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CHARACTERIZATION OF TRAVEL GROUPOIDS BY

PARTITION SYSTEMS ON GRAPHS

Jung Rae Cho∗ and Jeongmi Park

Abstract. A travel groupoid is a pair (V, ∗) of a set V and a binary

operation ∗ on V satisfying two axioms. For a travel groupoid, we can
associate a graph in a certain manner. For a given graph G, we say that a

travel groupoid (V, ∗) is on G if the graph associated with (V, ∗) is equal to

G. There are some results on the classification of travel groupoids which
are on a given graph [1, 2, 3, 9]. In this article, we introduce the notion

of vertex-indexed partition systems on a graph, and classify the travel

groupoids on the graph by the those vertex-indexed partition systems.

1. Preliminaries

Definition. A groupoid is an algebraic system (V, ∗), where V is a set and ∗ is a
binary operation defined on V . A travel groupoid is a groupoid (V, ∗) satisfying
the following two axioms:

(t1) For any u, v ∈ V , (u ∗ v) ∗ u = u.
(t2) For any u, v ∈ V , if (u ∗ v) ∗ v = u then u = v. �

Travel groupoid was introduced by L. Nebeský [8] in 2006 in connection with
geodetic graphs [4, 5, 6] and signpost systems [7].

Proposition 1.1 ([8]). Let (V, ∗) be a travel groupoid. Then the following hold.

(1) For any x ∈ V , x ∗ x = x.
(2) For any u, v ∈ V , u ∗ v = v if and only if v ∗ u = u.
(3) For any u, v ∈ V , u ∗ v = u if and only if u = v.
(4) For any u, v ∈ V , u ∗ (u ∗ v) = u ∗ v. �

All graphs in this paper are simple graphs.
Let (V, ∗) be a travel groupoid, and let G be a graph. We say that (V, ∗) is

on G or that G has (V, ∗) if

V (G) = V and E(G) = {{u, v} | u, v ∈ V, u 6= v, and u ∗ v = v}.
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It is then clear that every travel groupoid is on exactly one graph. However,
many different travel groupoids may be on the same graph.

It follows immediately from (t1) of the definition or (4) of Proposition 1.1
that, if (V, ∗) is a travel groupoid on a graph G, then u and u ∗ v are adjacent
in G for distinct elements u and v of V .

For a vertex u of G, let NG(u) denote the neighborhood of u in G, that is,
the set of vertices of G which are adjacent to u.

Lemma 1.2 ([8]). Let G be a graph and let (V, ∗) be a travel groupoid on G.
For any distinct element u and v of V , we have u ∗ v ∈ NG(u). �

2. Right Translation Systems of a Groupoid

Definition. Let (V, ∗) be a groupoid. For u and v in V , put

V R
u,v = {w ∈ V | u ∗ w = v}.

The system
PR = {V R

u,v | (u, v) ∈ V × V }
is called right translation system (or RTS for short) of the groupoid (V, ∗). �

Remark. The set V R
u,v defined above is the inverse image of v under the left

translation Lu : V → V of the groupoid (V, ∗) by u defined by Lu(w) = u ∗ w
for every w in V , i.e., V R

u,v = L−1u (v). We can also consider the set V R
u,v as

the set of elements whose right translations send u to v, i.e., V R
u,v = {w ∈ V |

Rw(u) = v}, where the right translation Rw : V → V of (V, ∗) by w is defined
by Rw(u) := u ∗ w for every u ∈ V .

Lemma 2.1. Let (V, ∗) be a groupoid. Then, (V, ∗) satisfies the condition (t1)
if and only if the RTS PR of (V, ∗) satisfies the following property:

(R1) For any u, v ∈ V , if V R
u,v 6= ∅, then u ∈ V R

v,u.

Proof. Let (V, ∗) satisfies the condition (t1) and suppose V R
u,v 6= ∅. Take an

element w ∈ V R
u,v. Then u ∗w = v. By (t1), we have (u ∗w) ∗ u = u. Therefore,

we have v ∗ u = u and so u ∈ V R
v,u. Thus the property (R1) holds.

Now, suppose that the RTS of (V, ∗) satisfies the property (R1). Take any
u, v in V and let u ∗ v = x. Then v ∈ V R

u,x and so V R
u,x 6= ∅. By (R1), u ∈ V R

x,u

and so x ∗ u = u. Since u ∗ v = x, we have (u ∗ v) ∗ u = u. Thus (V, ∗) satisfies
the condition (t1). �

Lemma 2.2. Let (V, ∗) be a groupoid. Then, (V, ∗) satisfies the condition (t2)
if and only if the RTS PR of (V, ∗) satisfies the following property:

(R2) For any u, v ∈ V with u 6= v, V R
u,v ∩ V R

v,u = ∅.

