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ON A CLASS OF BIVARIATE MEANS INCLUDING A LOT
OF OLD AND NEW MEANS

MUSTAPHA RAISSOULI AND ANIS REZGUI

ABSTRACT. In this paper we introduce a new formulation of symmetric
homogeneous bivariate means that depends on the variation of a given
continuous strictly increasing function on (0,00). It turns out that this
class of means includes a lot of known bivariate means among them the
arithmetic mean, the harmonic mean, the geometric mean, the logarith-
mic mean as well as the first and second Seiffert means. Using this new
formulation we introduce a lot of new bivariate means and derive some
mean-inequalities.

1. Introduction

In [3], the authors introduced a new bivariate mean Z given by
2(a —b)

exp (1 —b/a) —exp (1 — a/b)

where the notation exp(z) := e” refers here to the standard exponential func-

tion of x € R. Tt is easy to see that the (symmetric homogeneous) mean Z can
be included in the class of binary maps having the following form

- Ae=bh) L e =a
(12) mf(avb)* f(a/b)—f(b/a)’ #bv f( ) ) 5

(1.1) Va,b>0,Z(a,b) = , with Z(a,a) = a,

where f : (0,00) — R is a real function. It is obvious that my is always
symmetric (in a and b) and homogeneous. The following question arises: under
which conditions on f such that m(a,b) realizes a bivariate mean, i.e., satisfies
min(a,b) < my(a,b) < max(a,b) for all a,b > 07 As a first obvious necessary
condition, f should be strictly increasing for my(a, b) to be well-defined and to
satisfy m(a,b) > 0 for all a,b > 0. The requirement my(a,a) = a is ensured
whenever the following condition

. 2(x—1)
hm — o <
e=1 f(x) — f(1/x)
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TABLE 1.1. Fitted standard means

The intrinsic function f | The generated mean my :=my(a,b), a #b

f(z) =z or f(x) = —1/z | Harmonic mean: H = %
flz)=—-4/(x+1) Arithmetic mean: A = ”7‘*'1’

flz) =2y Geometric mean: G = vVab

f(z) =z Logarithmic mean: L = —4=2

f(x) = 4arctan vz First Seiffert mean: P = ﬁ

f(z) =2arctanx Second Seiffert mean: 7' = W
f(z) = 2sinh ' ;—j& Neuman-Sandor mean: NS = ﬁ
@)= —el™ Z = oty =T

holds. If in addition the function f is assumed to be continuously differentiable,
then this latter condition is equivalent (by using the standard mean-value the-
orem) to f'(1) = 1.

Actually, the answer to the previous question stems its importance in the
fact that (1.2) includes a lot of known bivariate means. (See the table above.)

The remainder of this paper will be organized as follows: after this intro-
duction, Section 2 displays the resolution of a functional equation that will be
needed in the sequel. Section 3 is devoted to investigate, in a general context,
the necessary and sufficient conditions on f which guarantee that (1.2) defines
a bivariate mean. In Section 4 we have pointed out a relatively easy way to
derive a lot of new means and their related mean-inequalities.

2. On a functional equation

In the aim to determine all f : (0,00) — R for which (1.2) defines a mean,
we need to characterize the general solution of an involved functional equation.

Let R(:%) he the real vector space of all real functions defined from (0, 00)
into R.

We start this section by stating the following needed lemma.

Lemma 2.1. Let g € R(°). Then the following two assertions are equivalent:
(i) For all x > 0, we have

(2.1) 9(1/z) = —g(x) (resp. g(1/x) = g(z)).
(ii) There exists an odd function (resp. even function) u: R — R such that

Ve>0 g(z)=polnz.
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Proof. If there exists an odd function p such that g(z) = polnz for all x > 0,
obviously g satisfies (2.1). Suppose now that g satisfies (2.1). Settingxz = e > 0
for t € R, (2.1) means that g(e™%) = —g(e?) for any ¢t € R. It follows that
p := goexp is an odd function, with g(z) = (go exp)olnz := polnz for
every x > 0. The desired result is obtained, so finishing the proof. O

Now, we need more notations. We set
F_= {g =poln; p:R— R is an odd function}7
Fi= {h =voln; v:R— R is an even function}.

