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REDHEFFER TYPE INEQUALITIES FOR

THE FOX-WRIGHT FUNCTIONS

Khaled Mehrez

Abstract. In this note, new sharpened Redheffer type inequalities re-

lated to the Fox–Wright functions are established. As consequence, we
show new Redheffer type inequalities for hypergeometric functions and

for the four–parametric Mittag–Leffler functions with best possible expo-
nents.

1. Introduction and main results

In 1969, Redheffer [7] posed the problem of proving the inequality

(1)
π2 − x2

π2 + x2
≤ sinx

x
, x ∈ (0, π].

Williams [8] proved this inequality. Motivated by this inequality recently Zhu
and Sun [11], using the fact that the hyperbolic functions sinhx and coshx
have no zeros in (0,∞) established the following Redheffer–type inequalities:

(2)

(
r2 + x2

r2 − x2

)α
≤ sinhx

x
≤
(
r2 + x2

r2 − x2

)β
and

(3)

(
r2 + x2

r2 − x2

)α
≤ coshx ≤

(
r2 + x2

r2 − x2

)β1

,

where 0 < x < r, α ≤ 0, β ≥ r2

12 , and β1 ≥ r2

4 .
Recently, some extensions of inequalities (2) and (3) involving modified

Bessel function have been shown by Zhu [10] and Mehrez [3], as follows:

Theorem A. Let 0 < x < r and ν > −1. Then the following inequalities

(4)

(
r2 + z2

r2 − z2

)α
≤ Iν(z) ≤

(
r2 + z2

r2 − z2

)β
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hold if and only if α ≤ 0 and β ≥ r2

8(ν+1) , where Iν(z) is the normalized modified

Bessel function of the first kind, defined by

Iν(z) =

∞∑
k=0

Γ(ν + 1)z2k

22kk!Γ(ν + k + 1)
.

Moreover, the author of this paper extended and sharpened the inequalities
(4), as follows [4]:

Theorem B. Let r > 0 and α, β > 0. Then the following inequalities

(5)

(
r + z

r − z

)σα,β
≤ Wα,β(z) ≤

(
r + z

r − z

)γα,β
hold for all 0 < z < r, where σα,β = 0 and γα,β = rΓ(β)

2Γ(β+α) are the best possible

constants, and Wα,β(z) is the normalized Wright function defined by

Wα,β(z) = Γ(β)

∞∑
k=0

zk

k!Γ(β + kα)
, α > −1, β ∈ C.

The Fox-Wright function pΨq is a generalization of the familiar hypergeo-
metric function pFq with p numerator and q denominator parameters (see [2]),
defined by (cf., e.g., [9, p. 4, Eq. (2.4)]

(6) pΨq

[(α1,A1),...,(αp,Ap)

(β1,B1),...,(βq,Bq)

∣∣∣z] =

∞∑
k=0

∏p
l=1 Γ(αl + kAl)∏q
l=1 Γ(βl + kBl)

zk

k!
,

where Al ≥ 0, l = 1, . . . , p; Bl ≥ 0, l = 1, . . . , q; such that 1 +
∑q
l=1Bl −∑p

l=1Al > 0 for suitably bounded values of |z|. The generalized hypergeometric
function pFq is defined by

(7) pFq

[
α1,...,αp
β1,...,βq

∣∣∣z] =

∞∑
k=0

∏p
l=1(αl)k∏q
l=1(βl)k

zk

k!
,

where, as usual, we make use of the following notation:

(τ)0 = 1, and (τ)k = τ(τ + 1) · · · (τ + k − 1) =
Γ(τ + k)

Γ(τ)
, k ∈ N,

to denote the shifted factorial or the Pochhammer symbol. Obviously, we find
from the definitions (6) and (7) that

(8) pΨq

[(α1,1),...,(αp,1)

(β1,1),...,(βq,1)

∣∣∣z] =
Γ(α1) · · ·Γ(αp)

Γ(β1) · · ·Γ(βq)
pFq

[
α1,...,αp
β1,...,βq

∣∣∣z] .
The Mittag–Leffler functions with 2n parameters are defined for Bj ∈ R

(B2
1 + · · ·+B2

n 6= 0) and βj ∈ C (j = 1, . . . , n ∈ N) by the series

(9) E(β,B)n(z) =

∞∑
k=0

zk∏n
j=1 Γ(βj + kBj)

