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REGULARITIES OF MULTIFRACTAL HEWITT-STROMBERG
MEASURES

NAJMEDDINE ATTIA AND BILEL SELMI

ABSTRACT. We construct new metric outer measures (multifractal ana-
logues of the Hewitt-Stromberg measure) Hﬁ’t and Pg’t lying between the
multifractal Hausdorff measure HZ’t and the multifractal packing measure
PZ’t. We set up a necessary and sufficient condition for which multifractal
Hausdorff and packing measures are equivalent to the new ones. Also, we
focus our study on some regularities for these given measures. In particu-
lar, we try to formulate a new version of Olsen’s density theorem when p
satisfies the doubling condition. As an application, we extend the density
theorem given in [3].

1. Introduction

Hewitt-Stromberg measures were introduced by Hewitt and Stromberg in
[11, Exercise (10.51)]. Since then, they have been investigated by several au-
thors, highlighting their importance in the study of local properties of fractals
and products of fractals. One can cite, for example [9,10,12,29]. In particular,
Edgar’s textbook [6, pp. 32-36] provides an excellent and systematic introduc-
tion to these measures, which also appears explicitly, for example, in Pesin’s
monograph [22, 5.3] and implicitly in Mattila’s text [16]. The purpose of this
paper is to define and study a class of natural multifractal generalizations of
the Hewitt-Stromberg measures.

Let X be a metric space, £ C X and ¢t > 0. The Hausdorff measure is
defined, for £ > 0, as follows

t
HL(E) =inf{ Y (diam(Ei)) | EC|JE:, diam(E)<e
This allows to define the t-dimensional Hausdorff measure H!(E) of E by
H'(E) = sup HL(E).
e>0
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The packing measure is defined, for € > 0, as follows

PL(E) = sup {Z (27,1,)'5} ’

where the supremum is taken over all closed balls (C(z;,7;)), such that r; <e
and with z; € E and d(z;, ;) > "™ for i # j. The t-dimensional packing
pre-measure ft(E) of E is now defined by
ft(E) = supfi(E).
e>0

This makes us able to define the t-dimensional packing measure P*(E) of E as

PY(E) = inf {ZPt(Ei) | EC UE} :

While Hausdorff and packing measures are defined using coverings and packings
by families of sets with diameters less than a given positive number ¢, say, the
Hewitt-Stromberg measures are defined using packings of balls with the same
diameter . For ¢ > 0, the Hewitt-Stromberg pre-measures are defined as
follows:

U'(E) = liminf M, (E) (2r)"
r—0

and
V'(E) = limsup M, (E) (2r)t,

r—0
where the packing number M,.(E) of E is given by
M, (E) =sup {ﬁ{[} | (C(xi,74));cr is a family of closed balls with z; € E
and d(x;,x;) > r for i # j}.

Now, we define the lower and upper t-dimensional Hewitt-Stromberg measures,
which we denote respectively by U*(E) and V!(E), as follows:

Ut(E):inf{Zut(Ei) | EgUEi}
and l l
Vt(E):inf{ZVt(Ei) | EgUE}

We recall the basic inequalities satisfied by the Hewitt-Stromberg, the Haus-
dorff and the packing measure (see [12, Proposition 2.1])

U'(E) <V'(E) <P'(E)

and
HIY(E) <U'(E) < VY(E) < PYE).
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Regular sets are defined by density with respect to the Hausdorff measure
[5,7,8,17-19], to packing measure [23,27,28] or to Hewitt-Stromberg measure
[4,13-15]. Tricot et al. [23,28] managed to show that a subset of R™ has an
integer Hausdorff and packing dimension if it is strongly regular. Then, the
results of [23] were improved to a generalized ¢-Hausdorff measure in a Polish
space by Mattila and Mauldin in [18]. Later, Baek [3] used the multifractal
density theorems [20,21] to prove the decomposition theorem for the regularities
of a generalized centered Hausdorff measure qu;t and a generalized packing
measure Pg’t in an Euclidean space which enables him to split a set into regular
and irregular parts. In addition, he extended the Olsen’s density theorem to
any measurable set. Moreover, sets’ regularities were also studied with respect
to these measures, see for example [1,2,24-26].

