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A STUDY OF NEW CLASS OF INTEGRALS ASSOCIATED
WITH GENERALIZED STRUVE FUNCTION AND
POLYNOMIALS

SirRAZUL HAQ, ABDUL HAKIM KHAN, AND KOTTAKKARAN SOOPPY NISAR

ABSTRACT. The main aim of this paper is to establish a new class of inte-
grals involving the generalized Galue-type Struve function with the differ-
ent type of polynomials such as Jacobi, Legendre, and Hermite. Also, we
derive the integral formula involving Legendre, Wright generalized Bessel
and generalized Hypergeometric functions. The results obtained here are
general in nature and can deduce many known and new integral formulas
involving the various type of polynomials.

1. Introduction

The Struve function of order p is given by

,x€R, a€eN

00 (_1)k x\ 2k+p
1.1)  Hy(x) = (7)
(L.1) o(@) ];)F(k+3/2)f‘(k+p+3/2) 2
is a particular solution of the non-homogeneous Bessel differential equation
_ A(z/2)r!
~ Jrl(p+1/2)’

where T is the classical gamma function whose Euler’s integral is given by [17]

(1.2) 2?y"(x) + wy'(2) + (2 = p*)y(2)

(1.3) I'(2) :/ exp(—t) t*"tdt, R(z) > 0.
0
Galue [6] introduced a generalization of the Bessel function of order p given by:
S
1.4 a = _ (= , R, N.
(14) To(2) kZ:OF(ak: p+1)k!(2) TER @€
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Baricz [1] investigated Galue type generalization of modified Bessel function
as:

> 1 2k+p
(1.5) odp(x Zm( ) , tE€R, a€N.

The Struve function and its more generalizations are found in many papers
(see [2,3,7,13-16]).
The generalized Struve function is given by Bhowmick [2]

3 (—1)* 2\ 2k
(1.6)  H\(z Zork+3/2) (/\k+l+3/2)( ) y A>0
and by Kanth [7]
3 —1)* 2\ 2k
1. H)\Ot ( |
(1.7) Zofak+3/2) ()\k+l+3/2)< > L A>0, a>0

Singh [13] gave another generalized form as

(_1)k x 2k+1+1
Zrk+3/2) (Ak+l/§+3/2)( ) » A>0.

(18)  H)(a

The generalized Struve function of four parameters was given by Singh [18]
as:

)\ 0o (_l)k 2 2k+p+1
1. HXo( ApeC
(1.9) erAk+p+3/2) (ak+u)(2> » MPEL,

where A > 0, « > 0 and p is an arbitrary parameter. Another generalization
of Struve function by Orhan and Yagmur [10,22] is,

(76)’6 2 2k+p+1
ZI‘k—i-?)/Q) (k+p+b/2+1)< > » prbeeC

(110) Hypo(z

Motivated from the above definitions, Nisar et al. [9] defined a new general-
ized form of Struve function named as generalized Galue type Struve function
(GTSF) as

(1.11)

i (_C)k 2k+p+1
W (2) = <> , a€N, p,bceC,
i) = 2 T e+ BTk T A2 g

where a > 0, £ > 0 and p is an arbitrary parameter.
The aim of this paper to establish various integral formulae involving GTSF
employing different polynomials.
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2. Integrals with Jacobi polynomials
The Jacobi polynomials P27 (t) [11,19] may be defined by

o)y — (L P)n —n,l4+p+o+n; 1t
e P =g [ Tl .

When p = o0 = 0, the polynomial in (1.6) becomes the Legendre polyno-
mial[11]. From (1.6) it follows that P\"*")(¢) is a polynomial of degree precisely
n and that

(p,o) _ (1 + p)n
(2.2) PPo(t) = —

First integral formula:

I

1

| A= 0r e P P W [0+ 0

—1

(=1)n2PHOHID(§ + 2hk + hp+ h+ D)D(n+ p+ D0+ 2hk + hp+h+ 0 +1)
nT(n+hk+o+n+1)T(n+hk+p+n+2)

~A\G+ 2k +hp+hto+1,0+2hk+hp+h+1;
0+ 2hk+hp+hoc+n+1,0+2hk+hp+h+p+n+2; |’

(2.3) X W (2"2) 3P

provided (a) > 0,(§) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
RA) > —-1,p> 1,0 > —1.

