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ANALYSIS OF L}-WEIGHTS IN ONE-DIMENSIONAL
MINKOWSKI-CURVATURE PROBLEMS

RUI YANG AND YONG-HOON LEE*

ABSTRACT. L'-weight functions are investigated to give necessary condi-
tions on the existence of nontrivial solutions for various types of scalar
equations and systems of one-dimensional Minkowski-curvature problems.

1. Introduction

In this paper, we first consider the following one-dimensional Minkowski-
curvature problem

. (60w 1) =), te (@b),

where ¢(y) = \/ﬁ, y € (—=1,1), function » € L(a,b) satisfies r(t) > 0,

r(t) # 0 in any compact subinterval of [a, b].

The weight functions play a critical role in determining the eigenvalues and
eigenfunctions. One may refer to [2, 7, 8, 9, 10, 11] for the existence, nonexis-
tence and smoothness of solutions of p-Laplace problem (Ayu = div(|Vu|P~2Vu),
p> 1) and [1, 12, 13, 14] for other types of differential equations.

From the properties of Minkowski-curvature operator, we notice that it is
hard to analyze eigenvalues and eigenfunctions of the boundary valve prob-
lem (abbreviated to BVP) of the operator directly. However the existence and
multiplicity of solutions for the problems with continuous or L'-class weight
functions can be studied regarding the eigenvalues corresponding to the second
order linear problem, see [4, 5, 6]. For the BVP of second order linear ordinary

differential equation, Lyapunov [1] proved that ;2- < f:r(t)dt is a necessary
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condition for the existence of a positive solution for the linear ordinary differ-
ential equation

—u” = r(t)u, t € (a,b),
u(a) =0 = u(b),
where r € C(a, b], [0, 00)).

For the BVP of one-dimensional p-Laplacian equation, readers can refer to [2,
3]. Specially, Sim-Lee [3] estimated Lyapunov inequalities for a single equation,
a cycled system and a coupled system with weight functions which are beyond
L'(a,b). The authors only dealt with the case of positive solutions in [3] but here
in this paper, we could handle any nontrivial solutions with help of C'-regularity
of solutions. It is the advantage of L' condition on the weight function.

In this paper, we aim at exploring L!-weight functions to give necessary
conditions for the existence of nontrivial solutions for scalar equations as well
as systems of one-dimensional Minkowski-curvature problems.

The rest of this paper is organized as follows. We analyze L'-weight functions
for a scalar equation, a cycled system and a strongly coupled system of one-
dimensional Minkowski-curvature problems in Section 2, 3, and 4, respectively.

2. Scalar equation

We say u a solution of problem (P) if u € Cla,b] N C'(a,b), |u/'(t)] < 1
for t € (a,b), and ¢(u'(t)) is absolutely continuous in any compact subinterval
of (a,b), and u satisfies the equation and the boundary conditions in problem
(P). The following proposition shows that all solutions u of problem (P) are in
C'la,b] and satisfy ||u']|oo < 1.

Proposition 2.1. Ifu is a nontrivial solution of problem (P), thenu € Ct[a, b],
[/ (t)] <1 fort e [0,1].

Proof. Let u be a nontrivial solution of problem (P). Then it suffices to prove
that u € Cl[a,b] and |v/(a)| < 1 and |u/(b)| < 1. Since u € Cla, b], there exists
a t* € (a,b) such that «'(¢*) = 0. Thus we obtain

(1) u'(t) = ¢ </f r(T)u(T)dT) .

r € L'(a,b) implies that «(a) exists and thus |u’(a)| < 1. Similarly we get u’(b)
exists and |u/(b)| < 1. This completes the proof. O

Theorem 2.2. If problem (P) has a nontrivial solution, then one has

b
(2) bfa < / r(t)dt.
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Proof. Let u be a nontrivial solution of problem (P). By Proposition 2.1, u €
C'la,b]. For t € [a,b], we have

jut)] < / ()| dr,

and

u(t)] < / () dr.

Applying Holder’s inequality, we have

b b 1/2
2|u(t)|§/ |u' (7)|dT < (b—a)'/? (/ u'|2dT> ,
that is

2 _b—a ’ 712
3) u()P? < 7 (/ |u|df>.

Multiplying both sides of (3) by r(t), we get

() PO < () ( A |u'|2dv> .

Since u is a nontrivial solution of problem (P), we have

b

b
(5) it = / () u(t) [2dt.