In this paper, we set up a multifractal analogues of the Hewitt-Stromberg
measure H1" and P* lying between the multifractal Hausdorff measure H{*
and the multifractal packing measure ngt. We give a necessary and sufficient
condition for which multifractal Hausdorff and packing measures are equivalent
to the new ones. We also study some regularities with respect to Hg’t and P! it
In addition, some density results are given. In particular, when p satisfies the
doubling condition, we formulate a new version of Olsen’s density theorem
(Theorem 2.3). As an application, we extend the density theorem stated in
[3, Theorem 3.5].

2. Statements of results

2.1. Multifractal Hausdorff measure and packing measure

We start by introducing the generalized centered Hausdorff measure HZ’t and
the generalized packing measure Pg’t. We fix an integer n > 1 and we denote
by P(R™) the family of compactly supported Borel probability measures on
R™. Let p € P(R™), ¢,t € R, E C R™ and 6 > 0. We define the generalized
packing pre-measure,

J— ,t . .
PZ (E) :ér;% sup { Z,u(B(:ci,ri))q@ri)t; (B(xi,r;)); is a centered

d-packing of E}
In a similar way, we define the generalized Hausdorff pre-measure,

H'(E) =supinf B(zi, ) (2r) (B, ;). is a centered
L (B) =swp {;uu )"(2r0)'s (Blai,ra)),

d-covering of E },

with the conventions 07 = oo for ¢ < 0 and 09 = 0 for ¢ > 0.
The function ﬂi’t is o-subadditive but not increasing and the function fZ’t is
increasing but not o-subadditive. That is the reason for which Olsen introduced
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the following modifications of the generalized Hausdorff and packing measures
HZ’t and Pg’t:

79t . Hat
HENE) = ;g)«:%” (F) and PLYE) = EglLrjfE 21:79“ (E;).
The functions "HZ’t and Pg’t are metric outer measures and thus measures on
the Borel family of subsets of R™. In addition, there exists an integer £ € N such
that Hg’t < 5733”5. The measure Hz’t is of course a multifractal generalization of
the centered Hausdorff measure, whereas Pg’t is a multifractal generalization
of the packing measure. In fact, it is easily seen that, for ¢ > 0, one has
27'HD < H' < HY' and Pt = P!, where H' and P* denote respectively the
t-dimensional Hausdorff and ¢-dimensional packing measures.
For € P(R™) and a > 1, we write

P,(1) = limsup ( sup ;L(Bz(ar))> .

™0 \TEsupppu ,u(Bw(r))

We will now say that the measure p satisfies the doubling condition if there
exists a > 1 such that P,(u) < oco. It is easily seen that the exact value of
the parameter a is unimportant: P,(u) < oo for some a > 1 if and only if
P,(n) < oo for all a > 1. Also, we will write Pp(R™) for the family of Borel
probability measures on R™ which satisfy the doubling condition. We can cite
as classical examples of doubling measures, the self-similar measures and the
self-conformal ones [20]. In particular, if u € Pp(R"), then H%! < PLL.

2.2. Multifractal Hewitt-Stromberg measures

In the following, we will set up, for ¢,¢t € R and pu € P(R"™), the multifractal
Hewitt-Stromberg measures Hg’t and Pg’t. For F C supp p, the pre-measure
of E is defined by

C%*(E) = limsup M. (E) (2r)",

" r—0

where
M .(E) = sup {Z w(B(xi, )% (B(xi, 7)), is a centered packing ofE} .

It’s clear that C' is increasing and C%*(f) = 0, however it’s not g-additive.
For this, we introduce the Pg’t-measure defined by

Pg’t(E) = inf {ZCﬁ’t(Ei); E C U;E; and the E;’s are bounded} .

In a similar way we define

q,t — limi q t
LPY(E) 11£n_>161fNH7T(E)(27") ,



REGULARITIES OF MULTIFRACTAL HEWITT-STROMBERG MEASURES 217

where
Nl (E) = inf {Z w(B(x;, )% (B(xi, r))l is a centered covering of E} .

Since LZ’t is not increasing and not countably subadditive, one needs a standard
modification to get an outer measure. Hence we modify the definition to

FZ’t(E) = inf {Z LZ’t(Ei); FE C U;E; and the E;’s are bounded}
i

and

—q,t
HYNE) = sup o, (F).

