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COMBINATORIAL AUSLANDER-REITEN QUIVERS
AND REDUCED EXPRESSIONS

Se-JiN Ou' AND Unr Rinn Sunt

ABSTRACT. In this paper, we introduce the notion of combinatorial Aus-
lander-Reiten (AR) quivers for commutation classes [w] of w in a finite
Weyl group. This combinatorial object is the Hasse diagram of the convex
partial order <z on the subset ®(w) of positive roots. By analyzing
properties of the combinatorial AR-quivers with labelings and reflection
functors, we can apply their properties to the representation theory of
KLR algebras and dual PBW-basis associated to any commutation class
[wo] of the longest element wg of any finite type.

Introduction

For a Dynkin quiver @ of finite type ADE, the Auslander-Reiten quiver
I'g encodes the representation theory of the path algebra CQ in the following
sense: (i) the set of vertices corresponds to the set Ind @ of isomorphism classes
of indecomposable CQ-modules, (ii) the set of arrows corresponds to the set of
irreducible morphisms between objects in Ind ). On the other hand, by reading
the residues of vertices of I'g in a compatible way ([2]), one can obtain reduced
expressions wg of the longest element wy in the Weyl group W. Such reduced
expressions can be grouped into one class [(Q)] via commutation equivalence ~:
wo ~ wy if and only if w{ can be obtained by applying the commutation
relations s;s; = s;s;.

A reduced expression in [@)] is called adapted to Q.

Another important role of I'g in Lie theory is a realization of the convex
partial order <g on ®*, which has been used in representation theory inten-
sively (see, for example, [7,11,13]). Here, the order < is defined as follows:
For a reduced expression wy = s;,8;, -+ - Siy € [@], we denote a positive root
SiySiy " Sip_, 0 € P by ,6’1?0 and assign the residue iy to B,?". Then each
reduced expression wy € [Q] induces the total order <z, on ®* such that
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354 S.-J. OH AND U. R. SUH
0 <o B <= k < 1. Using the total orders <g, for wy € [Q], we obtain
the convex partial order <g on ®*:

a <q B if and only if o <g; f for all @y € [Q]

such that @ <o B and v = a+ € @ imply a <g v <¢ B (the convexity).
As the definition itself, < is quite complicated since there are lots of reduced
expressions in each [Q)]. However, interestingly, I'g realizes <¢ in the sense that

o =g B if and only if there exists a path from 5 to ain I'g

and there exists a way of finding root labels' of vertices in I'g only with its
shape. Hence, I'g is one of the most efficient tools for analyzing <g.

For the longest element wg in W of any finite type, it is proved in [18,27] that
any convex total order < on @7 is <g, for some wy. Here, wy is not necessarily
adapted. Moreover, any order <g, is a convex order and each convex order <g,
does a crucial role in the representation theory (see [4,14] and Theorem 5.7).
However, to the best of the authors’ knowledge, properties of general <g, and
<a@,) are not studied well, as much as < of type ADE. Inspired from the facts,
in this article, we mainly deal with convex orders <z, and <|g,], for general
wp of any finite types.

To see orders <(g,) efficiently, we introduce the new quiver Yz called the
combinatorial AR-quiver for a reduced expression w of w € W, which realizes
the convex partial order <[z on ®(w); that is,

a <[g) B if and only if there exists a path from 3 to o in 1.

More precisely, we suggest a purely combinatorial algorithm for constructing
the quiver Y(g associated with w = s;, ---s;, (Algorithm 2.1) and show, in-
deed, it is the Hasse diagram of <|z. Thus I'g >~ T|g] and T3 are distinct in
the sense that Yz ~ Yz if and only if [&'] = [w] (Theorem 2.21 and The-
orem 2.22). In Section 3, we explain an efficient way to compute root labels,
which are most useful in our applications. Since, via Algorithm 2.1, it requires
a lot of computations to obtain labels, to avoid it, we show every vertex in
a sectional path shares a component (Definition 3.5). As a consequence, the
property allows us to find the labels with a little of computations.

Due to the results in Section 2 and Section 3, we can understand g
completely using the quiver Tz,. However, since there are too many classes
[wo] of reduced expressions to investigate <[z, one by one, we aim to classify
the classes. To this end, in Section 4, we consider another equivalence relation
called a reflection equivalence relation on the set of commutation equivalence
classes. An equivalence class induced from reflection equivalences is called
an r-cluster point [wp]]. As one may expect, there are similarities between
representation theories related to [Q] and [Q'] (for example, [7,11,15-17], see
also Corollary 5.15) and {[Q]} forms an r-cluster point [A]], called the adapted

Lelements in &+ corresponding to vertices in I'g
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cluster point. In addition, we introduce the notion of Coxeter composition
(Definition 4.10) with respect to a Dynkin diagram automorphism o.

In Section 5, we apply our results in previous sections to the representation
theory of KLR-algebras ([10,21]) and PBW-bases of quantum groups ([12,23]).

"
It is well known that proper standard modules {Sg,(m)} of a KLR-algebra
associated to wy categorify the corresponding dual PBW-basis { Py, (m)} ([4,

7-9,14]). Moreover, for finite type cases, {§a0 (m)} depends only on the com-
mutation class [@Wy], up to ¢%, and so does {Pg,(m)} (see [4,14]). Note that
this property is originated from the commutation relation between operators T;
and T in [12,23]. In Theorem 5.8, we give an alternative proof of the property
using our observation on <z, and T(g,]-

If the Lie algebra g is of finite simply laced type, the set of all simple modules
of the KLR-algebra categorifies the dual canonical basis ([22,26]). In [14], a
transition map between a dual PBW-basis and the dual canonical basis was
introduced (see (5.6)) and we consider a more refined transition map using <[g,)
(see (5.7)). By the refined transition map, in Proposition 5.12, we prove that
the root modules Sig,1(8) (8 € ®T) for §’s lying on the same sectional path
q-commute to each other and hence so do the dual PBW-generators Pig,)(3)’s.
In addition, reflection functors on [wy] allow us to show similarities between
{Si@o) (@)} and { Sz ()} for [wol, [wy] € [wo] (Corollary 5.15).

In Appendix, we give a table of r-cluster points of A4 (Appendix A) and
observations on the relations between Y3 and T3 when w' is obtained from
w by a braid relation (Appendix B).

1. Auslander-Reiten quivers

In this section, we recall properties of Auslander-Reiten quivers. We refer
to [1,6,11,24] for the basic theories on quiver representations and Auslander-
Reiten quivers. For the combinatorial properties, we refer to [2,16].

1.1. Auslander-Reiten quivers and related notions

Let A=(a;j)i jer for I={1,...,n} be a Cartan matrix of a finite-dimensional
simple Lie algebra g. Let A be the Dynkin diagram associated to A. For vertices
i,j € I in A, the minimal length of a path from i to j is called the distance
between ¢ and j and is denoted by da (4, j).

We denote by I = {«; | i € I} the set of simple roots, ® the set of roots, ®*
(resp. @7) the set of positive roots (resp. negative roots). Let {¢; | 1 <i <m}
be the set of orthonormal basis of C™. The free abelian group Q := ®;c;Zq; is
called the root lattice. Set QT = Yier Zsoa; C Qand Q7 =, ; Z<oa; C Q.
For B = 3 ,c;mia; € QF, we set ht(3) = > .., m;. Let (-,-) be the the
symmetric bilinear form on Q x Q (we refer [3, Plate I~IX]).

A Dynkin quiver @ is obtained by adding an orientation to each edge in the
Dynkin diagram A of a finite simply laced type. In other words, @ = (Q°, Q')
where QU is the set of vertices indexed by I and Q! is the set of oriented edges
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with the underlying graph A. We say that the vertex ¢ € A is a sink (resp.
source) if every edge between i and j is oriented as follows: j — i (resp. i — j).

1.1.1. Auslander-Reiten quivers. Let Mod(CQ) be the category of finite di-
mensional modules over the path algebra CQ. An object M € Mod C(Q consists
of the following data:

(1) a finite dimensional module M; for each i € QY,

(2) alinear map ;_,; : M; — M, for each oriented edge i — j.

The dimension vector of the module M is dim M = },_;(dim M;)a; and

a simple object in Mod CQ is S(4) for some i € I where dimS(i) = a;. In
Mod CQ, the set of isomorphism classes [M] of indecomposable modules is
denoted by Ind Q.

Theorem 1.1 (Gabriel’s theorem). Let Q and ®* be a Dynkin quiver and
the set of positive roots of finite type A,, D, or E,. Then there is a bijection
between Ind Q and ®+ :

[M] — dimM.

Now we recall the Auslander-Reiten (AR) quiver I'g associated to a Dynkin
quiver @ of finite type A,, D,, or E,. Let us denote by Ind @ the set of iso-
morphism classes [M] of indecomposable modules in Mod CQ, where Mod CQ
is the category of finite dimensional modules over the path algebra CQ.

