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COMPARISON THEOREMS IN RIEMANN-FINSLER
GEOMETRY WITH LINE RADIAL INTEGRAL CURVATURE
BOUNDS AND RELATED RESULTS

BING-YE WU

ABSTRACT. We establish some Hessian comparison theorems and volume
comparison theorems for Riemann-Finsler manifolds under various line
radial integral curvature bounds. As their applications, we obtain some
results on first eigenvalue, Gromov pre-compactness and generalized My-
ers theorem for Riemann-Finsler manifolds under suitable line radial in-
tegral curvature bounds. Our results are new even in the Riemannian
case.

1. Introduction

Comparison technique is a powerful tool in global analysis in differential ge-
ometry, and it has been well developed in Riemannian geometry. Volume, as
the important geometric invariant, plays a key role in comparison technique.
Recently comparison technique has been developed for Finsler manifolds and
the relationship between curvature and topology of Finsler manifolds has also
been investigated [1,3-6,12]. It should be pointed out here that volume form
is uniquely determined by the given Riemannian metric, while there are dif-
ferent choices of volume forms for Finsler metrics. As the result, we usually
need to control the S-curvature in order to obtain volume comparison theorems
as well as results on curvature and topology. This additional assumption on
S-curvature has been removed by author recently by using the extreme vol-
ume forms (the maximal and minimal volume forms) [7,10], and we may also
consider different curvature bounds, such as integral curvature bounds [8,11].

The main purpose of the present paper is to study comparison theorems un-
der line radial integral curvature bounds. We establish some Hessian compari-
son theorems and volume comparison theorems for Riemann-Finsler manifolds
under various line radial integral curvature bounds. As their applications, we
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obtain some results on first eigenvalue, Gromov pre-compactness and general-
ized Myers theorem for Riemann-Finsler manifolds under suitable line radial
integral curvature bounds. Our results are new even in the Riemannian case.

2. Finsler geometry

Let (M, F) be a Finsler n-manifold with Finsler metric F' : TM — [0, 00).
Let (z,y) = (2%, 9") be local coordinates on TM, and 7 : TM\0 — M the
natural projection. Unlike in the Riemannian case, most Finsler quantities are
functions of T'M rather than M. The fundamental tensor g;; and the Cartan
tensor Cjji, are defined by

10%2F?(z,y) 103F%(z,y)
35 5 = *.77,, Ci‘ 5 = *7’
9i5(@,y) 2 Oyidy’ (@) 4 Oyt Oyi Oyk

Let V = V¢0/0x" be a non-vanishing vector field on an open subset U C M.
One can introduce a Riemannian metric § = gy, and a linear connection VV
on the tangent bundle over U as follows:

y .0 o,
X,Y) = XiYig(z,0), VX=X - y=vi-Z.
gV( ) ) gj(l‘ v) v Ot ot
0 0
v 27 Qi i3 (@) oxk’

here I‘fj are the Chern connection coeflicients. From the torsion freeness and
almost g-compatibility of Chern connection we have

(2.1) VY - VY X = [X,Y],

(22) X-gv(Y,2) =gv(VXY.2) +gv(Y,VxZ) +2Cy(VXV,Y, 2),
here Cy is defined by
Cv(X,Y,Z) = X'YIZFCijy(,v),
and it satisfies
(2.3) Cy(V,X,Y)=0.
By (2.1)-(2.3) we see that the Chern connection V" and the Levi-Civita con-

nection V of g are related by
gv(VXY, Z2) = gv(VxY,Z) — Cy(VXV,Y, Z)
(2.4) —Cy(VYV, X, Z) + Cy(VYV, X,Y).
The Chern curvature RV (X,Y)Z for vector fields X,Y, Z on U is defined by
RY(X,Y)Z :=VYVyZ - VYVXZ — Vi y Z.

In the Riemannian case this curvature does not depend on V' and coincides with
the Riemannian curvature tensor. For a flag (V; P) (or (V;W)) consisting of
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a non-zero tangent vector V € T, M and a 2-plane P C T, M with V € P the
flag curvature K(V; P) is defined as follows:

gV(RV(Vv W)W7 V)
gv(V,V)gy(W, W) —gy(V,W)%

Here W is a tangent vector such that V, W span the 2-plane P and V € T,, M is
extended to a geodesic field, i.e., V“fv = 0 near z. In the Riemannian case the
flag curvature is the sectional curvature of the 2-plane P and does dot depend
on V. In the literature there are several connections used in Finsler geometry,
but for the definition of the flag curvature it does not make a difference whether
one uses the Chern, the Cartan or the Berwald connection. The Ricci curvature
of V is defined as

