)!
(TN+?tm+j)! 0
. . 1
(rN45)! NED g ... 0
(rN+rn+j)! (rN+rm+j)!
n—m+1 m—1
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If m < n < 2m, the determinant on the right-hand side of (19) is equal to
0 1 0
: 0
0
(rN+j)!
(rN+rm+j)! e 0
(rN+)! : 1
(rN+rn+j)! 0o -.- o0
m—1
1 0
(—1)™(—1)m+ (rN + j)! 0 _ (rN + j)!
(rN 4+ rn+ j)! . (rN 4+ rn+ j)!
0 0 1
Since only the term for kK = 0 does not vanish in Proposition 4.2, we have
(rN +j)!
W .r =2
Nrn,2m (rN +rn+ j)!
If n > 2m, the determinant on the right-hand side of (19) is equal to
(rN+j5)! 1 0
(rN+rm-+j)!
- 0
_ 0
(=)™t (rN+)! 0
(rN4+rm+j)!
: : 1
(rN i)t (rN+)! (rN+j)! 0 - 0
(rNFrmtDt - G m 1) CINFI )] e
n—2m+1 el
77(9)
- (_ )mfl WN,rn—rm,Zm
(rN 4+ rm+j)!
(rN+j)! 1 0
(rN+rm+r+j)!
. 0
0
+ (=)™ (rN+j)! 0
(rN4+rm+j)!
: : 1
N+ (rN-+j)! (rN+)! 0 --- 0
CNHH) N FReme T CINEI )
m—1
n—2m
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— )" *WN ok, >m <
= WNyrn,>2m -
= N + n — k) _"_ J) ™ m
Here, we used Proposition 4.2 again. O

There exist explicit expressions for both incomplete Lehmer-Euler numbers.
Theorem 4.5. Forn,m > 1,
n . k
(rN + j)!)
w = (rn)! —1)* ( - — .
N,rn,r,<m ( ) kgl( ) i1+-;k:n (’rN—f—?"Zl +.7)'(7“N+’I“Zk+])'

1<iq,. i <m

Theorem 4.6. Forn,m > 1,

n NN
: N +j)!)
wi) = ()Y (—1)F (r .
Nrnrzm = (1) ;( ) M;k (PN +rig+ ) (PN +rig + 5)!

i1seeip=m

Proof of Theorem 4.5. When n < m, the proof is similar to that of Proposition
2.1. Note that in the proof of Proposition 2.1,

1<n—-l=i4u<n—-k+1<n.
Let n > m + 1. By Proposition 4.1
W(j)

N,rn,r,.<m
(rn)!
= (TN+J)'W](\7)rnr<m

(rN +rn —rl+ 5))(rl)!

(]

l=n—m
_ Tf (rN +j)! l
- — )
= (rN +rn—rl+ j) k:l
k
y Z (( N+J))
o (PN i) - (rN 4 rig + j)!
1<ty ig <m
n—1 l
= X i !
— (rN 4+ rn—rl+j)! —
k
((TN+j)!)
x>

e T (rN +7riy + ) (rN +rig + j)!
1<iq,..yip<m
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n—m—1

(rN + j)!
* ; (rN+rn—ri+7) 'Z

((TN+j)!)
X Z (rN +7riy + ) (rN + rig + j)!

ipeig =1
1<iy,...,ip<m

n—1 .
(rN +j)!
DD =
po — (rN +rn—rl+j)!

Z ((TN+j)!)
T (rN +7riy + ) (rN + rig + j)!
1<y, i <m

n—m—1 n—m—1

(rN + j)!

+ (-1 Z
= — (rN +rn—ri+3j)!

Z ((TN+j)!)

(rN 4+ riy + ) (rN 4+ rig + j)!

Qg4 i =L
1<y, i <m
n n—1 .
S Y e
P Bt (rN +rn—rl+j)!

k—1

N +j)!