Proof. In dealing with the Jacobi polynomials, it is natural to make much use
of our knowledge of the 3 F; function [11]

1
= [ A= 0P PP Wt o1+ 0

-1

1 3 2k+p+1
_ A1 _ 1\p é p(p,o) o (—c)}”(z(l + t)h/2)
(2.4) / (1 —=t)P(1+t)°Py (t);)r(ak+ﬂ)r(ak+p/£+ (b+2)/2)dt'

-1

Interchanging the order of integration and summation which is permissible
under the condition, then the above expression becomes

LS (o
hi= 1;) L(ak + p)(T(ak +p/E+ (b+2)/2)

1
(2.5) x/tNL%VO+W“MM”Wym@M
-1

Using the formula [12]

1
—1)m2e DS+ DI(n+p+ DTS+ o + 1)
A1 =021+ )PP (t)dt = =Y
/_1 ( )7L+ 27 P7 () nll'(d+oc+n+1) L0 +p+n+2)

“Nbo+o+1,641;
d+o+n+1Lo+p+n+2; 7|’

provided p > —1 and o > —1, we get the desired result. (I

(26) X 3F2
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Second integral formula:

/1 (1=1)°(1+6)7 PP () PO ()Wl e[2(1 — 8)"]dt
-1

2P (1 4+ 4+ m)D(1+ p+n)
n m!n!
—n)k(l+p+o+n) (—m)i(14+n+6+m)
XZ T(1+p+ k) ; T(1+n+ )1
)

(2.7) X W;;f‘cg@hz) (1+0+h2k+p+1)+k+1,1+0),

provided (o) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
RA) >—-1,p>—1,0 > —1.

Proof. The left-hand side of (2.7) is denoted by Io,

1
B= [ =047 PP ORI Wi ([0~ )t
1

S —)h(z/2)P
E:OF ak—i—,u [(ak +p/§+(b+2)/2)

(2.8) x/ (1 — t)0+2hkthpth 4 yo pleo) (1) PO (¢)dt,
-1

Now using (2.1) in (2.8), we get

Z (—c)*(z/2)2F+p+1 1+ p)n i (—n)k(1+p+ 0o +n)g
I(ak + )T (ak +p/E+ (b+2)/2) nl (1+ p)r2Fk!
1
(2.9) x / (1 — t)0+h@rtptDk (1 4 pye p) (1) ar.
-1
Again using (2.1) in (2.9), we obtain
oSS (GO T m gt
e T'(ak + p)l(ak + p/&+ (b +2)/2) m!in!
> k(L4 p+0o+n)k = (—m)i(l+n+0+m)
% ZO I( 1 +p+ k)2F(RY) ; T(1+n+ 020
1
(2.10) x/ (1 — ) ThCRpTDFRHL (4 1)o7 PPo) (1)t
-1

Now using the formula [11,19]

1
(2.11) / (1—t)° (1 4+ t)7tdt = 22" HB(1 4+ 5+ n, 14 0 +n),
-1
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(2.10) becomes,
22H7 I (1 4+ m)I(1 + p +n)

I =
mln!
—n)x(1+p+o+n) (—m)i(14+n+0+m)
XZ T(1+p+ k)(K) ; T +n+0){)
(2.12) X W;‘b“cg(zhz) (1+6+h2k+p+1)+k+1,1+0). 0

Third integral formula:

5o 2 At p)n i (—n)e(L+p+o0+n)
3 nl nl & (1+ p)r (kY
(213) X W Q"B+ n+h2k+p+ 1)+ k1460 +12k+p+1) +1),

provided (o) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
p>—1,0>—-1.

Proof. Assume that the left-hand side of (2.13) is denoted by I5, then

I3 = /1 (1= )71+ PP ()W c[2(1 = (1 +1)']dt

3 ()b (/2o
I'(ak + p)T(ak +p/E+ (b+2)/2)

k=0
1
(2.14) y / (1 — )P HhEEEPHD (1 | )0 CRptD) Ploo) (1) gy
-1
Now using (2.1) in (2.14), we obtain

R U, U ke 1?“% NEYIRAT

I(ak + p)(ak +p/E+ (b+2)/2) )2k K

k=0 =0

1
(2.15) ></ (1_t)n+h(2k+p+1)+k(1+t)0+l(2k+p+1)+ldt.
—1

Further using (2.11) in (2.15) we get the required result. O

Fourth integral formula:

/ (L (14 PP (W (214t

21 (14 p)y o (—n)e(L 4+ p+ 0 + 1)y
Tl n! k; (1+ p)x (k)

(2.16) X o Wi (27 "OB(L+n+k,1+0—h(2k+p+1)),

provided (o) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
p>—1,0>—1
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Proof. The left-hand side of (2.16) is denoted by Iy,

1
= /1<1—t> (1) PP @)Wyl [0+ )

_ o)F (z/2)% P4
B ZI‘ak—i—,u I'(ak+p/E+ (b+2)/2)

(2.17) X / (1 —1)7(1 + t)0=PERFp+D) ploo) (1)t
-1

Now using (2.1) in (2.17) we have

]:i (=0)F(z/2)*k Pt 1+Pn§: 14+ p+o0+n)
YT S T(ak+m(ak +p/E+ (b+2)/2) 1+pk2kk'

1
(2.18) x/ (1 —¢)"HF(1 4 )0 hCREPH gy
-1

=0

further using (2.11) in (2.18) we attain the required result. O
Fifth integral formula:

/1 (L= 1) (14 1)’ PP () a Wit [2(1 = 1) (1 + 1) ~dt

_ et (52 S L+ o 4l
. (1 + p)r(k!)
(219)  x Wit (2" B+ pu+hk+p+1) +k,1+0—1(2k +p+1)),
provided (o) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
p>—1,0>—1.
Proof. The left-hand side of (2.19) is denoted by I5, then we have

s [ 11<1—t>P<1+t>9qup7U><> Wyt elo(1 = )" (1 1)t

o)f(z/2) !
ZF ak+u ak+p/£+(b+2)/2)

(2.20) x/ (1— t)77+h(2k+p+1)(1Jrt)9*l(2k+p+1)p7(lpa0)(t)dt,
-1

now using (2.1) in (2.20) we have

Z o)k (z/2)2k+p1 (1+p)n
I‘ak—i—u (ak+p/E+ (b+2)/2) nl

(I+p+o+n)
XZ 1+pk2kk"
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1
(2.21) X / (1-— t)77+h(2k+p+1)+k(1 + t)@*l(2k+p+1)dt
-1

further using (2.11) in (2.21) we get the desired result. O

3. Special cases:

Sixth integral formula:
If we replace § by A — 1 and put p = 0 = p = 6 = 0, then the integral I
transforms into the following integral involving Legendre polynomial [11].

1
Is = / (1= 1P, (0 WEL [0 — £)]dt
-1 T

22 (=n)k(1+n . (=m)i(14+m
Z ( ()]/;!()2 )k 3 ( )zl(!2 )i
k=0 =0

(3.1) X Wit (2"2)B(L+ A+ h(2k+p+1) +k+1,1).

Seventh integral formula:
If o = p =0, nis replaced by n — 1 and 8 by 6 — 1, then the integral I3
transforms into the following integral involving Legendre polynomial [11].

I7 = /1 (1=t L+ ) Py () B e [2(1 = )" (1 + t)']dy,

e 2 (=) )
- kzzo (k)2

(3.2) X Wl (2B + 4+ h(2k+p+1) + k,0 +1(2k +p+1)).
Eighth integral formula:
If p=0 =0, nis replaced by n — 1 and 6 by 6 — 1, then the integral I3
transforms into the following integral involving Legendre polynomial [11]

1
Iy = / (1 =t)" A+ )" Py (t)a Wit c[2(1 = )" (1 4+ £) '],

-1

e 27 (—n) (L 4 )i
B ,; (k)2

(3.3)  x Wit (2" B+ pu+h(2k+p+1)+ k60— 12k +p+1)).

4. Integral with Wright generalized Bessel function

The special case of the Wright function [5] and (see the ref. [20,21]) in the
form

b

> 1 Zk
(4-1) ¢(A7a;z) = o1 (A’a); z| = kZ:O mg7
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with complex z,a € C and real A € R when A =1, a = v+ 1 and z is replaced
by —z, then the function ¢(n,v + 1; —z) is defined by J}(z)

1 (=2)*
+v+1) k!