, z ∈ C.
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When n = 1, the definition in (9) coincides with the definition of the two–
parametric Mittag–Leffler function [5]

(10) E(β,B)1(z) = Eβ,B(z) =

∞∑
k=0

zk

Γ(β + kB)
, z ∈ C,

and similarly for n = 2, where E(β,B)2(z) coincides with the four–parametric
Mittag–Leffler function

(11) E(β,B)2(z) = Eβ1,B1;β2,B2
(z) =

∞∑
k=0

zk

Γ(β1 + kB1)Γ(β2 + kB2)
, z ∈ C.

The generalized 2n-parametric Mittag-Leffler function E(β,B)n(z) can be rep-
resented in terms of the Fox–Wright hypergeometric function pΨq(z) by

(12) E(β,B)n(z) = 1Ψn

[ (1,1)

(β1,B1),...,(βq,Bq)

∣∣∣z], z ∈ C.

In the following, we define the function Φ
(β1,B1)
α1,β2

: (0,∞) −→ R by

Φ
(β1,B1)
α1,β2

(z) =
Γ(β1)Γ(β2)

Γ(α1)
1Ψ2

[ (α1,1)

(β1,B1),(β2,1)

∣∣∣z],
where α1, β1, β2 > 0 and B1 > 0.

In this paper, we shall extend and sharpen the inequalities (4) and (5) and
obtain a general refinement of Redheffer type inequality involving the normal-

ized Fox-Wright functions Φ
(β1,B1)
α1,β2

(z). As consequence, we show new Red-
heffer type inequalities for the hypergeometric function 1F2 and for the four–
parametric Mittag–Leffler function Ẽβ1,B1;β2,1(z) = Γ(β1)Γ(β2)Eβ1,B1;β2,1(z)
as follows.

Theorem 1.1. Let r, α1, β1, β2, B1 > 0. If α1 ≥ β2, then the following in-
equalities

(13)

(
r + z

r − z

)λ(β1,B1)

α1,β2

≤ Φ
(β1,B1)
α1,β2

(z) ≤
(
r + z

r − z

)µ(β1,B1)

α1,β2

hold for all z ∈ (0, r), where λ
(β1,B1)
α1,β2

= 0, and µ
(β1,B1)
α1,β2

= α1Γ(β1)r
2β2Γ(β1+B1) , are the

best possible constants.

Taking in (13) the value B1 = 1 and using the identities (8), we obtain the
Redheffer type inequalities for hypergeometric function 1F2.

Corollary 1.2. Let r, α1, β1, β2 > 0. If α1 ≥ β2, then the following inequalities

(14)

(
r + z

r − z

)λ(β1,B1)

α1,β2

≤ 1F2(α1;β1, β2; z) ≤
(
r + z

r − z

)µ(β1,1)

α1,β2

hold for all z ∈ (0, r), where λ
(β1,1)
α1,β2

= 0, and µ
(β1,1)
α1,β2

= α1r
2β2β1

, are the best

possible constants.
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Letting in (13) the value α1 = 1 and using the identities (12), we obtain
the Redheffer type inequalities for the four–parametric Mittag–Leffler function
Ẽβ1,B1;β2,1(z).

Corollary 1.3. Let r, β1, B1 > 0. If 0 < β2 ≤ 1, then the following inequalities

(15)

(
r + z

r − z

)λ(β1,B1)

1,β2

≤ Ẽβ1,B1;β2,1(z) ≤
(
r + z

r − z

)µ(β1,B1)

1,β2

hold for all z ∈ (0, r), where λ
(β1,B1)
1,β2

= 0, and µ
(β1,B1)
1,β2

= rΓ(β1)
2β2Γ(β1+B1) , are the

best possible constants.

Remarks. 1. We note that Theorem B is obtained by choosing α1 = β2, β1 = β
and B1 = α in (13).

2. Taking in (13) the values α1 = β2, β1 = β,B1 = α, z = x2/4, α = 1, β =
ν + 1 where ν > −1 and replacing r by r2/4 in (5), we obtain Theorem A.