Definition 1.2. The quiver I'g = (F%,Fb) is called the Auslander-Reiten
quiver (AR quiver) if
(i) each vertex Vi in F% corresponds to an isomorphism class [M] in Ind Q,
(ii) an arrow Vj; — Vy in Fé corresponds to an irreducible morphism M —
M.
Gabriel’s theorem (Theorem 1.1) tells that there is a natural one-to-one
correspondence between the set 1"22 of vertices in I'gy and the set T of positive
roots. Hence we use ®1 as the index set of F%.

1.1.2. Adapted reduced expressions. The Weyl group W of a finite type with
rank n is generated by simple reflections s; € Aut(Q), @ € I, defined by s;(«) :=
o — ((si’fzji))ozi. Note that (w(a), w(B)) = (a, B) for any w € W and o, 8 € Q.
For w € W, the length of w is

lw) =min{l € Z>o|s;, --- 85, = w, s;, are simple reflections}.

Ifw=si, s, 8i,,,, then the sequence of simple reflections w = (s, , - - -, iy, )
is called a reduced expression associated to w. We denote by wg the longest
element in W and by * the involution on I induced by wo; i.e.,

(1.1) wo(ay) == —ay= forall i € 1.
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For w € W with a reduced expression (s;,,...,S; ), consider the subset ([3])
d(w) ={ac® |w(a) e}

(12) = {54, 8iy - Si,_, (i) |k =1,...,0(w)} such that |®(w)| = £(w).

In particular, ®(wg) = ®*. Note that the definition of (1.2) does not depends
on the choice of a reduced expression.

The action of a simple reflection s;, ¢ € I, on the set of Dynkin quivers is
defined by s;(Q) = Q’, where s;(Q) is a quiver obtained by @ by reversing all
the arrows incident with .

Definition 1.3. A reduced expression w = (s;,,...,8;) of w is said to be
adapted to a Dynkin quiver @ if

i is a sink of Qr_1 = $4,_, - 54, (Q).
Here, Qg := Q.

Remark 1.4. The followings are well known facts:

(1) A reduced expression wy of wy is adapted to at most one Dynkin quiver
Q.

(2) For each Dynkin quiver @, there is a reduced expression wy of wg
adapted to Q.

Note that two different reduced expressions of wy can be adapted to the
same Dynkin quiver Q). Actually, we can assign a class of reduced expressions
of wy to each Dynkin quiver Q. (See Definition 1.5 and Proposition 1.6.)

Definition 1.5 ([2,11]). Let w = (si,, iy, - .-, 8;,) and W' = (si, 8iys -, iz )
be reduced expressions of w € W. If @' can be obtained from w by a sequence
of commutation relations, s;s; = s;s; for da(i,j) > 1, then we say w and @’
are commutation equivalent and write w ~ w’. The equivalence class of w is
denoted by [w].

Proposition 1.6 ([2,11]). Reduced expressions Wo = (Siy, Sizs---,Si,) and
wy = (8ig,8iy,---,8) of wo are adapted to the same quiver Q if and only
if Wy ~ wyy and Wy is adapted to Q.

Thus we can denote by [Q] the equivalence class of wy consisting of all
reduced expressions adapted to the Dynkin quiver Q.

1.1.8. Cozeter elements. An element ¢ = s;,8;, -+ s;, € W where {i1,a,...,
in} = I is called a Coxeter element. There is the one-to-one correspondence
between the set of Dynkin quivers and the set of Coxeter elements

Q «— 9q,

where ¢g is the Coxeter element all of whose reduced expressions are adapted

to Q.
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1.1.4. Partial orders on ®(w). Let w be an element in W of finite type. An
order < on the set ®(w) is said to be conver if

a,B,a+ f € ®(w) and o < B implies « R a+ 5 =2 6.

Definition 1.7. The total order <z on ®(w) associated to W= (s;,, Sis,- - -, Si,)
is defined by

ﬁf <& ﬁ}f if and only if j <k  where B}B =80y 80y S0y ().
Definition 1.8. Let o, € ®(w) C ®*. We define an order <[z on ®(w) as
follows:
<z B ifandonlyif o <g f forany @' € [w]

Proposition 1.9 ([18]). The total order <g and the partial order <[z are
convez orders on ®(w).

Remark 1.10. Consider the adapted class [Q] associated to the Dynkin quiver
Q of type ADE. The convex partial order <[ is often denoted by <q for the
simplicity of notation.

1.2. Construction of AR-quivers

Consider the height function & : I — Z associated to the Dynkin quiver @,
that is £ satisfies
if there exists an arrow ¢ — j in Q, then £(5) = £(1) — 1 € Z.

Note that a height function exists and is unique (up to constant) since the
Dynkin diagram do not have a cycle and connected.
The repetition quiver Z(Q of @) associated to the height function & consists
of the set of vertices
(ZQ)° = {(i,p) € I x Z | p — (i) € 2Z}

and the set of arrows
(ZQ)' = {(j,p+1) = (i,p), (i,p) = (J,p—1) |4, 5 € I such that da(i,5) = 1}.

For ¢ € I, we define positive roots «; and 6; in the following way:

(1.3) %:ai+2aj and Gi:aiJrZozj,
e jed
where
° <z_ is the set of vertices j in Q such that there exists a path from i to
75

22
e i is the set of vertices j in Q¥ such that there exists a path from j to

~

Note that {v;|i € I} = ®(¢g) and {6;|i € I} = @(qﬁél). Consider the map
g : T — (ZQ)° such that

(14) Yi = (175(1))7 ¢Q(a) = (i7p7 2) if TrQ(O[) = (Zap) and (er(a)v o€ q)Jr.
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Proposition 1.11 ([7]). The subquiver of ZQ consisting of mo(®™) is the same
as the quiver T'q by identifying their vertices as ®7.

For a given Dynkin quiver Q and a root a € ®T, (i,p) is the coordinate of
a in T'g and 7 is the residue of o in T', when mg(a) = (4, p).

Proposition 1.12 ([2,19]). Let Wy = (Siy, Siy,---,5i,) € [Q]. The correspon-
dence between coordinates of T and roots in ® is given as follows:

(1.5) (i,£(1) +2m) & B = 54,84, -~ 54, () € DT
form=#{t|iy =1, 1<t <k} andi=iy.

Example 1.13. Let wy = (s1, 83, S2, S4, 1, 83, S5, 82, 84, $1, 3, S5, 82, S4, 51) Of

As, which is adapted to the Dynkin quiver Q = o > ; N Q.
The AR quiver I'gy associated to @ is:
(,p) -6 -5 —4 -3 -2 -1 0
1 5 4 2,3 1
[ ]\ /[ ]\ /[ }\ /[ ]
2 (4, 5] (2,4] [1,3]
~ 7 ~ 4
3 (2,5] [1,4] 3]
7 ~ 7 ~
4 2] [1,5] (3.4]
N 7 ~ e
5 (1,2] (3, 5]

Here [a,b] := Zi’:a a; € DT,

Definition 1.14. A path 8y — 1 — -+ — B, in I'g is called a sectional path
if, for each 0 < k <1 < s, da(ix,%) = k — 1. Here i; (0 <t < s) denotes the
residue of B; in I'g. Combinatorially, a path is sectional if the path is upwards
or downwards in T'g.

1.3. Properties of AR-quivers

The AR quiver I'g is the Hasse diagram of the convex partial order <¢ when
Q is a Dynkin quiver @ of type ADE in the following sense:

Theorem 1.15 ([20]). For a Dynkin quiver Q and o, 3 € ®T, we have a <¢g 8
if and only if there is a path from B to o in I'g. Furthermore, there exists an
arrow from B to o in I'g if and only if 8 is a cover of a with respect to <.

Also, adapted reduced expressions to ) can be obtained from the AR-quiver
I'g by compatible readings. Here, a compatible reading of the AR quiver I'g is

the sequence s;,,...,S;, (resp. i1,...,ix) of simple reflections (resp. indices)
such that whenever there is an arrow from (iq,n4) to (iy,n,) in Tg, read s;,
before s;, .

Moreover, we have the following theorem.
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Theorem 1.16 ([2]). Let Q be a Dynkin quiver of finite type Ay, Dy, E,. Then
any reduced expression of wg € W adapted to the quiver @ can be obtained by
a compatible reading of the AR quiver I'¢.

Note that, by Proposition 1.15, a compatible reading of I'g gives a compat-
ible reading of positive roots, in the sense that « is read before g if @ <¢g 3 for
a,Bedt.

2. Combinatorial AR-quivers and convex partial orders

In this section, we shall introduce combinatorial object Tz which can be
understood as the Hasse diagram of <[z on ®(w) for a reduced expression w
of any element w in any finite Weyl group W. First we suggest an algorithm
for the object and then prove that the combinatorial object is distinct in the
sense that V(g = Y[ if and only if [w] = [w'].

2.1. Combinatorial AR-quivers
Algorithm 2.1. The quiver Yg = (Y2, TL) associated to w = (s;,, Siy, ...,

Siaw)) is constructed in the following algorithm:
(QL) Y% consists of £(w) vertices labeled by B, . .. ,BZw).
(Q2) There is an arrow from ﬂ,? to ij if

(i) k> 74, (i) da(ig,ij) =1 and (i) {t|j <t <k, iz =1 orig}=0.
(Q3) Assign the color mj, = —(oy,,,) to each arrow B — ﬁf’ in (Q2);
that is, [3}3 MELN B}Z Replace EN by —, 2 by = and 3 by =.