The measure Hg’t is of course a multifractal generalization of the lower t-
dimensional Hewitt-Stromberg measure U?, whereas Pg’t is a multifractal gen-

eralization of the upper t-dimensional Hewitt-Stromberg measures V. In fact,
it is easily seen that, for ¢ > 0, one has

Hy'=Uy" and PJ'=V"
2.3. Main results

Our first main result describes some of the basic properties of the multifractal
Hewitt-Stromberg measures including the fact that Hg’t and P[{’t are Borel
metric outer measures and summarises the basic inequalities satisfied by the
multifractal Hewitt-Stromberg measures, the generalized Hausdorff measure
and the generalized packing measure.

Theorem 2.1. Let q,t € R, p € P(R™) and E CR"™. Then

(1) the set functions HZ’t and Pg’t are metric outer measures and thus they
are measures on the Borel algebra.
(2) There exists an integer £ € N such that

q,t ,t ,t ,t
Hi(E) < HP'(B) < EPLH(E) < EPLH(E).
(3) When g <0 orq>0 and u € Pp(R™), we have
Hi'(B) < Hy'(E) < PIY(E) < PRY(E).

Given two locally finite Borel measures g and v on R”, ¢,t € R and = €
supp p, we define the upper and lower (g, t)-densities of v at « with respect to

by

.t ) I/(B(:r,r)) ‘ o I/(B(x,r))
d, (z,v) =limsup ————+"~— and QZ’ z,v) = liminf ————7"~—.
w (@) raOpM(B(x,T)) (2r)t () r—0 ,u(B(x,r)) (2r)t

We consider a Borel set E of R™ and we denote by HZ’tLE (resp. PZ’tLE) the
s-dimensional centered Hausdorff measure H{* (resp. packing measure Pg’t)



218 N. ATTIA AND B. SELMI

restricted to E. We define

_ ,t _ ,t - ,t . ’t
A ) =) (w45 ) AL ) = (v 78 )
and
A B) = d () A ) = df (. Pp ).

It A (2, E) = A% (2, E) (vesp. Ab' (z, E) = A%z, E)), we write A%!(z, E)
(resp. A% (z, E)) for the common value. Similarly, we define

—q,t —=q,t 7t a7t

B0 =) () D' (w0 B) =8 (.78 )
and

d?' (z,E) = d&* (m,Hg’tLE) D& (x, E) = di* (x’Pq ! E)

If Ei’t(x,E) = dZ’t(x,E) (resp. ﬁi’t(x,E) = Qﬁ’t(a;E)), we write di*(z, E)
(resp. DZ*(z, E)) for the common value.

Definition. Let v be a measure on P(R™) and E be a Borel subset of supp i
such that 0 < v(EF) < oo. A point & € E is called a v-regular point of F if

EZ’ (z,v) = dZ’t(m, v) = 1, otherwise we say that z is an irregular point of E.
Then FE is said to be v-regular if v-a.a. of its points are v-regular and v-irregular

if v-a.a. of its points are v-irregular.

Consider the sets of Hg’t—regular points and Pg’t—regular points respectively
of aset E CR"

F= {x € By d¥(«,E)=1= EZ’t(x,E)},
—q,t
G= {x € B; DV(z,E)=1=D (:z:,E)}.

The next theorem is a multifractal analogues of the Hewitt-Stromberg measure
version of one of the fundamental facts in geometric measure theory. This
theorem says that the set of regular points with respect to Hg’t(resp. P;f’t)
is regular and the set of irregular points with respect to Hl‘{’t(resp. P/‘j’t) is
irregular.

Theorem 2.2. Suppose that P (E) < co. Then
(1) d* (1’ F)flqu’ (z,F) for HP*-a.a. on F.

12

2) HYt ({xGE\F 4o (z, E\F):l:d“(x E\F)}):o.

(2) 4,
(3) D qt(x G)=1= D% (z,G) for P4'-a.a. on G.
(4) Pot ({x € E\G; DY (x,E\G)=1=D"" (x,E\G)}) -
Let E be a Borel subset of the support of i, we say that E is strongly regular
if HIY(E) = PPY(E) € (0,00). Now we study the strong regularity of £ when

u satisfies the doubling condition. In particular, we try to formulate a new
version of Olsen’s density result [20, Corollary 2.16].
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Theorem 2.3. Let 1 € Pp(R™) and E be a Borel subset of supp v such that
Pﬁ?t(E) < 400. Then the following assertions are equivalent:

(1) HIYE) = PLYE).