With this, the previous lemma tells us that, g € R(®:>) satisfies g(1/x) =
—g(z) (resp. g(1/z) = g(a)) for all z > 0, if and only if g € F_ (resp.
g e .7-'+). The following proposition summarizes some needed properties of the
two previous sets.

Proposition 2.2. The following assertions are true:
(i) F_ and F are both subspaces of R,

(ii) F_ and F, are supplementary in R(O>) e,

F_® Fy =RO),

Proof. Tt is straightforward. Details are simple and therefore omitted here for
the reader. ]

Of course, a large number of functions belonging to one of the previous sub-
spaces can be immediately stated here. Some of the most interesting examples
can be found in the literature. For instance, we cite the following.

Example 2.1. Let m be a symmetric homogeneous bivariate mean. It is easy

to see that the map ¢g: z +—— m’”(;_ll) belongs to F_. If moreover x — m(x, 1)

is differentiable on (0, 00), it is easy to see that the map h : x — x%( z—1 )

m(x,1)
belongs to F4. As an example, if we take m = P, the first Seiffert mean, a
simple computation leads to (for all z > 0 and t € R)
z—1 r—1

= = 2 5 _—
g(z) Pl arcsin ———,

NG ~ -
— voln(z), with v(t) = m.

Example 2.2. Two special elements of 7 are the following celebrated func-
tions

1)2 -1

k) = EE sy = T wims) = 1,

4z eln (xE
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known in the literature as the Kantorovich constant and Specht ratio, respec-
tively. It is not hard to check that the map

() 122-1 1
— dt = - -1
o /1 t 4 =z +2nx

belongs to F_. By the same arguments, the function x — flx @dt7 which
seems not be explicitly computable, defines an element of F_.

The previous functions K and S possess nice properties and appear as good
tools in the refinement of a lot of mean-inequalities, see [1,2,4-6] for instance.

Example 2.3. Let f : [-1,1] — [—1,1] be an even (resp. odd) function.
Then the following map
rz—1

x+1

belongs to F (resp. F_).

Finally, we end this section by stating another lemma that will be needed
in the sequel.

Lemma 2.3. Let g € F_. Then the functional equation in the unknown f €
R(0:2°) generated by the following equality

(2.2) Ve>0  f(x) = f(1/z) =29(x)
has as solutions, functions of the form f =g+ h for h € Fy.

Proof. If f = g+ h for h € F, it is easy to check that f is a solution of the
functional equation generated by (2.2).

Since the homogeneous functional equation associated to (2.2) is linear, then
the set of solutions of (2.2) is expressed as follows: a particular solution of (2.2)
+h, where h is the general solution of the associated homogeneous functional
equation of (2.2). Following Lemma 2.1, the set of solutions of such homoge-
neous functional equation is F,. Now, it is easy to verify that if g € F_, then
g is a particular solution of (2.2). It follows that every solution of (2.2) can be
written as f = g+ h with h € F;. The proof is complete. O

3. On a class of bivariate means

We now are ready to answer the question asked in the introduction: Under
which conditions the binary function defined in (1.2) defines a bivariate mean?
The following theorem, which answers affirmatively this latter question, is the
central result of this section.

Theorem 3.1. The following assertions hold:

(i) Let f be a monotonic function on (0,+00). If the binary function my
defined by (1.2) realizes a bivariate mean, then there exists (g,h) € F_ X Fy
such that f = g+ h, and satisfying, for all x > 1

(3.1) 1—%§g(x)§x—l.
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(ii) Conversely, for any function g € F_ that satisfies (3.1) and for any
h € Fi, the binary function defined as in (1.2) with f = g + h realizes a
bivariate mean.

Proof. First, if we put 2g(x) = f(x) — f(1/x) for x > 0, then g satisfies
g(x) = —g(1/z) for any = > 0. By virtue of the symmetric character of my
defined by (1.2), we can assume without loss the generality that 0 < a < b.