We call the quiver Yz the combinatorial AR-quiver associated to w. Now
we can define the notion of sectional paths in Tz as in Definition 1.14. In (g,

the residue of the vertex labeled by B is iy.

Remark 2.2.

(1) To compute B from the reduced expression w, we need lots of com-
putations in general. So, we significantly deal with this problem sepa-
rately, in Section 3.

(2) The shape of Y[z can be obtained directly, without any computation,
from Algorithm 2.1 (see (2.1) in Example 2.4).

The following proposition follows from the construction of the quiver T z:

Proposition 2.3. If two reduced expressions w and w' are commutation equiv-
alent, then Y5 = Yg . Hence we can define the combinatorial AR-quiver on

[w]:

Yz = Yo for any w' € [w].
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Example 2.4. Let w = (s1, $2, S3, S5, S4, S3, S1, S2, $3, S5, S4, S3, 51) of As. Then
one can easily check that w is not adapted to any Dynkin quiver @ of type As.
According to Algorithm 2.1, the shape of g is:

(2'1) residue
1 . ° °
) \ . / \ . /
RN e
3 ° . ° .
4 N A N S

’\./°\.

Labels of vertices of the combinatorial AR quiver T g are

ot

(BF 1<k < £(w) = 13)
= ([1],11,2],[1,3],[5], 1, 5], [4, 5], [2], [2, 5], [2, 3], [1, 4], [2, 4], [4], [3, 5]).

Hence Y (g is drawn as follows:

(2.2) 1 [3,5] 2] 1]
2 \[2,5}/ \[1.2]/
pd RN 7 /
3[4 [2,3] (4, 5] [1,3]
N e N e
4 [2,4] [1,5]

Here [2,4] and [2] are positive roots whose residues are 4 and 1, and lie in the
sectional path:

[2,4] — [2,4] — [2,5] — [2]

Example 2.5. Let wy = (s3, $2, $3, S2, S1, S2, S3, S2, $1) of B3. The combinato-
rial AR quiver of [wy] is:
T[@o] = ai ar+2as+2a3

1
N —
2 ayt+asg a)+as+2as ™~ [ as+2as
~ — N e AN
3 a1 taztag aztag ag

Example 2.6. A combinatorial AR quiver is not necessarily connected. For
example, let w = (s4, s3, 1) of A4. Then

Ty =

aq

1

2

3 a3+ oy
N

4 Qyq .



362 S.-J. OH AND U. R. SUH

Example 2.7. Let wy = (s1, S2, S3, $1, S2, S4, 81, S2, 3, S1, S2, 84) of D4. Note
that wq is not adapted to any Dynkin quiver of type Ds. We can draw the
combinatorial AR quiver Yz, as follows:

1 a1 +agtay ag (o2 aq
2 az+oy aytaz+az+aoy az+ag ay+ag
’ / antagtay \ an+an+a3
4 ay ay+2as+az+ay
Example 2.8. Let w = (s1, s2, $1, $2,51) of G2. Then
T[qﬂ] =1 a1+3as 201 4 3as aq -
=

2 ag + 2as a + az

Remark 2.9. A combinatorial AR quiver is not necessarily connected (see Ex-
ample 2.6). However, when w is a reduced expression consisting of simple
reflections {s;,,...,s;, }, the quiver T(z is connected if and only if the full
subdiagram of A consisting of the set of indices {i1,...,4x} is connected.

2.2. Combinatorial AR-quivers and convex partial orders

In this subsection, we shall show each combinatorial AR-quiver gives rise to
a distinct convex partial order <z on ®(w). To do this, we aim to show the
converse (see Theorem 2.21):

(2.3) T[ﬁ] = T[i’] then [@] = [w/]

of Proposition 2.3, by using the level functions (Definitions 2.10, 2.12) of w and
of T[{D]-

Definition 2.10 ([2]). Let w = (84, Siy, - - -, S, ) be a reduced expression of w.
Given a € ®(w), let

(24) BlvﬂQa"wﬁk:a
be a sequence of distinct elements of ®(w) ending with « such that
(2.5) Bi-1 <@ Bi and (B, Bi-1) #0.

The function \g : ®(w) — N associated to the reduced expression @ is defined
as follows:

(2.6)  Ag(o) =max{k >1|01,P2,...,0r = «is the sequence in (2.4)}.
We call it the level function associated to w.

Proposition 2.11 ([2]). Two reduced expressions W and W' of w are in the
same commutation class if and only if A\gg = Agr.

Definition 2.12. The level function Ay, : ®*(w) — N of T is defined by
AY () (8) = the length of the longest path in T3 from 3.
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Remark 2.13. By Proposition 2.11 and (2.3), the converse (Theorem 2.21) of
Proposition 2.3 can be re-written as
(2.7) Tz = Y@ then A\ = Ay
We shall prove (2.7) by showing Ay, = Ag (Proposition 2.20).
The following lemmas (Lemma 2.14 and Lemma 2.19) will be used in Propo-

sition 2.20. They explain the sequence 31, B2, ..., Bk for the level function Ag
in (2.6), in terms of Y(g.

Lemma 2.14. Let « and B have residues i and j in the combinatorial Aus-
lander-Reiten quiver Y(g. If a and B are connected by one arrow, then we
have (o, B) = — (o, a;) > 0.

Proof. Take a reduced expression w = (s, , ..., 8i,,,) € [W] and denote o = B
and 8 = B for 1 <k <1 < £(w). Then the arrow is directed from 3 to . If
Il =k + 1, then our assertion follows from the formula below:

(Oé, B) = (Sil T Sipg (O‘ik)v Siy v Sy (aiz)) = (_a’ima’il)'

Assume that [ > k 4+ 1 and set Wr<.<; := (Si,---,84). It is enough to
show that there exists a reduced expression @' € [@] such that 8% = o and
ﬁ}f,/_H = (3 for some k' € {1,...,¢(w) — 1}.

Observe that the following property is followed by the algorithm of combi-
natorial AR quivers

) {i|k<t<liig=i}={i|k<t<lip=j}=0,

(ii) if ¢ # 4,7, then sy s; = s;5; Or 8;78; = 85, Sir.
Hence we can find a reduced expression @’ = (si,. .., Siy, )) € [w] such that
o= 5}3/ and § = 5}3;1 for some 1 < k' < f(w). O
Proposition 2.15. Let o and 8 have residues i = ig and j = ig in (g
Suppose there is a sectional path in (g

Mg 1.0 Mg _g.ig_1 My iy Mg iq

B=n - M
Then we have
k—1 ) k—1
(2:8) (o, 8) = 4 Iy 2% Tlizg micivss for Type F,
7 [Tizo Mirsivia otherwise,

where iy is the residue of y¢ and mgp:=—(aq, ap) for a,b € I (Algorithm 2.1).
Hence

(a, B) > 0.

Proof. Note that, by induction on k, we can see that

k p—1
[Tz (s i)
SigSiy * Sikfl(aik) =y, + Z(_Q)P pt_lo Gp—t—19 Xig_y Qi -
p=1 Ht:O (aik—t—l’aik—t—l)
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There exists w € W such that a = w(a;) and f = ws;s;, Siy - - - 8i,_, (Q5).
Hence we have

(wla), wsisiy siy + 8iy,_1 (05))

k—1 k—1
_ <aim (_2)k—1 thif 1t 'Lt+1) o, + (_2)13 Ht;(if 1t lt+1) al_())
t=1 (aif, ? ait) t=0 (ait’ ait)

k—1
(29) B ( 2)k—1 t=1 (aim ait+1)
= - e
t=1 (ait 3 ait)
k— 9 k—1

= T N H 7(ait5ait+1)

i (@i aa) g

(aiov ail)

—

since (a,,,) = 0 for a # 0,1. Here we note that only ¢ and i; can be 1
or n. According to [3], except Fy case, we can check that («;,,q;,) = 2 for all
t=1,2,...,k—1. In the case of type Fy, we have (g, a2) = 2 and (a3, a3) = 1.
Hence we get the formula (2.8). O

Remark 2.16. For any finite type other than Fy, we have
k—1 k-1 k—1
(Oé,ﬁ) = Ht:o (’Yt,’)/t-f-l) = Ht:O _(ait7ait+1) = 1le=0 Mz irs1 > 0.
Here we use notations in Proposition 2.15.

Example 2.17. Let us consider wy = (s3, $2, 83, $2, 81, S2, S3, S2, 1) of type
C3. Then:

T[@o] =1 o - a1 +2as+ag
—7
2 a1 +as a1 tas+tasg ™ [ N agtas
=
3 2014200+ a3 200 +as ag

One can check that Proposition 2.15 holds in the above quiver. For instance,

2 = (a1 + 200 + a3, 201 + 205 + a3)
= (a1 + 22 + a3, a1 + ag + az) (a1 + ag + as, 2aq + 200 + as)
= (a1, @2) (2, as).
Lemma 2.18. Let o, € ®(w) and w be a reduced expression of w € W. If

there is no path between o and (3 in Yz, then there are two distinct reduced
expressions W and w" in [W] and two integers k,l € N such that 6}?/ = a,

~ ~1/ ~7/
5]7:4,_1 =/ and Blu.;_l =, Blw =p.