(2) d¥'(x,E)=1= Ei’t(ac, E) for Pit-a.a. on E.
(3) Qz’t(x,E) =1= 5Z’t(x,E) for Pit-a.a. on E.
(4) A% (2, E) =1 =A% (2, E) for PV*-a.a. on E.
(5) Az’t(x, E)y=1= ZZ’t(x, E) for PL*-a.a. on E.

3. Proof of the main results
3.1. Preliminary results

In this section we prove some multifractal density results which we will need
in order to prove the main results, however, we believe that the density results
below also have some interest in their own right.

Two Borel measures p and v are equivalent, and we write u ~ v, if for any
Borel set E' we have

w(E)=0 < v(E)=0.
It’s clear that H{' < HP' < PP < PE*'. In particular, if P2Y(E) = 0 =
HIYE) = HYY(E) = PPY(FE) = 0. Then, it is worth investigating the different
cases of equivalence between these measures. The density result was also proven
with respect to multifractal Hausdorff measure and packing measure in [20,21].
More precisely, we have the following proposition,

Proposition 3.1. Let p € P(R™) and E be a Borel subset of supp .
(1) Assume that HL'(E) < oo. We have
(3.1) 1’;'-[q’t(E) inf &‘”(x v) < v(E) < HEY(E) sup Eq’t(m v).
R i
(2) If HIY(E) < oo and p € Pp(R™), then

. —=q,t —q,t
(3.2)  HIYE) inf d, (z,v) < v(E) < HLN(E) sup d, (z,v).

(3) If PLYE) < oo, then

, 3 )t , ,t
(3.3) Pgt(E) éggdz (z,v) <v(E) < Pgt(E) ?elgdz (z,v).

As a consequence we have, the following corollary.

Corollary 3.2. Let p € P(R") and E be a Borel subset of supp p. If PPH(E) <
oo, then

1 .

(34)  GHEE) inf di(ev) < v(E) < HY'(B) sup di' (z,v),
T z€E

(3.5) Pg’t(E) inf dZ’t(x,V) <v(E) < ng’t(E) sup Ei’t(a:,u).

T€EE ™ el
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In addition, if p € Pp(R™), we have

t : )t Jt —4,t
H'(E) inf di(o,v) < v(E) < Hi'(B) sup ) (2, v),

it . ,t 't —4q,t
PIY(E) inf dl*(z,v) <v(E) < PM(E)supd, (z,v).

zeE ™ z€FE

For v € P(R"™) let

Ev) = {E be a Borel subset of R", EZ’t(x, v) < oo for all z € E} )
As a consequence we have the following result.
Proposition 3.3. Let F C E € E(v) such that HL*(E) < co. Then
HL(F) = 0= v(F)=0.
In particular HLH(F) = 0= PLH(F) =0 for all F € € (P21).

Remark 3.4. This proposition gives a necessary and sufficient condition for
which

.t .t .t t y t it y .t
HL' ~ H] oné'(Hg )7 HL' ~ Pl onS(Pg ) and H}" ~ P] onS(Pﬂ )
Remark 3.5. We can relax the assumption of Proposition 3.3 by taking

El) = {E be a Borel subset of R", EZ’t(x,V) < 00, V a.a.on E}

In this case, we get the equivalence mentioned in Remark 3.4 only in this new
set.

Example 3.6. Let E be a Moran set satisfying strong separation condition
and p be a measure on a complete metric space denoted by X. Attia et al.
have proved in [2] that Hz’tLE ~ PZ’tLE, then in this case we have

ot gt Pt POt
HN LE [ roLg P“ LE

Proposition 3.7. Let § € P(R™) and E € {F be a Borel subset of R™; 0 <
0(F) < +oo}. Then
HE) = g2t —
HIYW(E)=0 < d, (2,0) = +oco for 0-a.a. on E.
Proof. For n € N, we consider the set
E, = {x € E; EZ’t(m,H) < n}
Let v = OLg, it follows immediately from Proposition 3.1 that
0(ENE,) < n’HZ’t(En) =0, VneN.