Proof. Let (V, ∗) satisfies the condition (t2) and assume V R
u,v ∩ V R

v,u 6= ∅ for

some u, v ∈ V with u 6= v. Take an element x ∈ V R
u,v ∩ V R

v,u. Then u ∗ x = v
and v ∗ x = u. Therefore, we have (u ∗ x) ∗ x = u, which is a contradiction to
the property (t2). Therefor V R

u,v ∩ V R
v,u = ∅ and the property (R2) holds.
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Now suppose that the RTS of (V, ∗) satisfies the property (R2). Assume that
there exist u, v ∈ V with u 6= v such that (u ∗ v) ∗ v = u. Put x = u ∗ v. Then
v ∈ V R

u,x. Since (u ∗ v) ∗ v = u, we have x ∗ v = u and so v ∈ V R
x,u. Therefore

v ∈ V R
u,x ∩ V R

x,u, which is a contradiction to the property (R2). Therefore there
exist no pair u, v ∈ V with u 6= v such that (u∗v)∗v = u, that is, (V, ∗) satisfies
the condition (t2). �

The following gives a characterization of travel groupoids in terms of the
RTSs of groupoids.

Theorem 2.3. Let (V, ∗) be a groupoid. Then, (V, ∗) is a travel groupoid if and
only if the right translation system of (V, ∗) satisfies the properties (R1) and
(R2).

Proof. The theorem follows from Lemmas 2.1 and 2.2. �

3. Vertex-indexed Partition Systems

Now we introduce the notion of vertex-indexed partition systems on a graph
and characterize travel groupoids on the graph by those systems.

For a vertex u in a graph G, let NG[u] denote the closed neighborhood of u
in G, i.e., NG[u] := {u} ∪NG(u).

Definition. Let G = (V,E) be a graph. A vertex-indexed partition system (or
VPS for short) on G is a system

P = {Vu,v ⊆ V | (u, v) ∈ V × V }

satisfying the following conditions:

(i) For any u ∈ V , {Vu,v | v ∈ NG[u]} is a partition of V .
(ii) For any u ∈ V , Vu,u = {u}.
(iii) For any u, v ∈ V with u 6= v, v ∈ Vu,v ⇐⇒ {u, v} ∈ E.
(iv) For any u, v ∈ V with u 6= v, Vu,v = ∅ ⇐⇒ {u, v} 6∈ E.
(v) For any u, v ∈ V with u 6= v, Vu,v ∩ Vv,u = ∅. �

Remark. If P = {Vu,v | (u, v) ∈ V ×V } is a VPS on a graph G, then it follows
from the conditions (i) and (iv) that, for any u, v ∈ V , there exists a unique
vertex w such that v ∈ Vu,w.

Definition. Let P = {Vu,v | (u, v) ∈ V × V } be a VPS on a graph G. For
u, v ∈ V , let fu(v) denote the unique vertex w such that v ∈ Vu,w. Define a
binary operation ∗ on V by u∗v := fu(v) for all u and v in V , and we call (V, ∗)
the groupoid associated with P. �

Lemma 3.1. Let G be a graph and P be a VPS on G. If (V, ∗) is the groupoid
associated with P, then the RTS PR of (V, ∗) is the same as the VPS P on
G. That is, PR = P.

Proof. It is trivial by definitions of (V, ∗) and PR. �
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Lemma 3.2. Let G be a graph and P a VPS on G. Then, the groupoid asso-
ciated with P is a travel groupoid on G.

Proof. By Lemma 3.1 PR = P. So we will use the notation Vu,v for V R
u,v as

well.
Let u, v ∈ V . If u = v then u ∈ Vu,u by (ii). Suppose u 6= v and Vu,v 6= ∅.

Then {u, v} ∈ E by (iv), which yields u ∈ Vv,u by (iii). Thus, P satisfies the
property (R1). Moreover, the condition (v) is the same as the property (R2).
Therefore, by Theorem 2.3, (V, ∗) is a travel groupoid on G.