K(V;P)=K(V; W) :=

Ric(V) =Y K(V; E),

where Ei,...,E, is the local gy-orthonormal frame over U. By (2.4) it is
easy to see that VI,V = 6\/‘/, and consequently, V' is a geodesic field of F'
if and only if it is a geodesic field of g, and when V is a geodesic field, then
VY = Vv, and for any plane P containing V, the flag curvature K(P,V) is

just the sectional curvature K(P) of § (see [3,4]).
Given a Finsler manifold (M, F), the dual Finsler metric F* on M is defined
by
§Y)
F*(&):= sup =%, V&eT*"M,
&)= R Fw)
and the corresponding fundamental tensor is defined by
g*kl(g) _ 182}7*2(5)
2 0804
The Legendre transformation | : TM — T*M is defined by

_ g (Y7')7 Y%O,
= B I

It is well-known that for any x € M, the Legendre transformation is a smooth
diffeomorphism from T,,M\0 onto T M\0, and it is norm-preserving, namely,
F(Y)=F*((Y)),VYY € TM. Consequently, ¢"(Y) = g* (I(Y)).

Now let f : M — R be a smooth function on M. The gradient of f is defined
by Vf = 171(df). Thus we have

df(X):gvf(Vf,X), X eTM.

Let U = {x € M : Vf |,# 0}. We define the Hessian H(f) of f on U as
follows:

H(f)(X,Y) = XY (f) = VYY(f), VXY €TM |y.
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By (2.1)-(2.4) it is easy to know that H(f) is symmetric, and it can be rewritten
as (see [11,12])

(2.5) H()(X,Y) = gvs (VY VL Y).

A wvolume form dy on Finsler manifold (M, F') is nothing but a global non-
degenerate n-form on M. In local coordinates we can express du as du =
o(z)dxt A -+ Ada™. The frequently used volume forms in Finsler geometry
are so-called Busemann-Hausdorff volume form and Holmes-Thompson volume
form. In [7] we introduce the maximal and minimal volume forms for Finsler
manifolds which play the important role in comparison technique in Finsler
geometry. They are defined as following. Let

AVinax = O—max(x)dfl A ANdx™
and

dVinin = Umin(x)dml A Adx"
with

Omax(T) 1= jona \/det(gij(z,9)),  Omin(z) == yeIYI“liJ\I}\O det(gij(z,v)).

Then it is easy to check that the n-forms dVi,.x and dVin, are well-defined on
M. dVipax and dViyi, are called the mazimal volume form and the minimal
volume form of (M, F), respectively. Both maximal volume form and minimal
volume form are called extreme volume form, and we shall denote by dVey the
maximal or minimal volume form. The volume with respect to dVi,.x (resp.
dViin) is called the mazimal volume (resp. minimal volume). Maximal volume
and minimal volume are both called extreme volume.

The uniformity function p: M — R is defined by
8y(u,u)

x) = ==,

H) y,2,u€Ty M\O 8 (U, u)

pwrp = maxgen (z) is called the uniformity constant. It is clear that
PR (u) < gy (u,u) < pF?(u).
Similarly, the reversible function A\ : M — R is defined by
F
Az) = max () .
yeT, M\0 F'(—y)

Ar = maxzep A(x) is called the reversibility of (M, F), and (M, F) is called
reversible if A\p = 1. It is clear that \(z)? < pu(z).

Fix x € M, let I, = {v € T,M : F(v) = 1} be the indicatrix at z. For
v € I, the cut-value c¢(v) is defined by

c(v) :=sup{t > 0 : d(z,exp,(tv)) = t}.

Then, we can define the tangential cut locus C(z) of x by C(z) := {c(v)v :
c(v) < oo,v € I}, the cut locus C(z) of x by C(x) = exp, C(z), and the
injectivity radius i, at x by i, = inf{c(v) : v € I}, respectively. It is known
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that C'(z) has zero Hausdorff measure in M. Also, we set D, = {tv : 0 <t <
c(v),v € I;} and D, = exp, D,. It is known that D, is the largest domain,
which is starlike with respect to the origin of T, M for which exp, restricted to
that domain is a diffeomorphism, and D, = M\C(z).