(i) Let f be a monotonic function on (0,400) and assume that the binary
function my is a bivariate mean. Then for 0 < a < b, the following two
inequalities hold:

(3.2) a<mﬂm®:fwi§:ﬁwm<b

If we put = b/a, then for every = > 1, f satisfies
2(x —1)

(3:3) = 7@ — f(/)

<,

or equivalently

9)

(34) 92)

<

8~

By using Lemma 2.1 the function g should be an element of 7_ and (3.4) turns
to

1—

Since f(z) — f(1/z) = 2¢9(x
h € Fy such that

<glx)<z-1, z>1.

for every x > 0 then by Lemma 2.3 there exists

f=g9+h,
which finishes the proof of the necessary condition.
(ii) Now suppose that f = g + h for a given g € F_ that satisfies (3.1) and
h € Fy. Then it is easy to see that
flx) = fA/z) _ g(x)

2(z —1) x—1

since g(1/x) = —g(z) and h(1/x) = h(z) for any = > 0. This finishes the proof
of the sufficient condition. d

Denote by C([0,00)) the space of all continuous real functions defined on
[0,00) and set

Ez{ueC([O,oo)), Vo >0 e—””gu(x)ge”}.

The following result gives the way how to construct symmetric homogeneous
bivariate means using the previous theorem.
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Corollary 3.2. Let u € £ and let i be the odd function defined on R, with

x
Vo >0 ulx) = / u(t)dt.
0
Then the function

_ ,u(lnx) forx > 1,
(3.5) g(x)—{ —u(—Inz) for0<az<1
belongs to F_, satisfies (3.1) and so realizes a (symmetric homogeneous) bi-
variate mean my defined, for 0 < a < b, as follows:

2(b—a) b—a

3.6 mgy(a,b) = = .
(39) 100 = Sba) — glaf®) ~ a(b/a)
Proof. By its definition the function g belongs to F_. Now, since u € £ then,
it satisfies by definition e~ < u(t) < et for all ¢ > 0. By the definition of the
function g we derive, for all z > 1

1 Inx Inx Inzx
1—-—= / e tdt < g(x) = / u(t)dt < / eldt =z —1,
0 0 0

xT

with reversed inequalities if 0 < z < 1. It follows that g satisfies (3.1). We
finish the proof by using the previous theorem. O

Remark 3.1. Following the definition of w, and g, the symmetric mean my
expressed in terms of g by (3.6) for 0 < a < b, can be expressed in terms of u
and u, for all a,b > 0, a # b, by the following
—b —-b
(3.7 myla,b) = le=bl 1 la . L My(ab).
©(]Ina —Inb|) |n.a/b|
/ u(t)dt
0

We now see how we can use the previous results for obtaining certain old
bivariate means.

Example 3.1. (i) Consider first the trivial choice u(z) = e®. Then it is easy
to check that g(x) =x —1for z > 1, and so g(x) =1 —1/z for 0 < z < 1. For
0 < a < b, we have
b—a  b—a u
g(b/a)  bla—1
It follows that the associated (symmetric homogeneous) mean is M, (a,b) =
min(a, b). Note that if we choose u(z) = e~* we get M, (a,b) = max(a,b).

(ii) Let w(z) = 1 for > 0. Tt is easy to see that g(z) = Inz for every z > 0.
It follows that, for 0 < a < b, we have
b—a  b-a
g(b/a) Inb—Ina’
We then deduce M, (a,b) = L(a,b) the logarithmic mean.

mg(a,b) =

mg(a,b) =
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(iii) Take u(z) = cosha. By the same arguments as previous we obtain
M, (a,b) = H(a,b) the harmonic mean.

(iv) Let u(z) = 1/coshx. After a simple computation of integral we find
M, (a,b) = T(a,b) the second Seiffert mean.

4. Derived new means and related mean-inequalities

We preserve the same notations as in the above. In the previous section
we have pointed out some well known means using our formulation. In the
ongoing section we will derive some new means and state some comparison
results between them and known means.

We start by stating a result saying that simple comparison between two
functions u, v € £ leads directly to comparison results between derived bivariate
means M, and M,.

Proposition 4.1. The following assertions hold:

(i) Let u,v € & be such that u(zx) < v(zx) for all x > 0, (resp. u(z) < v(x)
for any x > 0). Then we have:
Ya,b>0 My(a,b) > M,(a,b), resp. Ya,b> 0, a#b, My(a,b) > M,(a,b).

(ii) Let uw € € be such that u(x) > 1 for all x > 0, (resp. u(z) > 1 for any
x > 0). Then one has:

Va,b >0 My(a,b) < L(a,b) < M /,(a,b),
resp. Ya,b >0, a #b, My(a,b) < L(a,b) < M ,,(a,b).