Now, we show that (V, ∗) is on the graph G. Suppose (V, ∗) is on the graph
G(V,∗). It suffices to show that G(V,∗) = G. Take any edge {u, v} in G(V,∗).
Then, we have u ∗ v = v. Therefore v ∈ Vu,v. Thus {u, v} is an edge in G by
(iii), and so E(G(V,∗)) ⊆ E(G). Now, take any edge {u, v} in G. Then, we have
v ∈ Vu,v. Therefore u ∗ v = v. Thus {u, v} is an edge in G(V,∗) by the definition
of G(V,∗), and so E(G) ⊆ E(G(V,∗)). Hence we have G(V,∗) = G. �

Lemma 3.3. Let G be a graph, and let (V, ∗) be a travel groupoid on G. Then,
the RTS {V R

u,v | (u, v) ∈ V × V } of (V, ∗) is a VPS on G.

Proof. Fix any u ∈ V and let w ∈ V . Put v = u ∗ w then v ∈ NG[u] and
w ∈ V R

u,v. Thus w ∈
⋃

v∈NG[u] V
R
u,v. Therefore,

⋃
v∈NG[u] V

R
u,v = V . Assume

that V R
u,x ∩ V R

u,y 6= ∅ for some x, y ∈ NG[u] with x 6= y. Take z ∈ V R
u,x ∩ V R

u,y.
Then u∗z = x and u∗z = y. Therefore we have x = y, which is a contradiction
to the assumption that x 6= y. Thus V R

u,x ∩ V R
u,y = ∅ for any x, y ∈ NG[u] with

x 6= y. Therefore {V R
u,v | v ∈ NG[u]} is a partition of V . Thus the condition (i)

holds.
By Proposition 1.1(3), u ∗ v = u if and only if u = v. Therefore V R

u,u = {u}
and thus the condition (ii) holds.

If u and v are adjacent in G, then we have u ∗ v = v, and so v ∈ V R
u,v. If

v ∈ V R
u,v, then we have u ∗ v = v, and so {u, v} is an edge of G. Thus the

condition (iii) holds.
Since u ∗ w is a neighbor of u in G for any w ∈ V \ {u}, if u and v are

not adjacent in G with u 6= v, then there is no w such that u ∗ w = v, and so
V R
u,v = ∅. If V R

u,v = ∅, then we have u ∗ v 6= v, and so u and v are not adjacent
in G. Thus the condition (iv) holds.

Since (V, ∗) satisfies the condition (t2), it follows from Lemma 2.2 that the
condition (v) holds.

Hence the RTS of (V, ∗) is a VPS on G. �

The following theorem yields a characterization of travel groupoids on a graph
in terms of vertex-indexed partition systems on the graph.

Theorem 3.4. Let G be a graph. Then, there exists one-to-one correspondence
between the set of all travel groupoids on G and the set of all VPSs on G.

Proof. Let V := V (G). Let TG(G) denote the set of all travel groupoids on G
and let VPS(G) denote the set of all VPSs on G.
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We define a map Φ : VPS(G) → TG(G) as follows: For P ∈ VPS(G), let
Φ(P) be the groupoid (V, ∗)P associated with P. By Lemma 3.2, (V, ∗)P is a
travel groupoid on G.

We define a map Ψ : TG(G) → VPS(G) as follows: For (V, ∗) ∈ TG(G), let
Ψ((V, ∗)) be the RTS PR of (V, ∗). By Lemma 3.3, Ψ((V, ∗)) is a vertex-indexed
partition system on G.

Then, we can check that Ψ(Φ(P)) = P holds for any P ∈ VPS(G) and that
Φ(Ψ((V, ∗))) = (V, ∗) holds for any (V, ∗) ∈ TG(G). Hence the map Φ is a
one-to-one correspondence between the sets VPS(G) and TG(G). �

Example 3.5. Let G = (V,E) be the graph in Figure 1 defined by V =
{a, b, c, d} and E = {{a, b}, {b, c}, {c, d}, {a, d}}, and (V, ∗) be the groupoid
defined by the multiplication table in Table 1. It can be checked that (V, ∗) is
a travel groupoid on the graph G.

•

a

•
b

•

c

•d ∗ a b c d
a a b d d
b a b c a
c b b c d
d a c c d

Figure 1 Table 1

Let P = {Vu,v | (u, v) ∈ V × V } be the system of subsets of V defined by

Va,a = {a}, Va,b = {b}, Va,c = ∅, Va,d = {c, d},
Vb,a = {a, d}, Vb,b = {b}, Vb,c = {c}, Vb,d = ∅,
Vc,a = ∅, Vc,b = {a, b}, Vc,c = {c}, Vc,d = {d},
Vd,a = {a}, Vd,b = ∅, Vd,c = {b, c}, Vd,d = {d}.

Then P is a VPS on G. Now one can check that the RTS of (V, ∗) is P and the
groupoid associated with P is (V, ∗). �
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