Proof. Let a = B2 and B = B{ have residues i and j, respectively, for 1 < s <
t < {(w). Since there is no path from 3 to a in Y(g), if there is a root v = 8y
for s < ¢ <t with residue 4’, then s;s; = s;5 or siys; = s;5;. Hence there is
a reduced expression W' € [w] such that o = ,6’}?/ and 8 = 5}5_1. Also, since we
know s;s; = s;s;, we have w” € [w] such that a = ﬂ}zrl and 3 = ﬁ}f/. O
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Lemma 2.19. Let o, 8 € ®(w) and w be a reduced expression of w € W.
Suppose there is no path between o and 3 in Yg. Then we have (o, B) = 0.

Proof. Since <j is a total order, we can assume that 6}3 = «a and sz = f3 for
k < I without loss of generality. If | — k = 1, then

(av B) = (Sil cee iy (aik)ﬂ Siy oy Sig_1 Sy (aiz))
= (aik7sik (aiz)) = (aik?ail) =0.
Now our assertion follows from Lemma 2.18. O

Proposition 2.20. Consider a reduced expression w of w € W of any finite
type. We have
AT = Ala)-

Proof. Suppose Ay, () = k and it is obtained by a path a = f; — Br—1 —
coe = Py — By in'r[@]. Then §; 1 <[@] B; for i = 2,...,k so that 8;,_1 <g 0.
Also, (B, Bi—1) # 0 by Lemma 2.14. Hence Agz(a) > Ay, (o) = k.

On the other hand, suppose Agz(a) = k is obtained by the sequence f; <z
B2 <z -+ <@ Br—1 <@ Pr = «a such that (8;-1,8;) # 0 for i = 2,...,k.
Then ;1 <[z P: since otherwise (f;_1,5;) = 0 by Lemma 2.19. Hence
there is a path a = B — Br—1 — -+ — B2 — (1 in Tz which implies
k= Az(a) < Ar, (). As a consequence, we have Ay . = Az O

Theorem 2.21. Two reduced expressions W and W' are in the same commu-
tation class if and only if Yz = Y-

Proof. Tt is enough to show that if Yz = Y[z, then [w] = [w']. However,
since we know that A\jgj = Ay, = )‘T[m = MA@ and Az = Ag) implies
[w] = [w'] by Proposition 2.20, our assertion follows. O

The following theorem shows Tz can be understood as a generalization of
To.

Theorem 2.22.

(1) Every reduced expression of w € [w] can be obtained by a compatible
reading of T (g

(2) The combinatorial AR quiver Y[ is the Hasse diagram of convex par-
tial order =Xz). That is o Zz) B if and only if there is a path from (3
to a in T[@]

(3) If wo € [Q], we have Yz, ~Tq.

Proof. (1) In Algorithm 2.1, since the existence of arrow B — /J’f in Yz
implies k > j, any reduced expression @ € [w] can be obtained by a compatible
reading of 1.

(2) If there is a path from a to 3 in Y[z, then any compatible reading of
Tz reads 8 before a. On the other hand, if there is no path from « to 8
or from 8 to a, then there are two compatible readings of Y[z such that one
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is obtained by reading « before 8 and the other one is obtained by reading [
before o (see Lemma 2.18). Hence Y3 is the Hasse diagram of <[z .

(3) Since I'g is the Hasse diagram of <¢g and Y[g,) is the Hasse diagram of
-4[7;0], if [Q] = [’lﬂo], then FQ ~ T[wo]. O

Example 2.23. In Example 2.4, we can obtain the following reduced expres-
sion in [wg] by compatible reading:

(817 S2, S5, 83, S4, 53, S1, S2, S5, S1, S3, S4, 83)-

Theorem 2.22(3) shows a combinatorial AR~quiver is a generalization of an
AR~quiver. As AR-quivers are used to investigate convex orders associated
to adapted reduced expressions, combinatorial AR~quivers can be used to see
convex orders associated to non-adapted reduced expressions.

3. Labeling of combinatorial AR quivers

In this section, we discuss finding labels of combinatorial AR quivers. For
classical finite types, there is a more efficiency way to find the label of each
vertex @ € &1 in I'g than direct computations. Similarly, for the labeling of
Tz, there exists analogous way to avoid large amount of computations (see
Remark 2.2(1)). We mainly focus on combinatorial AR quivers of type A,, and
generalize the argument to other classical finite types.

3.1. Labeling of AR-quivers of type A

Let I'g be an AR quiver of finite type A,,. Recall that we denote by mg ()
for o € & the coordinate of the vertex in I'g labeled by a.

Lemma 3.1 ([2,8]). We call the vertex k in the Dynkin quiver Q a left inter-

mediate if () has the subquiver TR and call the vertex k in the

Dynkin quiver @ a right intermediate if Q has the subquiver T e

Then we have the following properties.

(1) For a simple oot oy, we have

(k, &), if k is a sink in Q,
) (n+1—-k&—n+1), ifkisa sourcein @,
(3.1) mo(ak) = (1,& —k+1), if k is a right intermediate,
(n, & —n+ k), if k is a left intermediate.

(2) If B — ais an arrow in T'q for a, B € @, then (B, ) = 1.
Here € is the height function such that max{&,|k=1,...,n}=0.
After all, the following theorem shows how to find labels of vertices in I'g

in an efficient way. In order to introduce the method, we distinguish types of
sectional paths in AR quivers.
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Definition 3.2 (cf. [17, Definition 3.3]). In an AR quiver I'g, a sectional path
is called N-sectional if the path is upwards. On the other hand, if a sectional
path is downwards, it is said to be an S-sectional path.

Theorem 3.3 ([16]). For a positive root o = %2

ek of type A, let us call
ayg, the left end and oy, the right end of a.

(a) Ewvery vertex in an N-sectional path in T'q shares its left end.
(b) Every vertex in an S-sectional path in I'q shares its right end.

Now we know how to draw the AR quiver I'g associated to the Dynkin
quiver @ of A,, purely combinatorially. We summarize the procedure with the
example below.

Example 3.4. For Q= % > 3 N -
tells that I'g can be drawn with partial labels:

° of type Ag, Lemma 3.1

1 ° ° [2] [1]

) [5]/ \./ \./ \./

X N, TN \./
AN 7 N N

4 [3] ° ° [4]

s \./ \./ \./

NN 7 N
6 . ° [6]

1 [5,6] (3, 4] 2] (1]
P ~ 7 ~ A
2 [5] (3, 6] (2,4] (1,2]
N e ~ 7 re
3 [3,5] 2,6] 1,4
P4 ~ 7 N 7 o
4 [3 2,5] (1,6] (4]
N 7 ~ 7 ~ e
5 2,3] (1,5] [4,6]
~ 7 ~ 7 o
6 (1,3] 4,5] (6]

3.2. Labeling of combinatorial AR-quivers

Now, we generalize the above arguments in I'g. In order to find analogous
results for Tz of any classical finite type, we introduce the notion of compo-
nent:

Definition 3.5. Let a =), ;cie; and 3 =), die;. (Note that J need not
to be the same as I.)
(1) If i € I satisfies ¢; # 0, then ¢; is called a component of a.
(2) If i € I satisfies ¢; > 0 (resp. ¢; < 0), then ¢; is called a positive
component (resp. negative component) of c.
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(3) We say « and § share a component if there is ¢ € T such that ¢; is a
positive component to both a and 3 or a negative component to both
«a and f.

Remark 3.6. In A, type, we have [i, j| = ¢; — €j41. Hence Theorem 3.3 can
be restated as follows: An N-sectional (resp. S-sectional) path in I'g shares a
positive (resp. negative) component. In short, each sectional path in I'g shares
a component.

For type A, recall that the action s; on ®T can be described as follows:
[1,k—1] ifj<k=4,

[[+1,k] ifj=i<k,

[1,k+1] ifj<k=i-1,

3.2 i, k] —

(3:2) UHSNG o ii—it 1<k,
—li] ifi=j=k,
[7, k] otherwise.

Then the following lemma is an easy consequence induced from the action of
simple reflection on ®+.

Lemma 3.7. Let s; be a simple reflection on W of type A,, and i, j| ::Zi:i Qg
fori,jel.

(1) If s¢[i, k], selg, k] € ®F, then sili, k] = [/, k] and s:[j,k] = [j', k'] for
some i, j <k €{1,2,...,n}.

(2) If s¢liy gl selis k] € @, then s¢fi, j] = [/, 5] and sy = [i', K] for some
i<k e{1,2,...,n}.

Proposition 3.8. Let W = (8;,, Siy, .- -, Siy) be a reduced expression of w € W
of type A, and Yz be the combinatorial AR quiver.