C Y B () )
oo o PN Fri ) (PN vy + )
1<iy,...,if_1<m

n—m n— 1

m—
DY
=k—

k=2 l

(rN 4+ j)!
(rN +rn—rl+j)!

((rN + )1

X - - - -
i1+~§,1=1 (rN +7riy + ) (rN +rig—1 + j)!
1<ig,einyifg_1<m

2": 1) ”i (rN + j)!
k=n—m-+1 I=k—1 (rn —rl+j)!

5 (PN 4+ )1

X
(rN +riy + ) (rN + rig—1 + j)!

Qi =l
1<iy, ... if_1<m

n—m n—1 .
i (rN +j)!
+; lzm (rN +rn—rl+j)!
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. k—1
" Z ((rN+])!)
i1ty (rN +riy + ) (rN + rig—1 + j)!
1<iy,if_1<m

By putting iy = n — [, in the first term by n — 1 > 1>k —1 > n — m, in the
second term by n — 1 > 1 > n — m, we have

1<n—-Il=i<m.

Therefore,
W]\?,rn,r,gm _ Z (_1)k Z ((TN+])')
(rn)! i e (rN +7riy + ) (rN +rig + j)!
1<i],eenyifg<m
n—m . k
DICIDS S e
= et (rN +7riy + ) (rN +rig + j)!
N 1§111 ,,,,, i}]z<m
n . k
SDICIDY pARS .
— e (rN +rig + )V (rN + rig + 5)!
1<iq,eenyifg<m
Note that the term is vanished for k =1 as n > m. O

Proof of Theorem 4.6. Since the set

{(21,,Zk)|21++lk =n, il,... ik: >m}
is empty for n =1,...,m — 1, we have W](\?))Tmyn = = W](\f)rm rr>m = 0
For n = m, by Theorem 4.4
0 1
W](\/g,)mn,r,zm = (_1)m(rm)! 0 1
(rN+j)! 0
(rN+rm-+j)!
(rN+j)! (rN +j)!

= (~D)" () (~1)" !

(rN +rm + j)! __(TN+rm+j)!’

which matches the result for n = m. Assume that the result is valid up to
n — 1(>m). Then by Proposition 4.2

n—m

WN rn,r,>m (TN‘F]) ()
— = = W
(rn)! ; (rN +rn —rl 4 5)(rl)! Norbrzm
NG
(rN 4+ rn+ j)!
n—m l

(rN +j)!
g (rN +rn—rl+j) ';
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((rN+j)!)k
X Z (rN 4+riy + ) (rN 4+ rig + j)!

iyt tig =1
D5y i =m

(N )
(rN 4+ rn+ j)!

D B e
p (rN +rn—rl+j)!

=k

S (PN + )"

T (rN +riy + ) (rN + rig + §)!
i1 ig>m

B (rN +j)!
(rN +rn+j)!
(rN + j)!
rN +rn—rl+j)!

S

" Z ((rN+j)!)

(rN4+riy +5)! - (rN 4+ rig_1 + j)!

b
I|
v

k—1

iy tetig =l
KRR ifp_1>m

(rN +j)!
(rN +rn+j)!
n—m-+1
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N\ K

D ICIEDS S

ps e (rN +riy + ) (rN + rig + 5)!
Q1,0 >m

(ikzn—l)

n—m-+1 . k
B Z+ - Z ((rN + 7)1
et b Taen (’I“N + ry +])| - (TN + rig —l—])'

Lyt =M

. n ((T‘N+j)!)k
= 2(—1% il+_;k:n (rN + i, + ) ('N + rig + j)!