In the following we consider the polar coordinates on D(x). For any ¢ €
D(z), the polar coordinates of q are defined by (r, ) = (r(q), 0 (q), . ..,0" 1(q)),
where 7(q) = F(v),0%q) = 0%(u), here v = exp, '(q) and u = v/F(v). It is
clear that r is just the distance function with respect to . Then by the Gauss
lemma (see [1], page 140), the unit radial coordinate vector T' = d(exp,,) (%)
is gp-orthogonal to coordinate vectors 0, which is defined by

0
aa|cxpw(ru) = d(expm) (690‘>

exp, (ru)
0 0
= d(exp,)ru (r(%a> = rd(exp,)ru ((%a>
for a = 1,...,n — 1, and consequently, T = Vr. Consider the singular Rie-

mannian metric § = gy, on D(z), then it is clear that

g = d’l"2 + gozﬁdeadeﬁa gaﬁ = er(aom 35)

3. Hessian comparison theorems

Notations as above. Notice that T' = Vr is a geodesic field, by (2.5) it follows
that H(r)(Vr,:) =0, thus we need only to consider H(r) on the normal space
with respect to the radial geodesic field Vr. Let Ey, ..., E,_1, B, = Vr be the
local gy, -orthonormal frame along geodesic rays, by (2.1)-(2.5) we get

9
or
= Vr-gv, (Vy/'Vr, Ej)

= gv, (VUrVE VY, Ej) + gor (Vi Vr, VI E;)

= gor (RY"(Vr, B)Vr, E) + gor (Y, 5 V1 E)

+ Z gvr (VEZ"VT, Ek) gvr (Ekv Vg:EJ)
k

—gvr (RY' (B, Vr)Vr, B) + gy (YW, V1. F)

- gvr (V?gmvr, Ej) + Zgw (VE'Vr, E) gvr (Ex, VorE))
¢ k

(H(r)(E:, Ej))

= —gv: RY(E;, V1)V, E;) + Y gvr (VUi Ei, Bi) gvr (Vi V7, E;)
k

= gvr (VE'Vr Ex) gvr (VY VP, E))
k
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+ ZgVT (VE:vrv Ek) gvr (Ek7 VgiEJ) )

k
and consequently,
D () (B E)) = - g5, (RY (B, )V )
- ZH )(Ei, Ey) - H(r)(Ey, E;)
+ ZH (Ex, B))gvr (VI E;, Ex)
(3.1) —|—ZH (Ei, Ey)gvr (Ex, VYL Ej) .
We note here that the similar formula was obtained when Fy,..., E,_1 are

parallel along geodesic rays, here we need this general formula for later use.
The volume form of g is dVz = o(r,0)dr ANdO* A -+ A O™ := G (r,0)dr A d,

here o (r,0) = /det(gap). Let h(r) = tracege, H(r), by (2.1)-(2.5) and (3.1)
we have (see also [11,12])

2
(3.2) %(log?f) = h, % + nh_ 1 < —Ric(Vr).
Let
oo(r) = s.(r)"7Y, he(r) = (n — 1)cto(r),
where
by o>, Vecot(y/er), ¢>0,
s.(r)=1¢ c=0, ct.(r) = %, c=0,
%7 c <0, V/—ccoth(v/=cr), ¢<O0.
Then
/ / h2
(3.3) log0) = he, B+ = —(n— e

Let us first consider line integrate Ricci curvature bounds. In polar coordinates
we write p. = p.(r,0) = max{(n—1)c—Ric(Vr),0}, and define ¢, = ¢.(r,0) =
max{0, h(r,0) — he(r)}. It is clear that 1. is defined on D, \{z} (when ¢ > 0,
we require that r < 7/4/c). For sufficiently small € let a and b be the lower and
upper bounds of flag curvature on B,(¢€), then by Hessian comparison theorem
[12] it follows that

hp(r) < h(r,0) < ho(r), Vr<e,
which together with the fact that

llg(l)(ha(r) —hp(r)) =0, Va#b,
we have

(3.4) rli%l+ e(r,0) = 0.
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On the other hand, by (3.2) and (3.3) we have that 1. is absolutely continuous
on D, \{z} and satisfies

2 .
81/%: + ¢c _’_27% hc <

(3:5) or  n-1 n_1 Pe

For any p > 1, by multiplying (3.5) by (2p — 1)%??~2 and simplifying we get

0 _ 2p—1 dp—2 o, _ _

3.6 —qp2P~ 1 2p =1p. < (2p — 1) petp?P~2.
( ) 87’¢c + n_1¢c + n_1¢c (p )Pcd&
We assume that r < QLﬁ when ¢ > 0, then h. > 0. Integrating (3.6) from 0 to
r and using (3.4) and the Holder’s inequality we have