(a) If there is an arrow from B}fl of the residuel to 51?2 of the residue (I-1),
then the corresponding positive roots [i1, j1] and [ia, j2] to 6,?1 and ﬂ}fz
satisfy i, = ia. - -

(b) If there is an arrow from B}’ of the residue I to B} in the residue
(I+1), then the corresponding positive roots [i1,j1] and [ia, ja] to ﬁ]fl
and By, satisfy j1 = ja.

Proof. (a) The arrow from 61?1 of the residue ! to ﬂ}g of the residue (I — 1)
implies that k1 > ko and
(3.3) the vertices {3} |k=ko+1,...,k;—1} in Y[z are not of the residue

lor(l—1).
Denote W<g,—1 = Si;Si, - Sky—1. Then [i1,j1] = {Egkrlsikz Sigy+1"" " Sig,
(i, = [l]) and [ig, jo] = W<k,—1 (i, = [l —1]). Using (3.2) and (3.3), we
have

Siky Sin,+1 77" Sik1—1(aikl) = [l - 17j]
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for some j > [. Then the first assertion follows from Lemma 3.7.
(b) The same argument as that in the proof of (a) works. O

Theorem 3.9. For any Yz of type A, if two roots a and 3 are in an
N-sectional (resp. S—sectwnal) path, then « and B share their positive (resp.
negative) components.

Using Theorem 3.9, we can find labels of combinatorial AR-quivers avoiding
large amount of computations.

Example 3.10. Let {EO = (817 52,51, 83, S5, S4, 83, 52, 83, S5, 54, 51, §3, 52, 83) of
As. We can easily find that labels of sinks and sources of the quiver T g, are
[1], [5] and [3].
(3.4) . . 1
./ \./ \./
7 \. ./ \. ./
\./" \. A

By Proposition 3.8, we can see the labels T, has the form of:
(3.5) 1

3]

T W N =

34”/ \[15/[111\ /

5 @ bﬂ\ m] [Aa /uq

4 [t, T]\ / \

5

Since (i) there are four different roots with the positive (resp. negative)
component €; (resp. €;41) (i) § # 1 (resp. T # 5), we have { = 2 (resp. { = 4).
On the other hand, since s1(a2) = [1,2], § = 2.

(3.6) 1 13.5]
9 (3, 4] / \ [2 5] / \ /
e ~
3 @3 [0,4] B 0 [A,5] i
4 h [2.4] 7
5 T [1.4] / \

Now, since ®(wg) = ®T, one can see that © = 4, x = 3, A =4 and x = 3.
Hence we complete finding labels of Tz

(3.7) 1 3,5] [1]
3, 4 [2 5] [1 2]
s w7 w mm Hﬂ um
\
4

5 (1,4]
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By applying similar arguments of Lemma 3.7 and Proposition 3.8, we have
the following theorem for classical finite types ABCD:

Theorem 3.11. For any (g of classical finite types, a sectional path shares
a component; that is, if two roots o and B are in a sectional path, then o and
B share one component.

We can observe the following remark without consideration of types:

Remark 3.12. For a and f3 in a sectional path in Tz of any finite type, there

exists no set of vertices {; | 1 <i <r} C ®* in the same sectional path such
that

Z%:O“Lﬂ and v #a,8 foralll<i<r.
i=1

Example 3.13. Recall that the set of positive roots can be expressed as
{e,xe|1<i<j<n}.
For type D5, consider the reduced expression
wWo = (82, 1, 83, S2, S1, S5, S3, 82, S1, S4, $3, S2, 51, S5, 53, $2, S1, S4, S3, S5)-
The combinatorial AR quiver (g, has the form of:

1 (1,-2)
2

3)

T NN AT
INAN N TN A

/fkh/\/\/\/f“
(3.4) °
(4,-5) ° (2,5)

Here €;  ¢; is denoted by (i, +j). Note that the labels filled in the previous
quiver are not hard to find by direct computations. Now, by Theorem 3.11, we
can complete to find all labels in T(g,.

3

'S

1 (1,-2) (2,-5) (4,5) (3,-4) (1,-3)

2 (1,-5) (2,4) (3,5) (1,—4) (2,-3)

3 3,—5 E 5
4// e /\\/ \w/
(3,4) (1,2)

Example 3.14. In Example 2.17, T g,] of type C3 can be also labeled in terms
of orthonormal basis:

w
f,&
1
&
=
&
©

1 € —e €1+ €2

7
2 €1 — €3 €1+ €3 €2 — €3 €2+ €3
3

= AN = AN
2¢; 2¢9 2€3

which implies Theorem 3.11. Note that, for any reduced expression of wy of
type C,,, every positive root of the form 2¢; has residue n and any positive root
has residue n is of the form 2¢;.
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4. Combinatorial reflection functors and r-cluster points
4.1. Reflection maps on Y (g

The following theorem is a well-known fact about sinks and sources of a
Dynkin quiver ) and an AR quiver I'g.

Theorem 4.1. Let Q be a Dynkin quiver of type Ay, Dy, or E, and I'g be
the associated AR quiver. The followings are equivalent.
(a) i €I is a sink (resp. source) of Q.
(b) There are reduced expressions wg adapted to Q such that wy starts
(resp. ends) with s; (resp. ;).
(¢) ay is a sink (resp. source) of I'g.

Let A be a Dynkin diagram of simply laced type. On the set of AR quivers
I'n = {T'g| Q is a Dynkin quiver of A}, for ¢ € I, define right (resp. left)
reflection functor

T FA — FA
by I'g — T'gr; (resp. T'g — I'gr;), where

T, if 4 is a sink in @
T J— 5:(Q) . ’
QT { g otherwise, and
(4.1) e .
T — L. ifd" is a source in @,
e | o) otherwise.
Example 4.2. Let wg = (s3,51,52,54, 51, 53, 55, 52, 54, 51, 53, 55, 52, 51, 54) €

[Q] of As. Note that wy is adapted. Then a3 is a sink of I'g and «y is a source
of FQ.

[5] [4] 2,3] m o= 3,4] [ (1]
N O N SN S N N SN S
(4,5] (2,4] (1,3] 3,5] (2,4] (1,2]
NN A A N
2,5] [1,4] 3] 3] (2,5] (1,4]

SN SN S NN N
2 (1,5] (3,4] 2,3] (1,5] 4]

N N S N O N S
1,2] 3,5] (1,3] (4, 5]

LEE [4] 2,3] 1 = Bl (4] (3] (1,2]
N SN SN S NN N N
[4,5] 2,4] [1,3] [4,5] (3,4] (1,3] 2
NN SN N N N S
(2,5] (1,4] (3] (3,5] (1,4] (2,3]
A N N N S
(2] 1,5] [3,4] [1,5] [2,4]
N 7N S SN S
(1,2] (3,5] (1 (3,5]

Let i be a sink (resp. source) in . The right (resp. left) reflection functor
r; on I'a can be described as follows:

(4.2)(1) Delete the sink (resp. source) o (resp. ;) in I'g.
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(ii) Put a new vertex a; (resp. «;«) with residue ¢* at the beginning (resp.
end) of ' and arrows starting from «; (resp. ending at a;-) and
ending at the first vertices (resp. starting from the last vertices) with
residues j such that da (i*,7) = 1.

(iii) Change each label 3 in &1\ {a;} (resp. @1\ {a;+}) with s;8 (resp.
Six 5) .

Analogously, we can define reflection functors on combinatorial AR quivers.

In order to do this, we need notions of source and sink of commutation classes
[w] of W.

Definition 4.3. For a commutation equivalence class [w], we say that ¢ € [
is a sink (resp. source) if there is a reduced expression @’ € [w] of w starting
with s; (resp. ending with s;).

The following proposition follows from the construction of the combinatorial
AR quiver (g and (1.2):

Proposition 4.4.
(a) i is a sink of [{IJ]Nz'f and only if a; is a sink in the quiver Yig.
(b) i is a source of [w] if and only if —w(«;) is a source in the quiver Yig.

Using sources and sinks of a commutation equivalence class, we shall define
a reflection functor on the set of combinatorial AR quivers

T, := { Tia,) | Wo is a reduced expression of wg}

and divide the set T,,, into the orbits T[[ﬁo]] of reflection functors (see also
Definition 4.10 below):

T, = |_| Y [a0]
[wo]
Definition 4.5. The right reflection functor r; on [wWp] is defined by
0] 7 = [(Sigy- vy Sin,8ix)] ifiis asink and W) = (84, Siy, - - Siy) € [Wo),
ol = [wo] if ¢ is not a sink of [wp].

On the other hand, the left reflection functor r; on [wy] is defined by

i [fo]= [(Si%, Siy « -y Siy_y)] if @ is & source and W)= (Si,, ..., Sin_y,Si) € [Wo],
¢ 170 [wo] if 7 is not a source of [w].

The following propositions show that a reflection functor is well-defined on

{[wo] | wo is a reduced expression of wp}.

Proposition 4.6. Let Wy = (S, -, Siny_1Sin) be a reduced expression of wy.

(a) wo = (Si%,5Siys -+ -5 Sin_,) 95 a reduced expression of wo which is not in
[wo].

(b) Wy = (Sins---»Sin_y»Sin,Siz) is a reduced expression of wo which is

not in [wWo).
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Proof. Remark that wo(s;(a;)) = —s;=(a;-) for any 4,5 € I.