Proof. (i) It is an immediate consequence of (3.7).
(ii) Follows from (i) with the help of Example 3.1(ii). O

The following result signifies in fact that M, given by (3.7), is characterized
by u € £. However myg, defined by (3.6), is characterized by g € F_ modulo
an element h € F.

Proposition 4.2. (i) Let u,v € & be such that M, = M,. Then we have
u=n.
(ii) If mg, = my, for gi,g2 € F_, then we have g1 = g2+h for some h € F.

Proof. (i) By virtue of the symmetry and homogeneity of M, we can assume
that z :=a/b > 1. If M,, = M,, then by (3.7), we have

/Ohm u(t)dt = /011191 v(t)dt

for all x > 1. Differentiating both sides of the above equation we obtain
u(lnz) = v(Inzx) for any > 1. Thus u = v by a simple change of variables.
(ii) Assume that mg, = my, for g1, 9> € F_. By (3.6) we have (with 2 = a/b)
g1(x) — g1(1/x) = ga(x) — g2(1/x) or (91— g2)(x) = (91 — g2)(1/)
for all x > 0. According to Lemma 2.1 the desired result follows. (I
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Now, we state the following proposition which is of interest for deriving new
examples of means.

Proposition 4.3. Let u € £. Then the following assertions hold:
(1) Ifu(z) > 1 for all x > 0, then 1/u € £ and

1
Vo >0 e < ——<1<u(r)<e.
u(z)
(ii) The map xz — u(ax) = (u.cr)(x) belongs to &, for any |a| < 1.
(iil) If u is strictly increasing (resp. decreasing), then we have u.cc < (>)u.(
whenever a < B and |o| < 1,|8] < 1.

Proof. Tt is immediate from the definition of £, with convenient simple manip-
ulations. Details are omitted here. O

The following two examples illustrate the previous results.

Example 4.1. Let u(z) = cosh(ax), with |a] < 1. Since x — coshz is
an even function, we can restrict our situation to 0 < o < 1. After a simple
computation of integral, by using (3.7), the associated symmetric homogeneous
mean is given by

_ 20a®b%(a —b)

Ya,b>0, a#b M, (a,b) = o L.(a,b).

This parameterized mean includes a lot of old means. In fact, if « = 1, then
M, (a,b) = H(a,b) the harmonic mean, and if « = 1/2, then M, (a,b) = G(a,b)
the geometric mean. Also, it is easy to see that

2 [eFNe] _ —
lim aa“b®(a—b)  a—b L(a,b),

a0 a2® —p2¢  Ina—Inb

which corresponds to (ii) of the preceding example.

Example 4.2. Let u(z) = 1/ cosh(az), with 0 < o < 1. By similar arguments
as previous, our mean obtained here is given by
2a(a —b)

4arctan(b/a)® — 7
Such weighted mean is an extension of certain known means. Indeed, the
particular case @ = 1 corresponds to M,(a,b) = T(a,b) the second Seiffert
mean whereas the case o = 1/2 yields M, (a,b) = P(a,b) the first Seiffert
mean. The limit case o — 0 also corresponds to L(a, b).

Ya,b>0, a#b My(a,b) =

= Su(a,b).

Remark 4.1. Proposition 4.3 asserts that the map o — L,(a,b) is strictly
decreasing in « € (0,1], a # b. This, when combined with Example 4.1,
immediately yields H(a,b) < G(a,b) < L(a,b) for all a,b > 0, a # b. Similar
result for @ — S,(a,b) and, with Example 4.2, we then deduce L(a,b) <
P(a,b) < T(a,b). Tt follows that H(a,b) < G(a,b) < L(a,b) < P(a,b) <
T(a,b), which are well-known inequalities obtained here simultaneously and in
a fast way. Otherwise, since coshx > 1 for all x > 0 we deduce, by Proposition
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4.1, the following inequality L. (a,b) < Su(a,b) for any a,b > 0, a # b and
O0<a<l.