2p—1 ("

o)+ 2p a0y
n—1 Jg

<@-1) / et 00221, )t

(3.7) <(2p—-1) (/0 o, 9)dt> ’ (/0 o, G)dt) g

By (3.7) we easily obtain

[ reoas< -1y [ peo
0 0

which together with (3.7) yields

(38) B0 < 2= D -1 [ (e o)
0
By the definition of . it is clear that h < h. 4 9., thus we have the following:

Theorem 3.1. Let (M, F) be a forward complete Finsler n-manifold. Suppose
that r = d(x,-) is smooth at y € M, and 7 be the unique minimal normal

geodesic from x toy. For c € R, p > 1 (we require that r(y) < 21T/E when

¢ >0), we have

tracegg, H(r)(y)
< (n = Dete(r(y))

+ 1 (2p— 1)m — 1)1 / (max{(n — 1)c — Rie(v/(t)),0})" dt|

In the following we consider the case when ¢ > 0. In this situation h.(r) =
Vot y/er, and (3.6) can be written as

0 4dp — 2 2p — 1
Lyt P Syt e cot(Ver) + 22 < (2p — 1)p® 2,
or n—1 n—1
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The integrating factor of the first terms is sin%(ﬁr). Multiplying by the
integrating factor and integrating from 0 to r we get

(3.9)

_ m—1 (7 _
sin "t (vVer)y2 T (r,6) + T / sin " (v/et)y2(t, 6)dt
n

- 0

<= 1) [ s (a0, 0

<p-1) ([ = waneoa) " ([t v o)

By (3.9) we easily obtain

1—1
I3

(3.10) sin vt (Ver)y2PL(r,0) < (2p — 1)(n — 1P / PR (t, 0)dt.
0
Thus we have:

Theorem 3.2. Let (M, F) be a forward complete Finsler n-manifold. Suppose
that r = d(x,-) is smooth at y € M, 7 is the unique minimal normal geodesic
from x to y, and r(y) < % for some ¢ > 0. Then for any p > 1 we have

traceg, H (1) (y)

< (n - 1)Vecot(Ver(y))

. [(217 ~ Do -1y
sin "= (ver(y)
Now let ¢ < 0, we define g, = o.(r,0) = max{Ric(Vr) — ¢,0} and ¢, =

0e(r,0) = max{0, \.(r) — h(r,0)} with A.(r) = 28 = /¢ coth(v/—cr). We
assume that M has nonpositive flag curvature, then by Hessian comparison
theorem [12] it follows that the eigenvalues of H(r) are all nonnegative. Thus
we have

P
2p—1

/ (max{(n — 1)c — Ric(+(1)),0})" dt

Y (H(r)(Ei, E;))* < h(r)?,

2%}
which together with (3.1) yields
h
(3.11) on + h? = —Ric(Vr).
or
Since A\.(r) = v/—ccoth(y/—cr), it satisfies
(3.12) A4+ = —c

(3.11) and (3.12) implies that

0
(3'13) E‘Pc + 4103 +2¢:h < 0.



COMPARISON THEOREMS IN RIEMANN-FINSLER GEOMETRY 429

With (3.13) at hand, we can prove the following result with the same method
as in Theorem 3.1.

Theorem 3.3. Let (M, F) be a forward complete Finsler n-manifold with non-
positive flag curvature. Suppose that r = d(x,-) is smooth at y € M, and v be
the unique minimal normal geodesic from x to y. Then for any ¢ <0, p > 1
we have

tracegy, H(r)(y) = v/—ccoth(v/—cr(y))

- {(Qp - 1)/ (max{Ric(y/(t)) — ¢, 0})" dt

In the following we consider the line integrate flag curvature bounds. No-
tice that H(r) is a symmetric bilinear form, we may choose the local frame
Ei,...,En_1,E, = Vr such that E;;1 < i < n — 1 are eigenvectors of H(r)
with eigenvalues )\;, and by (2.2), (2.3) and (3.1) it follows that

0

14 — XN+ X =K(Vr E).
(3.14) o+ AL =K(Vri By

Let

K(Vr)= max K(Vr;E),
gy (Vr,E)=0

and ¢; = ¢;(r,0) = max{0, A\o(r) — A\;(r,0)} for 1 <i < n—1. Then by (3.12)
and (3.14) we get