2. Proof of the main results

In the proof of the main result we will need the following two lemmas. The
first lemma is about the monotonicity of two power series. For more details,
one may see [6].

Lemma 2.1. Let {an}n≥0 and {bn}n≥0 be two sequences of real numbers, and
let the power series f(x) =

∑
n≥0 anx

n and g(x) =
∑
n≥0 bnx

n be convergent

for |x| < r. If bn > 0 for n ≥ 0 and if the sequence {an/bn}n≥0 is (strictly)

increasing (decreasing), then the function x 7→ f(x)/g(x) is (strictly) increasing
(decreasing) on (0, r).

The second lemma is the so-called monotone form of l’Hospital’s rule, see
[1] for a proof.

Lemma 2.2. Let f, g : [a, b] −→ R be two continuous functions which are
differentiable on (a, b). Further, let g′ 6= 0 on (a, b). If f ′/g′ is increasing
(decreasing) on (a, b), then the functions

x 7→ f(x)− f(a)

g(x)− g(a)
and x 7→ f(x)− f(b)

g(x)− g(b)

are also increasing (decreasing) on (a, b).

Now, we are ready to prove the main result.

Proof of Theorem 1.1. By using the definition of the function Φ
(β1,B1)
α1,β2

(z) we
have

(16)
(

Φ
(β1,B1)
α1,β2

(z)
)′

=
Γ(β1)Γ(β2)

Γ(α1)

∞∑
k=0

Γ(α1 + k + 1)zk

k!Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)
.
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Let

K(z) =
log Φ

(β1,B1)
α1,β2

(z)

log
(
r+z
r−z

) =
f(z)

g(z)
,

where f(z) = log Φ
(β1,B1)
α1,β2

(z) and g(z) = log
(
r+z
r−z

)
. Then

f ′(z)

g′(z)
=

(r2 − z2)
(

Φ
(β1,B1)
α1,β2

(z)
)′

2rΦ
(β1,B1)
α1,β2

(z)
=

A(z)

2rB(z)
,

where A(z) = (r2−z2)
(

Φ
(β1,B1)
α1,β2

(z)
)′

and B(z) = Φ
(β1,B1)
α1,β2

(z). By computation

we get

A(z) = (r2 − z2)
(

Φ
(β1,B1)
α1,β2

(z)
)′

=
Γ(β1)Γ(β2)

Γ(α1)
(r2 − z2)

∞∑
k=0

Γ(α1 + k + 1)zk

k!Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)

=
Γ(β1)Γ(β2)

Γ(α1)

( ∞∑
k=0

r2Γ(α1 + k + 1)zk

k!Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)

−
∞∑
k=2

Γ(α1 + k − 1)zk

(k − 2)!Γ(β2 + k − 1)Γ(β1 + (k − 1)B1)

)

=
Γ(β1)Γ(β2)Γ(α1 + 1)r2

Γ(α1)Γ(β2 + 1)Γ(β1 +B1)
+

Γ(β1)Γ(β2)Γ(α1 + 2)r2

Γ(β2 + 2)Γ(α1)Γ(β1 + 2B1)
z

+
Γ(β1)Γ(β2)

Γ(α1)

∞∑
k=2

(
r2Γ(α1 + k + 1)

k!Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)

− Γ(α1 + k − 1)

(k − 2)!Γ(β2 + k − 1)Γ(β1 + (k − 1)B1)

)
zk

:=

∞∑
k=0

akz
k,

(17)

where a0 = Γ(β1)Γ(β2)Γ(α1+1)r2

Γ(α1)Γ(β2+1)Γ(β1+B1) and a1 = Γ(β1)Γ(β2)Γ(α1+2)r2

Γ(β2+2)Γ(α1)Γ(β1+2B1) and ak is

defined for k ≥ 2 by

ak =
Γ(β1)Γ(β2)

Γ(α1)

(
r2Γ(α1 + k + 1)

k!Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)

− Γ(α1 + k − 1)

(k − 2)!Γ(β2 + k − 1)Γ(β1 + (k − 1)B1)

)
.
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On the other hand, we write B(z) in the following form:

B(z) =

∞∑
k=0

bkz
k,

where

bk =
Γ(β1)Γ(β2)Γ(α1 + k)

k!Γ(α1)Γ(β2 + k)Γ(β1 + kB1)
for all k ≥ 0.