(a) We have s wosiy (aj) = six (—siz, (<)) = —ay«. Since s;,8i, -~ 85 =
wo, Six, Siy Sip " Siy_, = wo. Hence wy, is also a reduced expression of wy. Also,
since iy a source in Yz, but is not in Y, [wo] # [wp).

(b) By the same argument as (a), we can prove (b). O

Remark 4.7. To the experts, the fact that w(, and wy are also reduced expres-
sions of wy may be well known (for example, [5, page 7] and [9, page 650]).
However, we have had a difficulty finding its proof. Thus we provide a proof
by using the system of positive roots.

Proposition 4.8. Let wo = (8iy,...,8iy) and wy = (i, - sy, ) be reduced
expressions in [Wp).
.y ~1 ~2 _
(a) If i1 =17, then Wy = (Siy,- - -, Sin, Siy) and W5 = (Siy, .-, Sir, Siy) are
i the same commutation equivalence class.
Y] ~3 _ ~4
(b) Ifin=1iy, then Wy = (Siz,, Siys- -+ Sin_y) and Wy =(Siz,, Sifs -+ Sir,_ )

are in the same commutation equivalence class.

Proof. Since we have Tz = Yig2) and Tgz) = Tiga) by (4.2), our assertion
follows. ]

The reflecting functor on [wo] induces the right (resp. left) reflection functor
r; fori € I on T, as follows:

(4.3) Yiao) i = Yiwo) rs (resp. 7i Tigg) = Lo [@o))-

Then the right (resp. left) reflection functor on Y(g, can be described as an

analogue of (4.2):

o]

4)1) Delete the sink (resp. source) a; (resp. a;«) with residue ¢ and arrows
(4.4)(i) Del he sink ith residue ¢ and
incident with «; (resp. a;+) in Yig,)-
(ii) Put a new vertex ; (resp. a;«) in the end (resp. beginning) of Tz
and arrows the conditions in Algorithm 2.1.
(iii) Change each label B in ®* \ {a;} (resp. @1 \ {ay~}) with s;5 (resp.
si=3).

Example 4.9. Let us consider reduced expression wy = (s1, S2, 81, S3, S4, 3, 2,
83, 81, 82) of A4 which is not adapted to any Dynkin quiver ). Then we have:

1 3,4] 2 1
P N E
AN 7 N 7
3 [2,3] [4] (1, 3]
N e

4 [1,4]
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Since 2 is a source of [wy], we have ro[wg] = (s3, $1, S2, 51, 3, S4, 3, S2, S3, S1)
and TQT[{EO] is:

1[4 (2,3] (1]
2 2,4] (1,3]
(4.6) = “ g “
32 [3,4] [1,2] (3]
N 7
4 (1,4]

Definition 4.10.

(1) Let [wp] and [wj] be two commutation equivalence classes. We say
[Wo] and [w(] are in the same reflection equivalence class and write
[Wo] ~ [wh] if [Wh] can be obtained from [@y] by a sequence of reflec-
tion functors. The family of commutation equivalence classes [wy] :=
{ [@o] | [wo] ~ [w}) } is called an r-cluster point.

(2) If [wo] ~ [w)], then we say Yz, and T are equivalent via reflection
fu’I’LCtOT‘S and write T[wo] ~ T[@(fj] AISO7 T[[@o]] = {T[fﬁo] | [17)0} ~ [1176] }
is called an r-cluster point.

4.2. o-composition

The number of commutation classes for wy of a finite simply laced type
increases drastically as n increases (see [25, A006245]). Also, in the last sub-
section, for example (4.4), we showed classes in the same r-cluster point are
closely related to each other. Hence, in this section, we introduce a composition
shared by classes in the same r-cluster point.

Recall that, for a Dynkin diagram A of finite simply-laced type, there exist
non-trivial automorphisms o as follows:

(4.7a) A o@o

1 2 n—1 n

. R %
(4.7b) Drsrs o— Tt

% "
(4.7¢) FEg : 0 < < c o

e 9
4.7d Dy o< — 3 3
(79 Ry v )

Definition 4.11. Let o be one of Dynkin diagram automorphisms in (4.7a),
(4.7b), (4.7c), (4.7d) and k be the number of g-orbits of the index set I. Take
a sequence of og-orbits O = (01,02,...,0;) where 0; # o0j for 1 < i < j < k.
For a reduced expression wyg = (8;,,.-.,8iy) of wo, the o-composition of [wy]
associated to O is

(c1,co,...,ck) € Zgl where c; = |{s;, | i € 0; for some k € Z}|.
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The well definedness of o-composition follows by the fact that if wy =
(Siys-y8iy) and W) = (siy, ..., 8y ) are in the same commutation class, then
#{iy |ix € 0; } = #{i}, | i}, € 0; } for any orbit o;.

Example 4.12. (1) Let us take a Dynkin diagram involution o of A4 in (4.7a).
Then o-composition of [wy] in Example (4.5) is

(4,6)
since there are 4 of s;’s for i = 1 or 4 in wy and 6 of s;’s for j = 2 or 3 in wo.

(2) Let us take a Dynkin diagram involution o of Dy in (4.7b). Then o-
composition of [wy] in Example 2.7 is

(4,4,4).

(3) Let us take a Dynkin diagram automorphism o of Dy in (4.7d). Then
o-composition of [wy] for wy = (s1, $2, S3, S2, 81, S2, S4, S2, S1, S2, S3, $2) 1S

(6,6).
Proposition 4.13. If two commutation equivalence classes [wo] and [W)] of

wo are in the same r-cluster point, then o-compositions of [We] and [wj] are
the same.

Proof. Let wy = (8i;,.-.,8iy)- The only thing we need to show is that o-

S N
compositions of [wo], 7y [Wo] and [wo]rs, are same. If r; [wo] = [wp), then
(S5 Siys -+ Siy_,) € [Wp]. Hence o-compositions of [wp] and [w(] are same.
Similarly, o-compositions of [wp]r;, and [wy] are same. Hence we proved the
proposition. O

Example 4.14.
Let wg be a reduced expression of wy of A, adapted to

Q=05 2 T %
Let o =*. Then the o-composition of [wy] consists of [2+] components such
that
(4.8) (n+1,...,n+1) if n is even,
’ (n+1,...,n+1,%) if nis odd.

It is well known that all the adapted reduced expressions of wg are in this
r-cluster point and all of equivalent classes in this r-cluster point are adapted
to some Dynkin quiver.

5. Application to KLR algebras and PBW bases

In this section, we apply our results in previous sections to the representation
theory of KLR algebras which were introduced by Khovanov-Lauda [10] and
Rouquier [21], independently.
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5.1. KLR algebra

Let I be an index set. A symmetrizable Cartan datum D is a quintuple
(A,P,II,PY,IIV) consisting of (a) an integer-valued matrix A = (ai;)i jer,
called the symmetrizable generalized Cartan matriz, (b) a free abelian group
P, called the weight lattice, (¢) II = {«; € P | ¢ € I}, called the set of sim-
ple roots, (d) PV := Hom(P,Z), called the coweight lattice, () IV = {h; | i €
I} C PY, called the set of simple coroots, satisfying (h;, ;) = a;; for all i, j €
I and IT is linearly independent. The free abelian group Q:=@P,; Za; is called
the root lattice and set QT = Y icr Loy

Let k be a commutative ring. Take i,j € I such that i # j and a family of
polynomials (Q;;)i jer in k[u,v] which satisfy

(5.1) Qij(u,v) =6(i # j) > tijip,quPv?
(p.q)€Z,
di Xp+dj xq=—d; Xa;;
for tiJ’;p,q S k7 ti,j;pﬂ = tj,i;qm and ti,j;—aij,O € k*. Thus we have Qw-(u,v) =
Qj,i(’l}, U).

We denote by &,, = (s1,...,5,_1) the symmetric group on n letters, where
5;:= (4,74 1) is the transposition of ¢ and ¢ + 1. Then &,, acts on I™ by place
permutations.

For n € Z>o and 8 € QT such that ht(8) = n, we set

IB:{V:(Vl"”7Vn)EIn‘aul—’_"'—’_aunzﬁ}«

Definition 5.1. For § € QT with |3| = n, the Khovanov-Lauda-Rouquier
(KLR) algebra R(pB) at B associated with a symmetrizable Cartan datum (A, P,
I, PY,IIY) and a matrix (Q;;); jer is the Z-gradable k-algebra generated by
the elements {e(v)},ere, {Tk}i<k<n, {Tm}i<m<n—1 satisfying the following
defining relations:

e(v)e(v') =6, e(v), Z e(v) =1, xpxm = xmzr, zre(v)=e(V)z,
velB
Tm€(1/> = e(sm(y))Tﬂ"w TkTm = TmTk if |k — m‘ > 17

7‘,36(1/) = ka7uk+1 (zkv xk-‘rl)e(’/)’

—e(v) ifm=k,vp =rvg,
(TkZm — Tsy (m)Tr)e(V) = { e(v) iftm=k+1,vp = vgy1,
0 otherwise,

Quypviaq @k Trt1)=Qup vy g (Tht2,Tht1)
ko1 Tk koVEt1 e(u).