(3.15) g@ + ¢2 + 2¢: )i < max{K(Vr) —¢,0}, 1<i<n—1.
r

Now we assume that ¢ < 0, and M has nonpositive flag curvature, then by
(3.15) and the similar argument as in Theorem 3.1 we obtain:

Theorem 3.4. Let (M, F) be a forward complete Finsler n-manifold with non-
positive flag curvature. Suppose that r = d(x,-) is smooth aty € M, and v be
the unique minimal normal geodesic from x to y. Then for any ¢ <0, p > 1,
and X € TyM with gv,(Vr,X) =0 and gv, (X, X) =1 we have

H(r)(X,X) > V~ccoth(v=cr(y))

- {(2p 1) L (max{K(Vr) — ¢,0})" dt

4. Volume comparison theorems

To study the volume comparison theorem, we shall use polar coordinates
described in §2. Fix z € M. For r > 0, let D,(r) C I, be defined by D,(r) =
{vel,:rveD,}. Itis easy to see that D,(r1) C D,(r2) for r1 > 7o and
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D.(r) = I, for r < i,. Since C(x) has zero Hausdorff measure in M, we have

volg (B, (R)) = / v = / dv;
B.(R) B.(R)ND

(4.1) ' n
/ expy (dVy) :/ dr/ a(r,0)do.
expy L (B.(R))ND, ’ 0 D, (r)

Let
R
Vian(R) = vol(S"1(1)) / M, (1) Ldt.
0

When A = 0,V 0,,(R) is equal to vol(B!'(R)) when R < i., here B?(R) de-
notes the geodesic ball of radius R in space form of constant ¢, and i. the
corresponding injectivity radius. The following lemma is crucial to prove vol-
ume comparison theorem.

Lemma 4.1. Suppose that f,g are two positive integrable functions of t, and

§ is monotone increasing (resp. decreasing). Then the function

/0 "yt
Tg

/0 ()t

is also monotone increasing (resp. decreasing).

Now we are ready to prove the following relative volume comparison theorem
with upper line integrate radial curvature bounds.

Theorem 4.2. Let (M, F) be a forward complete Finsler n-manifold with non-
positive flag curvature, and ¢ < 0, p > 1.

(1) Suppose that there is C > 0 such that the radial flag curvature at x € M
satisfies

/ (max{K(Vr) —c, 0})p dat<C

for any minimal normal geodesic -y issuing from x, then
1ex B:c n lex Bz R
vlot(Ba(r) e Vol (Be(R)
Vc,A,n("’) z€B;(R) ‘/(J,A,H(R)
holds for anyr < R < iy, here volex denotes the extreme volume (i.e., the maz-

imal volume volyax or minimal volume volyy), A = —(n—1)[(2p — 1)C]2P%1,
and i, the injectivity radius of x.

(2) Suppose that there is C' > 0 such that the radial Ricci curvature at x € M
satisfies

/ (max{Ric(Vr) — ¢, 0})Pdt < C
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for any minimal normal geodesic ~y issuing from x, then

VOlext (B (1)) < max p(n)% - VOlext (Bz (R))
Ven,2(r) z€B,(R) Ven2(R)

holds for any r < R < iy, here A = —[(2p — 1)0}%%'

Proof. Here we only prove (1), (2) may be verified similarly. By (3.2) and
Theorem 3.4 we have

% logog =h > (n—1) [chcoth(\/er) —((2p— 1)C)T171
(4.2) - di log (¢ sinh™ ' (V=er)), A= —(n—1)[(2p— 1)C]5T .

From (4.2) we see that the function

/1 o(r,0)do

x

vol(Sn—1)eAr sinh™ ™t (v/—¢r)

is monotone increasing about r(< i,), and thus by Lemma 4.1 and (4.1) the

function
R
o(r,8)drdd
| [ e _ volg(Bu(R))
R

V(R
Vol(S"_l)/ eATsinh"_l(chr)dr An(R)
0

is also monotone increasing for R < i,. Notice that dViuin < dVi < dVipax <
w(x)? - dViin (see e.g., [7,11]), it follows that

VOlin (B (1)) o volg(Bx(r)) . volz(B(R))

X S < max xT)?2
Vornr) ~ Vern) = Vern(B) < edbiin™ T T Vown(®)
holds for any r < R < i,. Similarly,
VOlax (Be (1)) n VOlpax(Bz(R))
— Y < max p(x)z s ——
Vorn(r) < 2Bl TV ()
for any r < R < i, and (1) is proved. O

We also have the following relative volume comparison theorem with line
integrate radial Ricci curvature bound.