We therefore conclude that Ei’t(x, 0) = +oo for f-a.a. on E.
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Now, write F' = {x € F; EZ’t(x,H) = +oo}. Let v = 0_g, we deduce from
(3.1) that

1

3

This implies that H%*(F) = 0 and HLH(E) = HOH(F) + HLH(E\F)=0. O

. —=q,t
HE'(F) inf d,(2,0) < O(F) < +oo.

Because of the importance of the multifractal Hausdorff measures, the mul-
tifractal packing measures and the multifractal Hewitt-Stromberg measures,
the following corollary of Proposition 3.7 seems worthwhile stating separately.

Corollary 3.8. Let E be a Borel subset of R™ such that HI'(E) > 0.
(1) If HY'(E) < 400, then
HIYE) =0 = d°' z,FE) = +o0o0 for H¥'-a.a. on E.
1 iz 1
(2) If PPY(E) < 400, then
HIHE) =0 < D' z,E) = 400 for P¥'-a.a. on E.
f " 2
(3) If PLY(E) < 400, then
HIHE) =0 < A z,E) = +oo for PP a.a. on E.
iz iz I

The next proposition treats the special case when d%*(z, #) exists.

Proposition 3.9. Let § € P(R™) and E € {F be a Borel subset of R™; 0 <
O(F) < +o0 and for all z € F, df;t(x,@) = EZ’t(a:,H)}. Then

Aoy it —
HP(E) =0 <= d}'(z,0) = 400 for 0-a.a. on E.

Proof. The proof is similar to the proof of Proposition 3.7 when we use Corol-
lary 3.2 instead of Proposition 3.1. O

Corollary 3.10. Let § € P(R") and E € {F be a Borel subset of R™; 0 <
O(F) < 400 and for all x € F, AZ’t(as,Q) = ZZ’t(a:,H)}. Then

B — O — POt — ¢ _ ¢
HIW(E)=H(E)=PIM(E)=0 < Al'(z,E) = +oco for Pl'-a.a. on E.

Proposition 3.11. Let E be a Borel subset of supp p such that Pg’t(E) < +00.
(1) Ifggvtgx, E) =1 for H}'-a.a. on E, then P (E) = ngt(fj) = HY'(E).
, — )t )t — )
(2) If DY (x, E) =1 for Pl*-a.a. on E, then PP (E) = P1*(E).
(3) [fAZ’t(x,E) = ¢ for Hi' -a.a. on E, then HY'(E) = HY'(E).

Proof. Tt is sufficient to take H* . P&' in (3.3) and H}' ,in (3.4). O
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3.2. Proof of Theorem 2.1

(1) Let E, F C R" such that d(E, F') > 0. Since H{"* is an outer measure, it
suffices to prove that

Hg’t( UF) > HO'(E) + HY'(F).
Let 0 < r < d(E,F)/2 and (B(z;,r)), be a centered covering of E'|JF’
where B/ C E and F/ C F. Put I = {z’; B(zi,,r)E # @} and J =
{i; Bz, r)F' # (Z)}. It now follows from the definitions that

S u(Blan ) = 3 pBlei ) + Y u(Blair

el ieJ
> N, (') + Ng (F).

This yields
Lt (E’ U F’) > LYY E') + LY (F).

This clearly implies that
7q7t
e (BJF) =1, (B \JF)
= inf {Z LIYE;); B; are bounded}

E'UF'CU; Bs

. ,t . / it ‘ ~ ‘
> E/uFl,nng 5, {;Lz (E;NE")+ ;LZ (E;NF"); E; are bounded}
= E'uFi’nngi E; {; LiN(E;NE'); E; are bounded}

+ E’uFi’nngi . {27: LZ’t(Ei NF'); E; are bounded}
> (B + HY (F).
Finally, we conclude that
Hot (E U F) > HY(E) + HY'(F).
(2) Let F C E and let (B(z;,7)); be a centered covering of F. Then,

—q,t
o ( <Z,qu“ )9(2r)" and H, .(F) < N{,(F)@2r).

Also observe that it follows from the definitions that ﬁi’t(F ) < LEHF).
Let (E;); be a countable family of subsets of R™ such that F C |J, E; and
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and the F;’s are bounded, then
H'(F) <Y LUUE;) and Hy'(F) <H'(F).