(4.2) S v+1i—2)=Jl(z) = Tk
k=0

and such a function is known as the Bessel-Maitland function or the Wright
generalized Bessel function see [8].
Ninth integral formula:

JCRACR e Car

= (o)t (/) +p ) PO+ p(2k+p+1)+1)

T(ak + p)(D(ak +p/& + (b +2)/2) T(A+n— 71 —7(n+ p(2k +p + 1))
0+ p2k+p+1)+1)

43) = Wik o(2),

W) = T =7 — s+ p@hrpr D)) " pbes)

provided (o) > 0,(§) > 0,a € N, p,b,c € C, p is an arbitrary parameter,

p—pr>—landp>0and 0 <7< 1and R(O+1)>0.

k=0

Proof. The left-hand side of (4.3) is denoted by Iy

oo

hz/(ﬁﬂ@Mﬂ&MWW

— 00

_ - (_C)k(z/2)2k+p+l > p(2k+p+1)\ 77
@4 = k; T(ak + WL (ak + p/E + (b + 2)/2) /0 (BTN (0t

Now we use the following formula (see the ref.[12])

o0 re+1)
4.5 ) JT (t)dt = ,
(45) | e = g
provided R(0) > —-1,0 < 7 < 1.
Now using (4.5) in (4.4), we arrive the required result. O

5. Integral with Legendre functions

The Legendre functions are solution of Legendres differential equation (see
the ref. [4])

d?w dw

G (=) =2l + 1) - #20— ) =0,

where z, 7, p unrestricted.
Under the substitution w = (22 — 1)*/?5 in (5.1) becomes

(5.2) (1 —22)372 —2(u+1)2% +lm+uw)n+p+1)n=0,
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and with £ = 1/2 — z/2 as the independent variable, this differential equation
becomes.
2

(53 0-9" f w1 -2 £ (- i+t D=0

dg? d¢
This is the Gauss hypergeometric type equation with a = p—n,b = n+pu+1,c =
w1
Hence it follows that the function
B/2
1 z+1 -1, + 1;
54) W =P —_— F T 1/2 - 2/2
(5.4 O =ramm(C57) on| ETEE 2.

| 1 — 2z |< 2 is a solution of (5.1).
The function P?(z) is known as the Legendre function of first kind [4]. Tt is
one valued and regular z-plane supposed cut along the real axis from 1 to —oo.
Tenth integral formula:

1
/O (P11 — 22 P (1), WO [=(1)7)dt

(-D)m2T T (n+ 5+ 1)
N I'(l—6+mn)

>, 0+ p(2k+p+1))
5.5 X I( WSE (z/2°
(5:5) 2 T(1/2+ LBt | 579 p/oyr(1 4 SHeCrtD | 570 4 o) P bie (2/27);

k=0
provided (a) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
6 > 0 and § is positive integer.

Proof. Taking the left-hand side of (5.5) by I10, we have

g = /0 (B A=) 2P (DWWl e[=(8) ]t

- ) (2/2)2k+p+1
,;Fakww L(ak +p/€+ (b+2)/2)

1
(5.6) X/O 0= 1P QRRF T (1 — ¢2)9/2 P2 (1) dt.

Now the integral in (5.6) can be solved by using the following formula [4]

1
/O 0711 —¢2)22 P2 (t)dt

on - (1) 720D (O)T( £+ 1)
’ (P(1/240/246/2—n/2)(0(1+60/2+6/2+n/2)(1 -6 +n)’
provided R(9) > 0,6 =1,2,3,....
Now (5.6) becomes
. (0 (o2

fo= ; [(ak + pu)(T(ak + p/€ + (b+2)/2))
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(—1)° /w2~ O+rChtp+1))=0D (9 4 p(2k +p+ 1))[(S + 1+ 1)
T(1/2+ 22k 1572 —n/2)T(1 + 225 +5/2 +n/2)T(1 -6 +1n)
_ (=1)°Vm2 T (4 0+ 1)

r(1—4a+mn)
oo T+ p2k+p+1)) o
% p aW b 2°
;F1/2+w+6/2—n/2) (1—&-%4’_5/2_’_”/2) Pbcf(z/ )
Ok (z/2) 7+

Mg

I'(ak +u F(ak +p/E+(b+2)/2))

(—1)° /w2~ O+pChAp+1)=0D (9 4 p(2k +p + 1))[(§ + 1+ 1)
T(1/2+ 58 1 5/2 — /)01 + 225 1 5/2 4 m/2)T(1—-d+n) O

k=0

Eleventh integral formula:
1
| o=, wa ey

(5.8) = a2~ 9+6Z (0 + p(2k +p +1)) e (20

= F(l 9+P(2];+P+1) _ 6 )F(l + 9+ﬂ(2k+P+1) P 7]) p;b,c,€ 2

provided (o) > 0,(¢) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
6 > 0 and ¢ is positive integer.

