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ODES RELATED WITH SOME NONLOCAL SCHRODINGER
EQUATIONS AND ITS APPLICATIONS

HyuNGJIN HuH

ABSTRACT. We obtain ordinary differential equations related with some
nonlocal Schrodinger equations. As applications, we prove finite time
blow-up or extinction of solutions.

1. Introduction

We are interested in the following systems of Schrédinger equations with
nonlocal terms

p
-+ At Vi =i ([ (P +1uP) a0 )+ Al 0P
Q

(1.1) »
i0;v + Av + Vv = iBv </ (u|2+|v|2)(x,t)dx> + fa(Jul?, [v*)v,
Q
and
t P
i0yu + Au+ Viu = iou (/ /(u|2+|v|2)(x7s)dxds) +fi(ul?, |v)?)u,
(1.2) 0 /9

t P
000+ A + Vav = ifo ( I <|u|2+|v|2><x,s>dxds) T ol oo,
0 Ja
with initial and boundary conditions
u(z, 0) =up(z), wv(z, 0)=wvo(x) z €L,
u(z, t) =0, ov(z,t)=0 t>0, z€

Here u, v are complex valued functions and V; are real valued potential func-
tions. The nonlinear terms f; are real valued polynomials with respect to |u|?
and |v|?. «, B are real constants and p is an integer. €2 is a smoothly bounded
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domain of R™ or whole space R™. In the case of R, the boundary condition is
understood as lim,| o0 (u(z, t), v(z, t)) = (0, 0).

Some parabolic equations with nonlocal terms have been studied in [2]. The
systems (1.1) and (1.2) are Schrodinger versions of them. We are also interested
in the following system of Schrodinger equations

P
(0P + o) )y )+ i QP

x

10w+ Au + Viu = iau </
(1.3) o p
00 + Av + Vav — iBv ( [T t)dy) T falul. oo,

— 00
where u, v are complex valued functions defined on R'*!. While integrals in
(1.1), (1.2) are functions of ¢, the integral in (1.3) is a function of z and ¢. The
similar equations have been studied in [3].

We will derive some precise formulas for behaviors of L? norm of nonlinear
nonlocal Schrédinger equations (1.1), (1.2) and (1.3) as long as solutions exist.
From now on, we assume that V; = V;(x) is a given smooth real-valued potential
function satisfying

m

Z VIVi||pe < Cp < 0o for a positive integer m > n/2.

3=0
Then it can be proved that the equations (1.1), (1.2) and (1.3) admit a unique
local solution u, v in time interval [0, T').

u, v € C([0,T); W™2(€)).

Therefore, the equations we will derive are valid in the time interval [0,T)
where solutions exist. Let us define functions

o0) = [ (uP + P e and - y0) = [ (u = o) o, 0
Q Q
Our first result is concerned with the system (1.1).

Theorem 1.1. As long as the solutions u, v of (1.1) exist, we have the fol-
lowing ODEs.
(i) For the case B = a, we have

d
dfatc = 2axP T
(ii) For the case 8 = —«, we have
dy i 2

— =20(y*+ )7 and z? =y + 2

dt
where ¢ = 4jug||%2[|vo |22
As applications of the ODEs, we show finite time blow-up or extinction of

solutions in Corollary 2.1. Our second result is concerned with the system
(1.2). Let us define X (t) = [ a(s) ds.
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Theorem 1.2. Let p be a nonnegative integer. As long as the solutions u, v
of (1.2) exist, we have the following equations.
(i) For the case 8 = «, we have

dX 20
G ot O+ luolEe + ol
(ii) For the case 8 = —«, we have
2 ’ ) B} i 2 2 2
y(t)zy(0)+m Vy?(s) + ¢ ds and ° =y +c,
0

where ¢ = 4||U0H2L2||U0||%2'

As mentioned above, the equation (1.3) is different from (1.1) in that the
integral in (1.3) is a function of = and .