Now, for 1 < p < ¢, p,q integers, we set
q e
Ve >0  rpg4w](x) ::1+Zwkﬂ’
k=p

where the weight w := (wk)z:p is such that 0 < wy < 1 for each k = p,p +
1,...,q. For the sake of simplicity, we put

Qpq = {w = (Wi)fep; 0<wp <1, VEk=p,p+ 1,...,q}.
With this, the following result may be stated.

Lemma 4.4. With the previous notations, the following assertions hold:
(i) Qpq CQp,.q whenever 1 <p<p; <q <gq.
(i) We have rpqlw] € € for any 1 <p < q and w € Q4.
(iii) Let © > 0. Then, the map p — 1y 4[w](x) is strictly decreasing whereas
q —> 1pqlw](z) is strictly increasing. That is,
1 <p1 <p2 < @2 = 1y qW](T) > 1y q[w](x) for we Qy g

and
1<p<qr<qe=1pq W(2) <Tpg,[w](@) for we Qg
Proof. (i) It is immediate from the definition of €, ,.
(ii) It is clear that, for all x > 0, we have
q

& .'Ek l'k 0 Ik
Tihq[w](x):l"’ g WkﬁSI—F E ESI—F E ﬁ:el’.
k=p ' k=1 """ k=1

This, with (i), immediately yields the desired result.
(iii) Let 1 < p; < pg and 1 < g1 < ¢o. Using the definition of r, 4[w](z), it
is easy to see that the two following statements

Tp1,g[W](%) — Tpy g [w](2) = Z Wk%l: >0 and

T'p,q2 [w](z) — Tp,q1 w](z) = Z wk% >0
k=q1+1 ’

hold for any x > 0. The desired result is obtained. O

Now we can state the following results which give birth to a new family of
symmetric homogeneous bivariate means.

Proposition 4.5. Let p and q be integers such that 1 <p < q and w € Q4.
Then the following assertions hold:
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(i) The following binary map
|a —b]

i ‘lna—lnb’
|lna71nb|+2wk )

k=p

(4.1) VYa,b>0, a#b, R, 4w](a,b) =

k410

with R, 4[w](a,a) = a, realizes a symmetric homogeneous bivariate mean.
(ii) For all a,b >0, a # b, the map p — R, 4[w](a,b) is strictly increasing
whereas ¢ — R, 4[w](a, b) is strictly decreasing.

Proof. (i) Let w € & with u(z) = rp4[w](z) for £ > 0. According to Corol-
lary 3.2, with Remark 3.1, we obtain the desired result after an elementary
computation. Details are simple and therefore omitted here.

(ii) It is sufficient to combine Proposition 4.1 with Lemma 4.4(ii). O

Before giving concrete examples we notice the following remarks.

Remark 4.2. (i) If wy, = 1 for any k, we drop w in the two notations r, 4[w] and
R, 4|w], for the sake of simplicity.

(ii) It is clear that if wy, = 1 for any k, then we have 1 o (z) = limgpoo 71,4(2)
=e” for all z > 0.

(iii) If we choose wy, = o if k is even and wy, = 0 if k is odd, for some
0 < a <1, then we have 1 o [w](z) = cosh az for any = > 0.

Remark 4.3. (i) By a simple manipulation, the bivariate mean given by (4.1)
can be written as follows
L(a,b)
|[Ina—Inblk *
1+ 3k W gy
(ii) If we choose ¢ = p and w, = 1 in the previous (i), we deduce that the
following binary map

Ry qlw](a,b) =

L(a,b)
na—Inb|p’

prp(‘% b) - 1
1+ (p+1)!

with R, ,(a,a) = a, realizes a symmetric homogeneous bivariate mean for each
p=>1

As a particular case of the previous proposition we can state the following
example.

Example 4.3. Let u(z) = r11(x) := 14z > 1 for > 0. According to the
previous corollary, the following
2|la —b) 2L(a,b)

Va,b>0,a#b Rii(ab)= :2+|lna—lnb|’

(|lna—1nb| + 1)2 -1

defines a symmetric homogeneous mean.
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More concrete examples of interest may be given. In fact, if we take u(z) =
Tpqlw](x) > 1 for 2 > 0, Proposition 4.3 tells us that 1/u € £ and so M, :=
Epyq[w] realizes a symmetric homogeneous mean. With this, it is immediate
that for all a,b > 0, a # b, the map p — R, ,[w](a,b) is strictly decreasing
while ¢ — R, 4[w](a,b) is strictly increasing.