DY 5eees i >m

Note that i, =n—1I>masli<n—m. As1 <m <n—1, we have
n<(n-m+2m<km<n=i+--+ig,

so the set
{(i1y .o yig) |1+ +ig=n, i1,...,i > m}

is empty forn —m+2 <k <n.
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5. Applications by the Trudi’s formula

We shall use the Trudi’s formula to obtain different explicit expressions and
inversion relations for the numbers WJ(\;)n -

Lemma 5.1. For a positive integer n, we have

aq Qo 0
az a
0
An—1 vt a1 Qo
Ganp p—1 -+ QA2 a1

t o4t
= > <1+ . n)(—ao)”““'t"‘a?a?mafzx

t1,...,t
t142ta+-+nt,=n Lye--sin

Bty (b1t ttn)!

by 1.1 are the multinomial coefficients.
seesln lns

where (

This relation is known as Trudi’s formula [18, Vol. 3, p. 214], [20] and the
case ap = 1 of this formula is known as Brioschi’s formula [1], [18, Vol. 3,
pp. 208-209].

In addition, there exists the following inversion formula (see, e.g. [15]), which
is based upon the relation

n

S (1) FaD(n—k)=0 (n=>1)
k=0
or Cameron’s operator in (14).

Lemma 5.2. If {a, }n>0 is a sequence defined by ag =1 and

D) 1 a1
oy = D) , then D(n) = a2
: DU 1 R |
D(n) --- D(2) D(1) ap o+ ay

From Trudi’s formula, it is possible to give the combinatorial expression

t1+--+1t, n—t]—-—t t t t
n = _1 1 nDl 1D2 2._.D n
o > (e (1) D)" - D(n)

t14+2to+---+nt,=n
By applying these lemmata to Theorem 4.3 and Theorem 4.4, we obtain an
explicit expression for the hypergeometric Lehmer-Euler numbers.

Theorem 5.3. Forn > m > 1, we have

) ti+-+tm
WJ(\?,)rn,r,gm = (Tn)' Z ( tl ] )

.t
t142t2+-Fmt,=n o
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X ()it (M)t (m>tm

and

o)

N,rn,r,>m

= (rn)! 3 m Flm
! t

t -
Mt +(Mm+1) 41+ Fnt,=n my bm+41,

. tm . tm
X (= 1)fmttmertotin (rN +5)! (rN +J)! o
(rN +rm + j)! (rN+rm+j+r)!

As a special case of Theorem 5.3, we can obtain the expressions for the
original hypergeometric Lehmer-Euler numbers.

Corollary 5.4. Forn > 1, we have

, bt
W](\f)m .= (rn)! Z ( lt+ _; n)
o 1y---ytn

t1+2ta+-+nt,=n

By applying the inversion relation in Lemma 5.2 to Theorem 3.1, we have
the following.

Theorem 5.5. Let j =0,1. Forn > 1, we have

)
Wj(\}],T,T 1
r! :
W W
. (2r)! r!
(=1)™(rN +j)!
(rN 4+ rn+ j)! o o )
¢ @) )
We Wosn . W
(rn—r)! (rn—2r)! r!
G @) ) )
WN],)*V‘*VL,T‘ WN],rnfr,T - WJ(\/],QT,T‘ WJ<\/‘?,T,7‘
(rn)! (rn—r)! 2r)! r!

In this sense, we have the inversion relation of Corollary 5.4 too.

Corollary 5.6. Forn > 1, we have

(rN+j5)! Z <t1+"'+tn>
. ' -
(rN +rn+ j)! 42t —n t,...,tn
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G) \ " () tn
« (71)t1+---+tn N,r,r . WN,rn,r
7! (rn)!

6. Additional comments

The hypergeometric Lehmer-Euler numbers of higher order W](\f )Tbﬂ“ includes

hypergeometric Bernoulli and Euler numbers, and the classical Berr’loulli7 Euler
and Lehmer’s Euler numbers as special cases. However, the numbers WJ(\f)nT do

not include some famous generalized numbers, for example, poly-Bernoulli and
Euler numbers, Apostol-Bernoulli and Euler numbers and some p-adic numbers
and g-numbers, because they do not satisfy the relation (14) as definitions.

Acknowledgments. The authors thank the anonymous referee for careful
reading of the manuscript and useful suggestions.
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