Theorem 1.3. As long as the solutions u, v of (1.3) exist, we have the fol-
lowing ODE.
(i) For the case B8 = a, we have
dz 2«
dt  p+1
(ii) For the case of a > 0 and p > 0, we have

p+1
i/|u(x,t)|2dxz 2o (/ |u(x,t)|2dx> .
dt R p+1 R

As applications of Theorems 1.2 and 1.3, we can show several behaviors of
solutions to (1.2) and (1.3). We prove Theorem 1.1 in Section 2. Theorems 1.2
and 1.3 are proved in Sections 3 and 4 respectively.

p+1

2. Proof of Theorem 1.1 and its applications

Multiplying (1.1) by @, 0 respectively and taking imaginary parts of them,
we obtain

p
giluCe. OF + i(ua — 1) = 2afute. OF ([ futn 0F + oty 0%y )
Q

o, O + 1080 — 030) = 28luCo. 0 [ Juto, 0 + bl Py )

Integrating by parts and considering that [, [u(y, ¢)|*+|v(y, t)|?dy is a function
of t, we can derive

%/Qm(x, t)|2dx:2oz/ﬂ|u(z, t)[2da (/Q lu(y, ) + v (y, t)zdy>p,

(2.1) %/Qh)(x, t)|2dx:26/g|v(sc, t)]*dw (/Q [uly, I + lv(y, t>l2dy>p~
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When a = 3, we have from (2.1)

(2.2) o= 2021 P,
When p = 0, we have z(t) = z(0)e?***. For the case of p # 0, the ODE (2.2)
leads us to

(2.3) (1) = %.

When ¢ := —p > 0, (2.3) can be rewritten as
z4(t) = z9(0) + 2aqt.

As applications of (2.3), we can derive several behaviors of solutions like finite
time blow-up or extinction.

Corollary 2.1. (1) For p > 0 and a > 0, we have a finite blow-up x(t) — oo
as t — 1/2apz?(0).

(2) For p >0 and o < 0, we have z(t) — 0 as t — co.

(3) For g :=—p >0 and o > 0, we have x(t) = o0 as t — oo.

(4) For q:= —p > 0 and a < 0, we have a finite time extinction [1], that is,
the solution may become identically zero after some positive time. In fact, we
can check x(t) = 0 as t — —x%(0)/2agq.

When 8 = —a, the equations (2.1) can be rewritten as
d
d—x = 2ayz?,
(2.4) dt
Y _ gazlte,
dt

From (2.4), we can derive

d, o 5

L (22— 2)(t) = 0.

L@~ y))

Considering (2 — y?)(t) = 4[|u(t)||32[|v(t)[|3 2, we have
@22 lo@ONZ> = 4lluollZzllvollZ- = c*.

Then we obtain an ODE

d d
(% - 2a(y2 + c2)l‘+Tp or d—gtj = 2oV 22 — c2aP.

When p =1 in the above equation, we have an explicit solution

. y(0) + ctan(2act)

y(t) = ¢ —y(0) tan(2act)”
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3. Proof of Theorem 1.2 and its applications

In this section we assume that p is a nonnegative integer. For the equations
(1.2), we can derive

(3.1)
%/QM(:E, t)|2dx = 204/Q lu(z, t)|?dz (/Ot/Q lu(y, s)* + |u(y, s)|2dyds>p,
%/Q lu(z, t)[*dz = 28 /Q v(z, t)*dz </0t /Q lu(y, )| + |u(y, s)|2dyds>p.

When o = 3, we have
t P
(3.2) 2/ (t) = 2ax(t) (/ x(s)ds) .
0
Let X(t) = fot x(s)ds. Then (3.2) can be rewritten as

2a !
X"(t) = 20XP(t)X'(t) = XP“) .
(0 = 20x7(0)x(0) = (20
Considering X (0) = foo z(s)ds = 0 and X'(0) = z(0) = |luol|2: + [lvo||%2, we
derive
(3.3) X'(t) = 2—aXP“(t) + z(0).
p+1
As applications of the ODE (3.3), we consider the following two cases.
(i) For p > 0 and « > 0, we have finite time blow up.