Now, we consider the sequence uk = ak/bk by u0 = a0, u1 = a1/b1 and for
k ≥ 2

uk =
Γ(β2 + k)Γ(β1 + kB1)Γ(α1 + k + 1)r2

Γ(α1 + k)Γ(β2 + k + 1)Γ(β1 + (k + 1)B1)

− k!Γ(α1 + k − 1)Γ(β2 + k)Γ(β1 + kB1)

(k − 2)!Γ(β2 + k − 1)Γ(α1 + k)Γ(β1 + (k − 1)B1)
.

Since α1 ≥ β2, we have

u1 − u0 =
Γ(α1 + 2)Γ(β2 + 1)Γ(β1 +B1)r2

Γ(α1 + 1)Γ(β2 + 2)Γ(β1 + 2B1)
− Γ(β1)Γ(β2)Γ(α1 + 1)r2

Γ(α1)Γ(β2 + 1)Γ(β1 +B1)

=
(α1 + 1)Γ(β1 +B1)

(β2 + 1)Γ(β1 + 2B1)
− α1Γ(β1)

β2Γ(β1 +B1)
(18)

≤ α1

β2

(
Γ(β1 +B1)

Γ(β1 + 2B1)
− Γ(β1)

Γ(β1 +B1)

)
≤ 0.

Indeed, due to log-convexity property of the Gamma function Γ(z), the ratio
z 7→ Γ(z + a)/Γ(z) is increasing on (0,∞), when a > 0. Thus implies that the
following inequality:

(19)
Γ(z + a)

Γ(z)
≤ Γ(z + a+ b)

Γ(z + b)

holds for all a, b, z > 0. Let z = β1 and a = b = B1 in (19) and using the
inequality (18) we deduce that u1 ≤ u0. On the other hand, we have

u2 − u1 =
Γ(α1 + 2)Γ(β2 + 1)

Γ(α1 + 1)Γ(β2 + 2)

[
(α1 + 2)(β2 + 1)Γ(β1 + 2B1)

(α1 + 1)(β2 + 2)Γ(β1 + 3B1)
− Γ(β1 +B1)

Γ(β1 + 2B1)

]
− 2Γ(α1 + 1)Γ(β2 + 2)Γ(β1 + 2B1)

Γ(α1 + 2)Γ(β2 + 1)

≤ Γ(α1 + 2)Γ(β2 + 1)

Γ(α1 + 1)Γ(β2 + 2)

[
Γ(β1 + 2B1)

Γ(β1 + 3B1)
− Γ(β1 +B1)

Γ(β1 + 2B1)

]
(20)

− 2Γ(α1 + 1)Γ(β2 + 2)Γ(β1 + 2B1)

Γ(α1 + 2)Γ(β2 + 1)

≤ 0.
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Indeed, in view of inequality (19) when z = β1 +B1, a = b = B1 and inequality
(20) we deduce that u2 ≤ u1. Now, let k ≥ 2, we have

uk+1 − uk = r2

[
(α1 + k + 1)Γ(β1 + (k + 1)B1)

(β2 + k + 1)Γ(β1 + (k + 2)B1)
− (α1 + k)Γ(β1 + kB1)

(β2 + k)Γ(β1 + (k + 1)B1)

]
+

k!

(k − 2)!

[
(β2 + k − 1)Γ(β1 + kB1)

(α1 + k − 1)Γ(β1 + (k − 1)B1)
(21)

− (k + 1)(β2 + k)Γ(β1 + (k + 1)B1)

(k − 1)(α1 + k)Γ(β1 + kB1)

]
≤ (α1 + k)r2

(β2 + k)

[
Γ(β1 + (k + 1)B1)

Γ(β1 + (k + 2)B1)
− Γ(β1 + kB1)

Γ(β1 + (k + 1)B1)

]
+

k!(β2 + k − 1)

(k−2)!(α1+k−1)

[
Γ(β1 + kB1)

Γ(β1 + (k − 1)B1)
−Γ(β1 + (k + 1)B1)

Γ(β1 + kB1)

]
.