(Tht 1Tk Tt 1 — ThTh+1Tk)€(V) = 0up 01 F———

For 3,y € Qt with ht(3) = m, ht(y) = n, set
e(B.7) = ) e(v) € R(5 +7).

vermt,
(V1 svm)ETP, (Vimg1seeesVmgn )EDY
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Then e(8,~) is an idempotent. Let

(5.2) R(B) ® R(y) — e(B8,7)R(B +7)e(5,7)
be the k-algebra homomorphism given by

e(n) ®e(v) —e(prv) (pel?),
2 @1 ake(B,y) 1<k<m), 1Qzp+— zpmire(B,y) (1 <k<n),
T ®1—=me(B,y) (1<k<m), 17— Tmire(B,7) (1 <k<n),

where pxv is the concatenation of p and v; ie., kv = (U1, ...y fhmy V1, -+ Vn)-
For a R(f)-module M and a R(7y)-module N, we define the convolution
product M o N by

Mo N :=R(B+7)e(B,7) ®rp)or() (M @ N)
and, for a graded R(f)-module M = @, ., My, we define gM = @, ., (¢M )y,

where
(qM)k = Mp_4 (k? € Z)

We call ¢ the grading shift functor on the category of graded R()-modules.

Let Rep(R(B)) be the category consisting of finite dimensional graded R(f)-
modules and [Rep(R(S))] be the Grothendieck group of Rep(R(5)). Then
[Rep(R)] := P seq+[Rep(R(B))] has a natural Z|q,q ']-algebra structure in-
duced by the convolution product o and the grading shift functor ¢q. In this
paper, we usually ignore grading shifts.

For an R(f)-module M and an R(yg)-module M (1 < k < n), we denote
by

M=k, M°"=Mo---0oM, ng:M10"'OMn.
—— k=1

Theorem 5.2 ([10,21]). For a given symmetrizable Cartan datum D, let
Uz[q,q_l](g)v the dual of the integral form of the negative part of the quan-
tum group Uq(g) associated with D and R be the KLR algebra associated with
D and (Qi;(u,v))i jer- Then we have
(5.3) Ustgq-1(8)" = [Rep(R)].

l[g,¢71]

From now on, we shall deal with the representation theory of KLR algebras
which are associated to the Cartan matrix A of finite types.

Convention 5.3. For a reduced expression w of w € W, we fix a labeling of
O(w) as {B) | 1 <k < l(w)}.

(i) We identify a sequence mg = (m1,ma, ..., Myw)) € ZKZ(SU) with

(mlﬂlwa m262ﬁa o amé(w)ﬂgw(w)) € (QJF)Z(U))'

(ii) For a sequence mg and another reduced expression @' of w, mg is a

- — "
sequence in Z>(8u) by considering mg as a sequence of positive roots,

rearranging with respect to <z and applying the convention (i).
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(iii) For a sequence mg € ngu), a weight wt(mg) of mg is defined by

w
P _
Sl mipl € Q.
We usually drop the script w if there is no fear of confusion.

Definition 5.4 ([14,17]). For sequences m, m' € Zgg’% we define an order <%

as follows: h
m' = (m],... ,mz(w)) <% m = (mi,...,myu) if and only if wt(m) = wt(m’)
and there exist integers k, s such that 1 < k < s < ¢(w) satisfying

my =myg ift <kort>sandm; <myift=s,k.

The following order on sequences of positive roots was introduced in [17].

Definition 5.5 ([17]). For sequences m, m’' € Zgg)), we define an order -<?@]

as follows:

(5.4) m' = (my, ..., mpy,) <1[’w] m = (ml,..:mg(E ) if and only if
ml, <2, mg for all reduced expression @' € [w].

Note that -<E?] is far coarser than <%.

Definition 5.6. A pair m = (a,) € (®(w))? is called a minimal pair of
v € ®(w) with respect to the convex total order <Fﬁ] if m is a cover of y. A pair

of positive roots is [w]-simple if it is minimal with respect to the partial order
<Py (see [14, §2.1] and [17]).

Theorem 5.7 ([4,14]). Let R be the KLR algebra corresponding to a Cartan
matriz A of finite type. For each positive Toot B € ®7T, there exists a simple
module Sz, (8) satisfying the following properties:

(a) Sa,(B)°™ is a simple R(mf3)-module.

b) Let | := l(wg) and mg € Z.,. There exists a non-zero R-module
( wo >0
homomorphism B
< o o
(5.5) ¢ S (m) = S (B1)°™ 0+ 0 S, (B)°™
: —
— S, (m) = Sa, (B1)°™ 0 -+ 0 S, (B1) ™
such that
. — —
(i) Homp(wi(m))(Sa,(m), Sz, (m)) =k-r,
ii) Im(r )~ hd §~ m) | >~ soc §~ m) | is simple.
(i) (m) Wo Wo P
(c) For any mg, € Zi(g"’), we have

(5.6) [Say(m)] € m(r,)] + 3 Zsolg*!)[m(r,,).
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’wo)

— —
(d) Foranymg, € Zéz(o , S, (m) has a unique simple head hd (S@O (m)

and hd (3@0 <m>) #hd (5% (m'>> fm#m.

(e) For every simple R-module M, there exists a unique m € Zgo such
—

that M ~Im(r, )~ hd(Sg,(m)).
(f) For any minimal pair (B, 3™) of B;I’O = B 4 B with respect to

<@, there exists an exact sequence

0 = Say(B;) = Sao(Br) © Sy (B1) 2 Saro (B1) © S (Br) — Sy (Bj) — 0,
where mg, € ZEZ(SU“) such that mi =m; =1 and m; =0 for alli # k, 1.

Note that the set Irr(R) of isomorphism classes of all simple R-modules
forms a natural basis of [Rep(R)] and does not depend on the choice of reduced
expression wy of wy.

We also note that Theorem 5.7 implies that

— —
(i) thesubset Sg,(R) :{ (S, (m)] | mg, € Z"Z(BUO) } of isomorphism classes

of R-modules forms another basis of [Rep(R)],
(ii) <Z~)O can be interpreted as a unitriangular matrix which plays the role

o
of the transition matrix between Sg,(R) and Irr(R) for any reduced
expression wg of wy.

5.2. Applications of combinatorial AR-quivers

In this subsection, we apply the observations in the previous sections to the
representation theory of KLR-algebras and PBW-bases.
Now we shall give an alternative proof of the following theorem:

Theorem 5.8 ([17, Theorem 5.13]). For any wo of wo and mg, € ZZZ(SUO), we

o
can define the module Sg,(m); i.e.,

— — - . -
S (mg,) = Sy (mg ) for all Wo, Wy € [Wo).

—w

Moreover, we can refine the transition matriz between B[@O] (R)::{E[%] (m) | m
€ Zez(g}”)} and Trr(R) by replacing <% with the far coarser order <1[’%].
Remark 5.9. For any Wy, w(, € [wp], Theorem 5.7 tells that

Sa,(B) = Sg; (B)  for all B € o,

Thus we denote by Sig,)(3) the simple module Sg; () for any wy € [wo] and
Bedt.
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Proposition 5.10. Let « and B be incomparable positive roots with respect to
the order <[g,). Then (o, B) is [wo]-simple and we have

Stao] (@) © Stg) (B) = Siae) (B) © Spag) () is simple.

Proof. By Lemma 2.18, there exist @, € [Wo] and k € Z>1 such that a = 3, °
and § = 5,?4‘/11 Let us denote by («, ) the sequence Mg, such that my =
mg+1 = 1 and m; = 0 for all 4 # k,k 4+ 1. Then there is no M, such
that m <%6 (a, B). Hence Theorem 5.7(c) tells that the composition series
of Sigyj(a) © Spa,)(B) consists of Im(r(aﬂ)). Then our assertion follows from
Theorem 5.7(b). O

Remark 5.11. Proposition 5.10 tells that Sig,j(c) and S}gz,1(8) commute up
to grading shift (or g-commutes) if o and § are incomparable with respect
to <|@,)- However, the converse is not true. As we see in Proposition 5.12
below, when o and 3 lie in the same sectional path in Tz, so that they are
comparable, Sig,)(a) and Sig,(8) commute. This result is a generalization of
[17, Proposition 4.2].

Proof of Theorem 5.8. By proposition 5.10, the isomorphism class of the mod-

—
ule Sg,(mg,) and the homomorphism r,  does not depend on the choice of
mg,

wWo € [wp]. Thus our first assertion follows. By applying the first assertion to
(5.6) for all wy € [wp], we have

[ ) (m)] € [In(x, )] + S Zoolg* |lim(x, ).

m'<%6m for all w €[wo]

Thus our second assertion follows from the definition of <‘[’%]; that is,

(57 [Sag) €M)+ S Zoolg]m(r, )] O

’
=g 1

Proposition 5.12. Let o and 8 be in the same sectional path of Ygz,. Then
(a, B) is [wp]-simple and we have
Stie) (@) © Stig) (B) = Siase) (B) © Spase) () is simple.