(ii) For p =1 and a = — 2t we have

2
1 — el=2V/(0)¢

X(t) = Va(0) ————
1+ el=2v/z(0)t

which implies

el—2¢/2(0) ¢

(1+61_2 ac(O)t)Q7

from which we have z(t) — 0 as t — co.
When 8 = —a, we have from (3.1)

) = 2000) ([ a5
y'(t) = 20x(t) </Otx(s)ds>p,

From (3.4), we derive % (z? — y?) = 0 which implies 22 = y* + ¢?, where

¢ = 4fJug |22 ]|vo|22. Plugging x = /y? + ¢ in the second equation of (3.4),

x(t) = 42(0)

(3.4)
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we obtain an ODE
t P

(3.5) — = 2a/y?(t) + 2 (/ y2(s) + 2 ds) ,

dt 0
which can be rewritten as

d o P

PR 2 =

dt( p+1</ ) e ds) )
Therefore we have
(3.6) y(t) = y(0) + p+ 1 (/ Vy3(s) +c2 ds)

Let us show another look at (3.5). Let Y'(¢ \/ ) + ¢2ds. Then (3.5)
can be rewritten as

p+1

Y/Y//
(3.7) — %YV,

(Y/)Z — 2
where we use y? = (Y’)? — ¢? and + corresponds the sign of y. From now on,
we consider the case y(¢) > 0. The equation (3.6) implies y(¢) > 0 for y(0) > 0,
a > 0. Then the equation (3.7) is equivalent to

d 2x
el Y2 — 2 — ypt+l) — 0.
dt ( (Y1) —c p+1 )
Considering Y'(0) = 0, Y'(0) = ||u0||2L2 + ||vo||2L2 and ¢ = 4||u0||2L2||v0H2L2, we

obtain

\/ — 2= \/y Yp+l,

p-‘r 1
where y(0) = [Jug|32 — ||vo||32. Then we obtain an ODE

A+ <\/7+ YP+1>2

In a similar way, we can derive an ODE for X (¢). Plugging y = +v/a? — ¢2
in the first equation of (3.4), we obtain an ODE

t P

(3.8) cclTstc = +2a/22(t) — ¢? (/ x(s) ds) .
0

Let X(t) = fot x(s) ds. Then (3.8) can be rewritten as

= +2a,/(X")2 — 2X?.
Multiplying X’ on both sides, we derive
X/X//
(X’)2 — 2

ay :

dt

= +2a X' X7
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which is equivalent to 4 ( (X)) —c*7F %XP‘H) = 0. Considering X (0) =

0, X'(0) = |luo||22 + [|vol|22 and ¢ = 4]|ug]|22|vo]|22, we obtain

VTP =& = i) + X,

p+

1
2
Then we obtain an ODE %X — {8 + (VP (0) + 2 xri) }

4. Proof of Theorem 1.3 and its applications

For the system (1.3), we can derive

7/ lu(z, t)] dm—Qa/ [ u(z, t)|? (/z (Jul® + |v[*) (y, t)dy)p:| da,
dt/w (z, 1) 2dx_25/ [vx 2 (/ (Iul? + o), )dy)p]dm,

Let us define f(z,t) = fioc lu(y,t)|? dy and g(x,t) = ffoo lv(y,t)|? dy.
When « = 3, the system (4.1) implies

(4.1)

i [0+ ), e

~ 2 / Qo)) ([l + 1020 t)dy)p} dr.

Taking into account

(Jul? + o), 1) ( |+ it t)dy)

= A9 (74 gy = dd( i1<f+g>”“)

we obtain
oo d 1 p+1 5 p+l
e erl(f 9) dﬂc* IUI + [0*)(y, t)dy :
Therefore we have
d 2 2 2 rH
pn R(Iu\ + [v])(z, t)d IUI + [v*) (z, t)dax :

which is the similar ODE to (2.2).
The system (4.1) can be rewritten as

if(oo, t) = 2@/
(4.2) >
g(oo, t) —Qﬂ/ ag (f +g)Pdx.

>0
(5 + g,

dt
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As an application of (4.2), we consider the case of & > 0, p > 0. Note that

f, g are nonnegative functions. Moreover we have % > 0 and % > 0. Then

the first equation of (4.2) implies

ot z2a [~ prao— H i),

p+1
where we note that f(co, t) = [; [u(z,t)]? dz.
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