Theorem 4.3. Let (M,F) be a forward complete Finsler n-manifold. For
c€R, p>1, if there exists C > 0 such that the radial Ricci curvature satisfies

/ (max{(n — 1)c — Ric(Vr),0})’ dt < C
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for any minimal normal geodesic v issuing from x, then for any 0 < r < R (we
require R < % when ¢ > 0),

VOlext (B (1)) _n VOlext(Bz(R))
— =2 7 > max x) . —— 2
AR % L A )

here

[(2p—D)(n—1)P'C]7 7, c<0,

1

(4.3)  A=A(n,p,C.c,R) = 2p—1)(n— 1107
sin%(ﬁR)
Proof. From (3.2), Theorems 3.1 and 3.2 it is clear that

c> 0.

d
(4.4) % log o = tracegy, H(r) < (n — L)cte(r) + A = . log (e™s.(r)" 1),

here A is given by (4.3). (4.4) means that the function
a(r,0)
eArg (r)n—t
is monotone decreasing for r where it is smooth. Noting that D, (R) C D,(r)
for R > r > 0, we have for R > r > 0,

/ 5(r,0)d0 R R
D, ("‘) / 0'(7"7 H) d9 2 / 0'(7", 9) d9
D D.(R) €

BATSC(’I’)W‘71 () BATSC(’I")W‘71 Argc(r)nfl
~ / 5(R,0)do
= D.(R) eARsc(R>n—1 eARSC(R>n—1 )

which together with (4.1) and Lemma 4.1 implies that

R

/ dr/ 5(r,0)d0
volg(Bx(R)) _Jo D, (r)
Vc,A,n(R)

R
vol(S™ 1) / M. (r) " Ldr
0

is monotone decreasing for any R > 0 (we require R < NG when ¢ > 0). Now
the theorem follows similarly as Theorem 4.2. O

5. Gromov pre-compactness theorem

The notion of Hausdorff distance between metrics spaces was generalized by
M. Gromov, and the corresponding pre-compactness theorem for Riemannian
manifolds was proved in [2]. Gromov pre-compactness property has been gen-
eralized to Finsler manifolds by Shen [3] in reversible case and by Shen and
Zhao [5] in non-reversible case. To state our result let us first recall some no-
tations related to Gromov pre-compactness, for details one is referred to see
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[5]. As we have seen before, any Finsler manifold (M, F) induces a general
metric space (M, d). Let (M?®,dZ,;;) denote the collection of compact general
metric space with §-Gromov-Hausdorff distance d%; whose reversibilities are
not large than § < 0o, and Capj(€) be the maximal number of disjoint forward
geodesic ball of radius ¢ in M. Also, let (M2, d‘SGH) be the collection of proper
pointed general metric space whose reversibilities are not large than § < co.

Lemma 5.1 ([5]). (1) Let C C (M?,d%y) be a class satisfying the following
conditions:

(a) There is a constant D such that diamM < D for all M € C.

(b) For each € > 0 there exists N = N(g) < oo such that Cap,, () < N(e)
for all M € C.

Then C is pre-compact in the 6-Gromov-Hausdorff topology.

(2) (M, d%y) is pre-compact if for each v > 0 and € > 0, there exists a
number N = N(r,e) < oo such that for every B,(r) C (M,z) € C, one has
Capm(s) < N(rye).

By Theorem 4.3 and Lemma 5.1 we can prove:

Theorem 5.2. For any integer n > 2, c€ R, p> 1 and C,D > 0(D < w/+/c
when ¢ > 0), the following classes are pre-compact in the (pointed) §-Gromov-
Hausdorff topology:
(1) The collection {(M;, F;)} of compact Finsler n-manifolds satisfying con-
ditions
diam(M;) < D,

/ (max{(n — 1)c — Ric(Vr),0})’ dt < C

for any minimal normal geodesic y in M, and uniformity constant pup, < 6% <
oo for all i.

(2) The collection {(M;,x;, F;)} of compact Finsler n-manifolds (diam(M;)
< 7/+/c when ¢ > 0) satisfying conditions

/. (max{(n — 1)c — Ric(Vr),0})’ dt < C

for any minimal normal geodesic ~y; in M;, and uniformity constant g, < 62 <
oo for all i.