Setting in (19) the values z = β1 +kB1 and a = b = B1, we obtain the following
Turán type inequality for the Gamma function Γ(z)

(22) Γ(β1 + kB1)Γ(β1 + (k + 2)B1)− Γ2(β1 + (k + 1)B1) ≥ 0.

Similarly, letting in (19) the values z = β1 + (k− 1)B1 and a = b = B1, we get

(23) Γ(β1 + (k − 1)B1)Γ(β1 + (k + 1)B1)− Γ2(β1 + kB1) ≥ 0.

In view of (18), (20), (21), (22) and (23) we deduce that the sequence (uk)k≥0

is decreasing. By using Lemma 2.1 we clearly have that f ′/g′ is decreasing on
(0, r), and consequently the function K(z) is also decreasing (0, r), by means
of Lemma 2.2. On the other hand, by using the Bernoulli–l’Hospital’s rule we
obtain

lim
z→0

K(z) =
u0

2r
=

α1Γ(β1)r

2β2Γ(β1 +B1)
, and lim

z→r
K(z) = 0.

It is important to mention here that there is another proof of the inequalities
(13). Namely, if we consider the function χ : (0, r) −→ R, defined by

χ(z) =
α1Γ(β1)r

2β2Γ(β1 +B1)
log

(
r + z

r − z

)
− log Φ

(β1,B1)
α1,β2

(z).

Then,

Φ
(β1,B1)
α1,β2

(z)χ′(z)

=
α1Γ(β1)r2

β2Γ(β1 +B1)(r2 − z2)
Φ

(β1,B1)
α1,β2

(z)−
(

Φ
(β1,B1)
α1,β2

(z)
)′

=
Γ(β1)Γ(β2)

Γ(α1)

[
α1Γ(β1)r2

β2Γ(β1 +B1)(r2 − z2)

∞∑
k=0

Γ(α1 + k)zk

k!Γ(β1 + kB1)Γ(β2 + k)

−
∞∑
k=0

Γ(α1 + k + 1)zk

k!Γ(β1 + kB1 +B1)Γ(β2 + k + 1)

]
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≥ Γ(β1)Γ(β2)

Γ(α1)

[
α1Γ(β1)

β2Γ(β1 +B1)

∞∑
k=0

Γ(α1 + k)zk

k!Γ(β1 + kB1)Γ(β2 + k)

−
∞∑
k=0

Γ(α1 + k + 1)zk

k!Γ(β1 + kB1 +B1)Γ(β2 + k + 1)

]

=
Γ(β1)Γ(β2)

Γ(α1)

∞∑
k=0

Γ(α1 + k)zk

k!Γ(β2 + k)

(
α1Γ(β1)

β2Γ(β1 +B1)Γ(β1 + kB1)

− α1 + k

(β2 + k)Γ((β1 + kB1 +B1)

)
.

On the other hand, using the fact that α1 ≥ β2, we have α1

β2
≥ α1+k

β2+k for each

k ≥ 0, and consequently,

Φ
(β1,B1)
α1,β2

(z)χ′(z) ≥ α1Γ(β1)Γ(β2)

β2Γ(α1)

∞∑
k=0

Γ(α1 + k)zk

k!Γ(β2 + k)

(
Γ(β1)

Γ(β1 +B1)Γ(β1 + kB1)

− 1

Γ((β1 + kB1 +B1)

)
zk.(24)

Now, taking in (19) the values z = β1, a = B1 and b = kB1, we obtain

(25) Γ(β1)Γ(β1 + kB1 +B1) ≥ Γ(β1 +B1)Γ(β1 + kB1).

In view of inequalities (24) and (25) we deduce that the function χ(z) is in-
creasing on (0, r), and hence χ(z) ≥ χ(0) = 0, which implies the right–hand
side of inequalities (13). To prove the left–hand side of (13), by using (16) we

deduce that the function Φ
(β1,B1)
α1,β2

(z) is increasing on (0,∞), and hence

Φ
(β1,B1)
α1,β2

(z) ≥ Φ
(β1,B1)
α1,β2

(0) = 1.

This completes the proof of Theorem 1.1. �
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