Proof. Proposition 3.12 implies that («, ) is a simple pair with respect to
<[@,)- Thus our assertion follows from Theorem 5.8. O

By Remark 3.12, we have the following corollary from Theorem 5.8.

Corollary 5.13. Let (1, B2, . - -, Bp be in the same sectional path of Y(g,. Then
we have

S\o) (B1)°™o---0 Slio) (Bp)omp is simple for any (m1,ma,...,my) € Zgo.
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Remark 5.14. By the works in [4,9,14], Sg,(8)’s categorify the dual PBW
generators of g associated to wy, which are also elements of the dual canonical
basis. Hence our results in this section tell that the dual PBW monomials
depend only on [wy] (up to ¢*) and some of them are g-commutative under
the circumstances we characterized. In particular, when R is symmetric and
k is of characteristic 0, simple R-modules categorify the dual canonical basis
([22,26]). Hence (5.7) provides finer information on transition map between
the dual canonical basis and the dual PBW basis associated to [wp].

By (4.4), one can observe the following similarity among {Sg,)(c)} and
{Stay) (@)} for [wo], [wp] in the same r-cluster point [wo]:

Corollary 5.15. For a class [wo] of reduced expressions of wo, let (i1,12, ..., i)
be a sequence of indices such that

i 15 a sink of [Wo] Ty, - Ti_,-

Setw = s;,_, -+ 8;,. For (a, ) € (®1)? with [wo]-simple and w-a,w- B € T,
we have

SWU]'% (w : a) © S[{ﬁo]'?”m (w : ﬁ) = S[ﬁo]'m (w : 5) © 5[1710]'7“13 (U) : O‘) is simple,

where rg =14, Ty -

Appendix A. r-cluster points of Ay

There are 62 commutation classes of wg for A4 (see [2, Table 1] and [25,
A006245]). We can check that the 62 commutation classes are classified into
3-cluster points with respect to o = * as follows:

Type 1

(5,5)
A01 | 1213214321 | A02 | 2132143421 | A03 | 1214342312 | A04 | 3214342341
A05 | 4342341234 | A06 | 1321434231 | AO7 | 2143423412 | A0O8 | 1434234123

Type 2
(4,6)
B01 | 2123214321 | B02 | 1232143231 | BO3 | 1232124321 | B04 | 1213243212
BO05 | 2132314321 | BO6 | 1323124321 | BO7 | 1213432312 | BO8 | 1323143231
B09 | 2321243421 | B10 | 2132434212 | B11 | 2124342312 | B12 | 1243421232
B13 | 3231243421 | B14 | 2321432341 | B15 | 2134323412 | B16 | 2143234312
B17 | 3212434231 | B18 | 1324342123 | B19 | 1243423123 | B20 | 1432341232
B21 | 3214323431 | B22 | 1343234123 | B23 | 1432343123 | B24 | 2434212342
B25 | 3243421234 | B26 | 2434231234 | B27 | 4323412342 | B28 | 4342123423
B29 | 3432341234 | B30 | 4323431234 | B31 | 4342312343 | B32 | 3231432341
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Type 3
(3:7)
CO01 | 2123243212 | C02 | 2321234321 | C03 | 2132343212 | C04 | 2123432312
C05 | 3212324321 | C06 | 1232432123 | CO7 | 1234321232 | CO8 | 3231234321
C09 | 3212343231 | C10 | 1323432123 | C11 | 1234323123 | C12 | 3234321234
C13 | 2324321234 | C14 | 2343212342 | C15 | 2432123432 | C16 | 4321234232
C17 | 3432312343 | C18 | 2343231234 | C19 | 4323123432 | C20 | 3243212343
C21 | 3432123423 | C22 | 4321234323

Appendix B. Braid relations and combinatorial AR quivers

By Matsumoto’s theorem, for any two reduced expressions w and @’ of w €
W, @ can be obtained from @’ by commutation relations and braid relations.
In Proposition 2.3, we showed if w’ and w are related by a series of short
braid relations, i.e., [w] = [w'], then Tz = Y(g). In this section, we describe
relations between Y g and (g~ for w" which is obtained by a braid relation
from w.

Recall that if da (4, j) = 1, its corresponding braid relation is given as follows:
(Case 1) o o implies  s;5;5; = 5;5;5;,

i

(Case 2) o==>0 or os==0 implies  s;5;8;5; = 5;5:5;Si,

(Case 3) o==0 or o«&==o implies ;5;8;5;5;5; = 5;5;5;5;5;5;.
i j i J

In Sections B.1 and B.2, we shall discuss braid relations on the set of combi-
natorial AR quivers for (Case 1) and (Case 2). Note that (Case 3) is obvious.

B.1. Case 1

Suppose a Dynkin diagram A of type X,, which has the subdiagram in (Case
1) so that s;5;8; = 5;8;5;.

Proposition B.1. Let W = (i, Siy; -+, Siy,,) and W' = (si1, 8, - -, S, )) be
reduced expressions of w such that w' can be obtained by the relation s;s;s; =
sj8;8; from w. Equivalently, there exists 2 <t < {(w) — 1 such that

1) =1, if1l<m<t—2o0rt+2<m</{l(w),
(1) (¢—1,9¢, 5¢41) = (4,,9),

(iti) (75—1, %% 341) = (4,4, 7).

Then we have

(1) BE =87 if1<m<t—2, t+2<m<Ll(w) orm=t,

'I'E 7”,\7// _ —,
(2) By = B and By = By
Proof. Our assertion for 1 < m <t — 2 is obvious. For m =t —1,t and ¢t + 1,
we have

By =iy Sip_o () = 84, -+ 84,y (558i(0))

Ind

=Si Sié,z(sﬁflsii(aiéﬂ)) = /6t+17
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B = siy -+ sio (si(ag)) = siy - 505 (55(cw))
= sy sy (i () = BF
Bl = Siy o Sir_ 2(318 (i) = i e 8i ()
=83 8 2(0% 1) 5t 1
Our assertion for m > t + 2 follow from the fact that

Sis_18i,Sip1 Sivgn " Simoy = Sii_ Sy Sy Sif it U

m—1

Example B.2. Let w = (817 S9, 83, S5, 84,51, 83, 82,83, S5, 54, S3, 81) of A5. The
quiver T g is drawn as follows:

1 (3, 5] 2] (1]
7 N\ 7
(B.1) 3[4 2, 3] [4,5] [1,3]
N\ 7 AN 7
4 2,4] [1,5]

Consider @' = (s1, 2, S3, S5, S4, 1, S2, S3, S2, S5, 84, 53, 81) of As. The quiver
T is drawn as follows:

1 3, 5] [1]
/
2 h (4, 5] (2, 3] \ [1 2]
(B.2) 3 [ — > (2, 5] - T [1,3}
4 \[2 4] — T [1,5] 7
i ’ \ [174] / ’ \ [5]

Note that, in Tz, there are arrows from [4] to [4,5] and from [2, 3] to [L, 3].

Example B.3. In Example 2.17, for wy = (s3, $2, 83, S2,81, S2, 3, S2, 1) of
type C3a

T[{f)o] =1 m a;+2az+ag
N — T~
2 ai+ag artaztas [e2} astag
BN = AN =
3 201 +2a0+ag 200 +ag s .

Let us consider w{, = (s3, S2, S3,81, S2, 81, $3, 2, 51) of type Cs. Then, by
Proposition B.1,

Yy =
w)] 1 o az ay + oz +as
0 N / \ T~
2 gt ay + 2a + ag as+a3
3 201 +2a+ag — 2ai0+a3 asg .
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B.2. Case 2

Suppose A of type X,, (X=B,C,F) has the subdiagram in (Case 2), so that
5;5;8:8; = 5j8;5;8;. The analogous argument with Proposition B.1, we can see
the following proposition.

Proposition B.4. Let w = (Si,, iy -+, Si(,,) and W' = (8i,8i5 - Siﬁz,(w)) be
reduced expressions of w such that W' can be obtained by the relation s;s;s;sj =
5;8;5;8; from w. Equivalently, there exists 1 <t < {(w) — 3 such that

(i) im=1,, fl<m<tort+3<m<Ll(w),

(i1) (ie, des1,der2, dev3) = (4,5,4, ),

(iti) (2%, dbq10 0y, Thys) = (4,4, J,9)-
Then we have

(1) B =% if1<m<tort+3<m<Llw),

(2) B = Bis, Bit1 = Bita: Biva = Bi1 and Bfls = Y.
Example B.5. In Example 2.17, for Wy = (ss, sz, Ss3, S2, $1, S2, $3, S2, $1) of
type Cs,

T[EO] =1 a a1 +2as+as
N 7 ~u
2 a1 +ao ar+astas Qs az+ag
Y =
3 201+ 2a0+as 202+ asg .
~/
NOWa for Wy = (527 S3,S2,83, 51, S2, S3, 52, 81) of type 037
T[@{]] =1 o 14200403
N — N
2 DtHrOcz\ %Ozl+&2+043 aztas ﬂaz .
3 201 +2as+a3 \ g 200+ a3
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