However, explicit computation of R, ,[w](a,b) is not always possible, even if
wr = 1 for any k. It is worth mentioning that, for some particular choices of
u € &, we can compute R, , as mentioned in the following example.

Example 4.4. (i) Let u(z) =ri11(x) =14z > 1forz > 0. Wehave 1/u €&
and by simple computation we obtain

la —b|
In (1—1— ‘1na—lnb‘)

Va,b >0, a#b, My,(a,b)= = Ryi1(a,b).
(ii) Let u(x) = roa(x) := 14+22/2 > 1 for z > 0. By similar way as previous
we have 1/u € £ and simple computation leads to
a—b
Ina—1Inb
2arctan (| —————
e
(iii) Let u(z) = r1 2(z) :== 1+ 2+ 22/2 > 1 for x > 0. By similar arguments,
1/u € £ and we obtain (after a computation of integral)
|a — b
2 arctan (| Ina —Inbd| + 1) —7/2

Va,b >0, a #b, M,(a,b) = := R 2(a,b).

Va,b >0, a#b, M,(a,b)= := Ry 2(a,b).

The previous bivariate means appear to us to be new. The following result
concerns mean-inequalities involving these means.

Proposition 4.6. With the above, the following assertions hold:
(i) For any 1 <p <gq and all a,b >0, a # b we have

R, 4(a,b) < L(a,b) < R, 4(a,b).
(ii) For all a,b >0, a # b one has
Rii(a,b) < L(a,b) < Ri,1(a,b) < Ri(a,b),
L(a,b) < R a(a,b) < T(a,b) and L(a,b) < Ra(a,b) < Ry2(a,b).

Proof. (i) Since rp 4(x) > 1 for any x > 0 then Proposition 4.1(ii) immediately
yields the desired double inequality.

(ii) It can be proved by similar arguments as previous with the help of
Example 4.2. Details are simple and therefore omitted. O

Remark 4.4. The two means ﬁlyl and Eg,g are not comparable. To show this,
it is in fact sufficient to consider the following function

Inx
z+— F(z) =In (1 +1nz) — V2arctan —
@ =1n(1+2) 7
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and then study its sign for > 1. It is not hard to see that
F(e?) =1In3 — v2arctan vV2 ~ —76.309... <0 and lim F(z) = +oo.

r——+o0
We can then conclude. We left to the reader the task for proving, in a similar
way, that the two means 7" and R; > are not comparable.

In order to give more application and examples of our approach, we need to
state the following result.

Proposition 4.7. Let u € £. Then we have:

(i) u® € € for each |a| < 1, with u®(zx) := (u(x))a forz > 0.

(ii) ug € € for every real number t > 0, where uy(x) := (u(tw))l/t forxz > 0.
Proof. 1t is straightforward. We left the detail for the reader. O

Now, we are in a position to add more new means itemized in the following
examples.

Example 4.5. Taking u(z) = r22(z) := 14+2?/2 and o = —1/2 in the previous

proposition, then x — (1 + :c2/2)71/2 belongs to £. Simple computation of
integral yields, for any = > 0,

® dt . 1 T
,LL(J?) = / ————— = +/2sinh —.
0 /14 % \/i

By Corollary 3.2, with Remark 3.1, our mean obtained here is the following

a—2b
: —1 lna—Inb’ a#b
v/2sinh BV

Example 4.6. Let u(z) =r12(z) := 1+ + 2%/2 and a = —1/2. By similar
way and arguments as in the previous example, we obtain here the following
mean

(a,b) —

la —b|
\/ﬁ(sinh_1 (1 + llna — lnb|) —sinh ™! 1) 7

(avb)H a;«éb.

We left to the reader the routine task for comparing this mean with that ob-
tained in the previous example.

Example 4.7. Following the previous proposition, for any v € £ the map
x — ul(x) = (u(rw))a/r belongs to &, for each r > 0 and |a| < 1. If we
take u(z) = r11(z) = 1 + =, the associated family of symmetric homogeneous

(ra)
1

means Myo = R is given by (after an elementary computation of integral)

o -b
¥a,b>0, a£b R (ab) = (rta)la=bl

(1+r‘lna—1nb’> R
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