However, we conclude that H%*(E) < HY'(E).

Let (B(z;,7)); be a centered covering of F' C E. Using Besicovitch’s Cov-
ering Theorem (see [16]), we can construct & finite or countable sub-families
(B(z1j,7)); -, (B(xgj,7)); such that

3
each F' C U U B(z;j;,r) and (B(:Eij,r)) _is a packing of F.
i=1 j J
Hence

¢ ¢
NE(F)2r) <0 p(Blas,r)'(2r) < ME(F)(2r)f
=1

i=1 j
< €M L (F)(2r)".
It follows immediately from the definitions that
—q,t
LZ’t(F) < fCZ’t(F) and HZ (F) < fPl‘f’t(F) < §Pg’t(E).

We therefore conclude
ot ot
HIY(E) < E{PTY(E).

Let E be a bounded subset of R”. Then ﬁZ’t(E) > CP(E) and so,

PLY(E)

inf {ZPT(EZ-)7 E; are bounded}

ECU, E:

Y

inf {ZCZ’t(Ei), E; are bounded}

ECU,; E:
— it
= PI(E).
(3) We may clearly assume that C¢*(E) < 4-o00. Consider, for s € N*, the

set
E, = xEE,M<s for 0<r<1 .
w(B(z,r)) s

Fix 0 <7 < !andlet © = {B(x,r), x € ES}. Then the set © is a Vitali

covering (see [16]) of Es. By Vitali’s Lemma, there exists a £-countable or finite
family (B(mi,r))' C © such that B(z;,r) N B(xj,r) = 0 for all i # j and

k
E;\ U B(z;,7) C U B(z;,5r) for all k> 1.
i=1

i>k
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However, since x; € Ey, then for € > 0,

Z p(B (@i, 57))*(10r)" < 575° Z p(B(wi,r))*(2r)"

K2

< sq5tMg,T(E3)(2r)t
€

< 595 (Cg’t(E) + 5) < 400.

Thus, we may choose K € N such that

—+oo

Z w(B(x;, 5r))(10r)" <

i=K+1

| ™

Hence,

“+ o0

K
N{ (B (2r)' <> u(Blai, 1) (2r) + > p(B(ai, 5r))(10r)!
=1 i=K+1

K
<> n(Blair)2n) + 5

€
< M (E)(2r)" + 3
< CP(E) +e.

Making r — 0 and ¢ — 0 and since E = | J, E;, we obtain Hg’t < Pg’t. The case
when ¢ < 0 followed by a similar argument, since in this case u(B(z;, 5r))? <
w(B(z;,7))? for all z; and then we need not to assume that u € Pp(R™).

3.3. Proof of Theorem 2.2
We will first begin by proving this elementary lemma.

Lemma 3.12. Let E be a Borel subset of supp pu and F be a HZ’t—measumble
set. Suppose that HL*(E) < oo. If F C E and € P(R"), then

ai’t(x,ﬁl_E) = EZ’t(m,HLp) and dZ’t(x,HLE) = dZ’t(x,G\_F) for Hz’t—a.a. on F.

Proof. Let v = 6Lg. Then, we have, for HZ’t-a.a. on F,

(3.6) 4 (zv) =d (rvip) and  dY(w,v) = dY (@, ).

In fact, it is clear that

ng’t(x,l/) > dZ’t(x, vip) and Ei’t(x, v) > EZ’t(w,l/\_F).
Let’s set AM(A) = v(A\ F) for any Borel set A. Then,
V(A)=v(AN(F°UF)) =v(A\F)+v(ANF) = XA) +vp(A).
A simple calculation shows that

A8 (w,v) < d0 (@, vip)+d (2,) and 4 (z,v) < db (zvip) +dL (2, N).
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We must now show that EZ’t(x, A) = 0. For any integer k # 0, let
L Tat 1
F, = {mEF, d, (z,\) > k}
Then Fj, C F for any k > 1. So, by (3.1), we immediately conclude that

0< —Hq ) S MFy) =v(Fx \F)=v(0) =0 forall k>1.

= gg e
We deduce from the previous inequality that Hz’t(Fk) =0 for all K > 1 and
EZ’t(z, A) = 0 for H%*-a.a. on F, which leads to (3.6). O

Remark 3.13. Moreover, according to Proposition 3.1, if dz’t(ﬂf,QLE) exists,
then

At (z, 0 p) = dZ’t(w,OLp) for Pi'-a.a. on F.