Proof. We only prove (1), (2) may be verified by the same way. Note that
A3 < pp,, one has {(M;, Fy)} € (M°,d%y). For each (M;, F;), note that
diam(M;) < D, one has M; = B,,(D) for any x; € M;. Since M; is compact,
there are finite disjoint forward geodesic balls By, (€), ..., By, (¢) of radius ¢ in
M;. Let By, () be the forward geodesic ball with the smallest minimal volume.
Then by Theorem 4.3 we have

VOlmin(Mi) VO]miIl(Bﬂczo (D)) Vc,A,n(D)

VOlmin(Bzz,o (€)) VOlmin(Brz,O (€)) Ve,an(€)
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here A is given by (4.3). Now (1) is easily followed by (1) of Lemma 5.1. O

6. The Mckean type inequalities

In this section we shall study the first eigenvalue on Finsler manifolds and
prove some McKean type theorems under the line integrate curvature bounds.
Let us first recall the definition of the first eigenvalue for non-compact Finsler
manifolds. Let (M, F,du) be a Finsler n-manifold with volume form du, Q C
M a domain with compact closure and nonempty boundary 9€2. The first
eigenvalue A1 () of  with respect to du is defined by (see [4], page 176)

(F*(df))* dp
)\1(9) = inf /Q 5

reL? o (\{0} / P
Q

where L7 () is the completion of C§° with respect to the norm

o 3= / S+ / (F* (dg))? dp.

If ©; C Qy are bounded domains, then A (21) = A1(Q2) > 0. Thus, if Q; C
Qg C -++ C M be bounded domains so that |J$2; = M, then the following limit

11— 00

exists, and it is independent of the choice of {2;}.

Now let B,(R) be the forward geodesic ball of M with radius R centered at
p, and R < iy, where i, denotes the injectivity radius about p. For R > ¢ > 0,
let Q.(R) = B,(R)\B,(¢). Then r = dp(p,-) is smooth on Q.(R), and thus
V = Vr is a unit geodesic vector field on Q.(R), and we can consider the
Riemannian metric § = gy on Q.(R). Since the Legendre transformation
l:TM — T*M is norm-preserving, and thus it also preserves the uniformity
constant. Hence, for any f € C5°(2:(R)),

y of of 1 L of of
* 2 — ¥ > *2] —
(FH(df)"(2) = g™ (2, df) 5 555 > @) (@, UV (@) 55 5.7
1, of of 1 )
— ij - 2
(6.1) @)’ (@, V(@) 55 507 () 1df 7 ().
Using (6.1), we get, for du = dVinin,
[ @y v [ @t | ldrizav;
2 (R) S J2:(R) s 1 Jo.w
= = 1_;'_% )
/ F2dVinin CH rrav;  ® / f2dvg
Q. (R) Q. (R) Q(R)

here

0= :
L ()
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As the result, we have for dy = dViin,

1 ~
(6'2) Al(Qs(R)) = WAl(QE(R))a
where A (Q(R)) is the first eigenvalue of Q.(R) with respect to g. It is not
difficult to see that (6.2) still holds for du = dVinax. In other words, (6.2) holds
for du = dVext. Now we are able to prove:

Theorem 6.1. Let (M, F) be a forward complete noncompact and simply con-
nected Finsler n-manifold with nonpositive flag curvature and finite uniformity
constant up,x € M, and c <0, p > 1.

(1) Suppose that there is C' > 0 with [(2p — l)C]%%l < v/—c such that the
radial flag curvature at x € M satisfies

/ (max{K(Vr) —¢,0})"dt < C

for any minimal normal geodesic v isswing from x, then we have the following
estimation for A1 (M) with respect to dp = dVexs:

(n—1)? [V=e - [2p - D] 71

dp

M(M) =

(2) Suppose that there is C' > 0 with [(2p — 1)0]21717*1 < +/—c such that the
radial Ricci curvature at x € M satisfies

/ (max{Ric(Vr) — ¢, 01 dt < C

for any minimal normal geodesic v isswing from x, then we have the following
estimation for \y (M) with respect to dp = dVext:

[v=e - l2n - vy’

dpp ?

A (M) =

Proof. We only prove (1), (2) may be verified by the same way. Since (M, F)isa
forward complete noncompact and simply connected Finsler manifold with non-
positive flag curvature, by Cartan-Hadamard theorem r = dp(z,) is smooth
on M\{x}. First we recall that V' = Vr is also a unit geodesic vector field on
M with respect to g. From the definition of gradient,

dr(X) = gv(V, X) = §(V, X) = §(Vr, X),

namely, Vr = 67'7 here Vr is the gradient of r with respect to g. Furthermore,
by (2.3) and (2.4) we see that V'V = VxV for any X € TM, and thus

H(r)(X,Y) =gv(VxV,Y) = gv(VXV,Y) = H(r)(X,Y),
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here H is the Hessian of g. Let A and div be the Laplacian and divergence
with respect to g, respectively. Then by Theorem 3.4 we get

Ar = divVr = trgh (r) =tz H(r) > (n = 1) [V=c — [(2p - )C]77 .