Integrating (4) in (a,b), we get

b —a [t b
(6) / r(t)u(t)2dt < bT/ r(t)dt (/ |u’|2d7> )

From (5) and (6), it follows that

/12 bh— b b /12
] _dt < a/ r(t)dt Ler .
1— [ 4 Ja a /1=

And we obtain (2). O

b

Remark 1. In Theorem 2.2, there is no equality in (2) for the Minkowski-
curvature problem compared with the result in Laplacian problem, see [1].
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3. Cycled system

In this section, let us consider L'-weights which can guarantee the existence
of nontrivial C'-class solution for a cycled system

(64 (1) + ra(yun(t) =0,
(6s(8)) -+ ra(t)us(t) =0,

(S /

(But-s (1) + s (tun() = 0,

!/

(6 (®)) +ra®u(®) =0, te (a,b),

ui(a) = =up(a) =0=1wu1(b) = - = u,(b),
where 7; € L'(a,b), 1 < i < n. Mainly due to the fact r; € L(a,b), we may
prove a solution (u1,ug, - ,u,) of (CS) satisfies u; € Cta,b], ||ul]lo < 1 by
obvious modification of the proof of Proposition 2.1. We say (u,ug, - ,uy) a

solution of problem (CS) if u; € Ca, b], ||uf]|oo < 1, and ¢(u}(t)) is absolutely
continuous in any compact subinterval of (a,b), and w; satisfies the equations
and the boundary conditions in problem (CS), 1 < i <n.

Theorem 3.1. If problem (CS) has a nontrivial solution, then one has

1) (bfa)n < /abrl(t)dt~~~/abrn(t)dt.

Proof. Let (u1,ug, -+ ,u,) be a nontrivial solution of problem (CS). Asin (3),

we have
a b
/|ug|2dt :

(®) Jui (8)]* <
Multiplying both sides of the first equation in problem (CS) by u(t) and then
integrating it over (a, b) we obtain

b

m dt = ’ 71 (8) g ()] |uz(t)|dt.
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i.e.,

b 1/2 b b 1/2
</ |u’1|2dt> <T/ oL (/ |u’2|2dt>
a a a

Similarly, we can get

1/2 1/2
(U fup2ae) <”TT"f;r2(t)dt(f:|ug|2dt) ,

(S0 bty Pan) " < e 0oyt (7 2at)
(/2 \u;|2dt)l/ <o gty (1)t (ff|ug|2dt)l/2

Multiplying all inequalities, we obtain (7). O

4. Strongly coupled system

In this section, we study L'-weights which can guarantee the existence of
nontrivial C'-class solution for a strongly coupled system

(609 + ()@ (0) + -+ un(6) =0,

(sCs )
(G () +ra@®@a(t) + - +un() =0, t€ (a,b),
wr(a) =+ = un(a) =0 = wi(b) = -+ = wn(b),

where r; € L'(a,b), 1 <i < n. By obvious manner as before, we may prove a
solution (uy,ug, -+ ,uy) of (SCS) satisfies u; € Cta, b], ||ul]loo < 1. So we say
(u1,u2, -+ ,uy) a solution of problem (SCS) if u; € Cla,b], |Jui|lc < 1, and
¢(uj(t)) is absolutely continuous in any compact subinterval of (a,b), and u;

satisfies the equations and the boundary conditions in problem (SCS), 1 <i <
n.

Theorem 4.1. If problem (SCS) has a nontrivial solution, then one has

) bfa </brl(t)dt+~-~+/brn(t)dt.

Proof. Let (uy,uz,- - ,u,) be a nontrivial solution of problem (SCS). As in
(3), we have

(10) i (1)) < (b_“)m (/ | dt)

/2
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Multiplying both sides of the first equation in problem (SCS) by wu4(t) and
integrating it over (a,b), we get

b |u/ |2 b
| it = [ r®(u@F -+ ®)lun (0]

Together with (10), we get

b b /12
[ e < Gl
a a

—_—
Vi
b
=/mmme+m+mwmmmﬁ

b— b b
o R RTAR
a a
b—a b b 1/2 b 1/2
+ 4 r1(t)dt / ) |?dt / |u! |2dt ,
1.€.,
b 1/2 b b , 1/2 \ 12
/ |u/1|2dt < 1 / 7’1(t)dt / |u/1|2dt et / ‘u;‘th
Similarly, we can get
1/2 1/2 12
(f; |U’2|2dt) < bza [V (4t ((f: \u’1|2dt) L (f; qudt) ) 7
byriag) ! bma b by i) 2 N Y5
(fa |un| dt) < x4 fa Tn(t)dt (fa |U1| dt) —|— . + (fa un| dt) )
Adding all equalities, we derive (9). 0
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