Proof of Theorem 2.2. . o

(1) Since H%*(E) < oo it follows from Lemma 3.12 that d), (z, F) =d;, (z, E)
and dZ’t(w,F) = dZ’t(x,E) for #&*-a.a. on F. We therefore conclude that
dﬁ’t(a:,F) = EZ’t(x, F) for H% -a.a. on F. Finally, it follows from Proposition
3.3 that dZ’t(m, F)= QZ’t(x, F) for Hi'-a.a. on F.

(2) The proof of this statement is similar to the proof of the statement in
(D).

(3) Since PP(E) < oo, it follows immediately from Lemma 3.12 that

qt(ac G) = qt(x FE) and Dq’ (z,G) = QZ’t(x,E) for H1'-a.a. on G. We

deduce from Proposition 3.3 that Qgt(x, G) = 5Z’t(:c, G) for Pl*-a.a. on G.
(4) The proof is similar to the one of (3). O

3.4. Proof of Theorem 2.3
It follows from [20, Corollary 2.16] that (1) < (4) < (5).

(1) = (2) : If P2Y(E) < oo and since HELH(E) = HPY(E) = PIYE) =
PoH(E), then

(3.7) HLY(F) = HYY(F) = PMY(F) = PYY(F) forany F C E.

Put the set F = {x € F; dZ’t(a:,E) > 1}, and for m € N*

{ er; d )>Hnl¢}'

We therefore deduce from (3.2) and (3.7) that

( ) < HPY(Fp) = HE (F).
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This implies that HL*(F,) = 0. As F' = |J,, Frm, we obtain H%*(F) = 0 and
so, PLH(F) =0, i.e.,
—4q,t it
(3.8) d, (z,E) <1 for Pl'aa xe€k.

Now consider the set F = {x € E; Q;’L’t(m,E) < 1}, and for m € N*
Fon = B d%Ma,B)<1—
m =4z €E; d} (,E) <1-— -

Using (3.3), we clearly have

HI (Fy) = PO (By) < (1 - ;) PIt(Fr).
This implies that Pg’t(ﬁ'm) =0. As F =/, Fin, we obtain Pg’t(ﬁ') =0, ie.,
(3.9 dZ’t(x,E) >1 for Pllaa zek.
The statement in (2) now follows from (3.8) and (3.9).

(2) = (1) : Consider the set
—q.t
F = {x € E; dZ’t(x,E) =1= dz (a:,E)}

It therefore follows (3.2) and (3.3) and since, di’t(x,E) =1= EZ’t(x,E) for
Pit-a.a. x € E that

Hi'(E) < HY'(E) < PYY(E) < PRY(E) = PLY(EF)

< HPY(F) < HEY(F) < HEY(E).

(1) = (3) : Since HE'(E) = PL*(E), we conclude that

HEY — O — POty — past

HE(F) = HP(F) =P (F) =Py (F) forany FCE.

Now, we consider the set F' = {x € E; QZ’t(x,E) < 1}, and for m € N*
q,t 1
Fn={r€FE; D} (ac,E)<1—E :
Then it follows from (3.3),
PLY(F,,) = PP (F,,) < PLY(F,) (1-— 1),
1 1 ="y m
This implies that PZ!(F,,) = 0. As F' = {J,,, Fim, We obtain P*(F) = 0 and
S0, QZ’t(x, E) > 1 for Pl'-a.a. x € E.
Next, put F = {x € E; ﬁZ’t(x,E) > 1}, and for m € N*

- — 1
Fm:{er; DZ’t(x,E)>l+}.
m
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We deduce from (3.2) that,
1
(14 o) 1t (F) < PRF) = 1),
This implies that ”HZ’t(ﬁ’m) = 0. Finally, it follows from F = |J  F,, that
PLH(E) =0, ie.,
D, @t (z,F) <1 for ’Pl‘f’t—a.a. x € FE.
(3) = (1) : We consider the set
F= {w € E; DY a,E)=1= Ei’t(x,E)}.
Combining (3.2) and (3.3) shows that
HiH(E) < HY'(E) < PPH(E) < PLY(E) = PR (F)
it ot
< PI(F) <HL(F) <H

which proves the desired result.