By applying Lemma 3.7 in [11] to vector field V on Q.(R) with respect to g
and noticing (6.2) we have

(n—1)? [v=e - [2p - D77

1 ~
M (Qe(R)) 2 —5z M(Q(R)) > T3
Hp dpp
Now letting ¢ — 0 and R — oo we obtain the desired result. O

7. Generalized Myers theorem

The celebrated Myers theorem in global Riemannian geometry says that if
a Riemannian manifold M satisfies Ric(v) > (n — 1)c¢ for all unit vector v
and some ¢ > 0, then M is compact with diam(M) < % Myers theorem

has also been generalized to Finsler manifolds [1], and recently we establish a
generalized Myers theorem under the line integral curvature bound for Finsler
manifolds [9]. In this last section we shall prove another version of generalized
Myers theorem for Finsler manifolds as follows.

Theorem 7.1. Let (M, F') be an n-dimensional forward complete Finsler man-
ifold, and ¢ > 0,p > 1. If there is A > 0 with A < (n — 1)c such that for any
x € M and each minimal normal geodesic v emanating from x, the Ricci cur-
vature satisfies

1

1 o Y
{L(v) /7 max{(n — 1)e — Ric(y'(t)),0}]" dt| <A,

then M is compact with
T

A
Ve o e

Proof. For any fixed z,y € M let v : [0, L(y)] — M be the minimal normal
geodesic from z to y. Then by (3.11) we have the following inequality (see [9],
page 836 or [11], page 99):

1

T2 CESING [y max{(n — 1)a — Ric(y/(t)),0}dt + L(v)Ve,

which together with the Holder inequality yields

diam(M) <

> - m M[max{(n ~ 1)a— Rie( (1)), 0}]pdt] ' M dt] o

+ L(y)Ve
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! 1 . ’ » P
{L(v) A[max{(” —1)a — Ric(v/(t)), 0}]7dt

T n-Dve

> 10) (V- o1 )

Consequently,
T
L(v) < A
Vo e
and since x,y are arbitrary, we clearly have the desired result. (I

References

[1] D. Bao, S.-S. Chern, and Z. Shen, An Introduction to Riemann-Finsler Geometry, Grad-

uate Texts in Mathematics, 200, Springer-Verlag, New York, 2000.

[2] M. Gromov, Structures métriques pour les variétés riemanniennes, Textes Math-

ématiques, 1, CEDIC, Paris, 1981.

| Z. Shen, Volume comparison and its applications in Riemann-Finsler geometry, Adv.

Math. 128 (1997), no. 2, 306—-328.
, Lectures on Finsler Geometry, World Scientific Publishing Co., Singapore, 2001.

| Y.-B. Shen and W. Zhao, Gromov pre-compactness theorems for nonreversible Finsler

manifolds, Differential Geom. Appl. 28 (2010), no. 5, 565-581.
, On fundamental groups of Finsler manifolds, Sci. China Math. 54 (2011), no. 9,
1951-1964.

[7] B. Y. Wu, Volume form and its applications in Finsler geometry, Publ. Math. Debrecen

(10]

(11]

78 (2011), no. 3-4, 723-741.

, On integral Ricci curvature and topology of Finsler manifolds, Internat. J.
Math. 23 (2012), no. 11, 1250111, 26 pp.

, A note on the generalized Myers theorem for Finsler manifolds, Bull. Korean
Math. Soc. 50 (2013), no. 3, 833-837.

, Comparison theorems in Finsler geometry with weighted curvature bounds and
related results, J. Korean Math. Soc. 52 (2015), no. 3, 603-624.

, Comparison theorems and submanifolds in Finsler geometry, Science Press
Beijing, 2015.

[12] B. Y. Wu and Y. L. Xin, Comparison theorems in Finsler geometry and their applica-

tions, Math. Ann. 337 (2007), no. 1, 177-196.

BING-YE WU

INSTITUTION OF MATHEMATICS
MINJIANG UNIVERSITY

Fuzrou 350108, FuJsiaN, P. R. CHINA
Email address: wubingye@mju.edu.cn