4. Application

As an application of Theorems 2.1, 2.2 and 2.3 we prove a density theorem
for the multifractal measures Hf;t and 733”5 that is more refined than those
found in [3]. Let ¢,t € R, u € Pp(R™) and E be a Borel subset of supp p.

Assume that P2*(E) < 4oo and Zi’t(x,E) < +oo. Consider, for a finite
measure v on R", the set

Fv) = {x € E; dZ’t([L'7I/) =1 }
Definition. Let (X, B, 1) be a measure space and E, F' in B. We will say that
E is a subset of F p-almost everywhere and write E C F p-a.e., if u(F\E) = 0.

The following theorem deals with the strong regularity of a measurable sub-
set B C E which extends the density theorem in [3].

Theorem 4.1. The following assertions are equivalent.
1) HEH(B) = PPH(B) for a measurable subset B of E.

EQ) BCF (Hth ) Pita.e..
3) BCF (Hth ) Pitg.e..
4 BCF (P% ) Pit-a.c
(5) BCF (P% ) Pit-q.e

Theorem 4.1 is a consequence from the following lemmas.

Lemma 4.2. Let E a Borel subset of supp p.
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(1) Suppose that PP*(E) < oo. For F = {x € E; EZ’t(:mE) < —l—oo}, we
have
If G is a Borel subset of F' such that HI'*(G) = 0, then P?*(G) = 0.

(2) Suppose that PL'(E) < oo. For F = {x € E; Zi’t(x,E) < —l—oo}, we
have
If G is a Borel subset of F such that PP (G) = 0, then P (G) = 0.

Proof. Tt is sufficient to take PI* in (3.4) and PL* . in (3.5). O

Lemma 4.3. Let E be a PL'-measurable set with PH*(E) < oo and ZZ’t(:c, E)
< +oo on E. Then

F (PﬁtLE) =F (HZ’tLE) =F (P;Z’tLE) =F (HE7tLE> Pit-a.c.

Proof. 1t follow from [3] that F' (PZ’tLE) =F (HZ’tLE) Pit-a.e.. It suffices to

prove that
gt ) P (B2 ) < P (1) P,
The other inclusions are similar.
Without loss of generality, for K = F (HZ’tL E), we may assume that
PoH(K) > 0. Theorem 2.7 in [3] implies that AL*(z, K) = 1 for HL' -a.a. on
K. Since HL'(K) < oo and ZZ’t(x,K) < 00, then, using Proposition 3.3, we

obtain A%*(z, K) =1 for Pgf-a.a. on K. Hence, by Theorem 2.3, we have
D¥'(z, K) =1 for Pl'-a.a. on K. Next by using Lemma 3.12, we have

»t — it
Dl (z, E) =1 for H}'-a.a. on K.

Proposition 3.3 now implies that DZ*(x, E) =1 for Pl‘-a.a. on K.
For K = F (Pq’t ) we may clearly assume that P2*(K) > 0. By Using

Kk oLE)?
Theorem 2.2, we have D%*(z, K) = 1 for P?*-a.a. on K. From Lemma 4.2,
we have D%'(z, K) = 1 for P¢'-a.a. on K. From Theorem 2.3, we obtain

di(x, K) = 1 for P@'-a.a. on K. Hence, d%'(z,K) = 1 for H%'-a.a. on K.
Lemma 3.12 now yields

5t — )t
di(z,E) =1 for Hl'-a.a. on K.
Finally, Proposition 3.3 implies that d%*(z, E) = 1 for P1*-a.a. on K. O
Proof of Theorem 4.1. It’s enough to prove that (1) <= (2). Suppose
(1). By using Theorem 2.3, we have d%*(z, B) = 1 for P{*-a.a. on B. Lemma

3.12 implies that d%*(z, E) = 1 for H{*-a.a. on B. By Theorem 3.3, we obtain
dit(x, E) = 1 for Pgt-a.a. on B.
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Conversely, suppose (2) then d%*(z, ) = 1 for H{*-a.a. on B. Using Lemma
3.12 and Proposition 3.3 we get d%*(x, B) = 1 for Pl'-a.a. on B. Finally we
conclude by Theorem 2.3. O
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