Proof. Taking the LHS by 111, we have

L= /0 DGt —t?)*‘”?PS( JaWVits, el=(t)7]dt
) (2/2)2k+p+1

- I;)F ak—i—u (ak +p/€+ (b +2)/2)

1
(5.9) X/O 0= 1P @R (1 — 42)79/2 P2 (¢)dt.

Now the integral in (5.9) can be solved by using the formula [4]
1 —0+6
/ t971(1 7752)75/2P3(t)dt _ \/7?2 F(@) ’
o r(1/2460/2—-65/2—n/2)L(1+60/2—6/2—n/2)
provided R(0) > 0,6 =1,2,3,....
Again (5.9) becomes

Z —o)k(z/2)2 01
par ak+u (ak+p/E+(b+2)/2)
S OFp@IPE DTS (G 4 p(2k 4 p+ 1))
D(1/2 + SR — 579 — p/2)D(1 + DHeCEPED _ 5/ — p/9)

— /72 9+6Z L0+ p(2k +p+1))
D(1/2 + Se@Eetl) _ 579 p/o)r(1 4 LeChiptd) _g5/0 ) /9)

k=0
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(5.10)  xq Wi o(2/2°). O

6. Integrals with Hermite polynomials

Hermite polynomials H,(t) (see the ref. [11,19]) may be defined by means

of the relation
oo

Hn
(6.1) exp(2tx — 2* Z
k=0

valid for all finite ¢ and z. Since
exp(2tr — ) = exp(2tx) exp(—x?)
B & (225)"37" 0 (_1)kx2k
B Z n! Z k!

n=0 k=0

oo [n/2]
2t)n 2k
g 1; (n — 2k)!k!

It follows from (6.1) that

[n/2] _1\k n—kan
(6.2) )= 3 1(31 (—2t2)k)!k!

k=0

Examination of equation (6.2) shows that H,(t) is a polynomial of degree
precisely n in ¢ and that

(6.3) Hy () = 2" + 1o (t)

in which 7,,_5(¢) is a polynomial of degree (n — 2) in t.
Twelfth integral formula:

/ ()2 exp(—12) oy (£)aWER [=(t) 2]t

L'(2p — 1)+1
(6.4) = \/%QQ(W—;L) Z 2p—h2k+p+1)+1) —
k=0

" 22h
I(p—h2k+p+1)—n+1) pee(272),

provided («) > 0,(§) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
6 > 0 and 9 is positive integer.

Proof. The LHS of (6.4) is denoted by I1o

Iy = / (12 exp(—12) Han () a WO [2(t) 2]t

— 00

_ (=o)F(z/2)2 4Pt
Z I‘(ak + u)(T(ak +p/E+ (b+2)/2))

(6.5) X / {21 2R R4 (o) Hy, () dt.
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Now the integral in (6.5) can be solved by using the formula see [12]
= VAP (24 + 1)
: 2 * Ha, (t)dt = :
(6.6) [ ) i = Y
Again (6.5) becomes
P SO & LT i
£ T(ak + )T (ak +p/& + (b +2)/2)
y /w220 = CuA2hhtp )T (2 — 2h(2k +p+ 1) + 1)
'(p—h(k+p+1)—n+1) '

Hence the desired result. O

Thirteenth integral formula:

[ e ()t 0.0 [t
(2u +2h(2k +p+ 1) +1) o
(u+hk+p+1)—n+1) @ bt

(6.7) = Vm22H) ZF (27%2),

provided (a) > 0,(§) > 0,a € N, p,b,c € C, p is an arbitrary parameter and
h>0and R(u) =0,1,2,....

Proof. Denoting the LHS of (6.7), we have

Lz = / h ()2 exp(—t“')Hzn(t)aijf‘c,g[ 2(t)*"dt

— 00

_ Z —c)F(z/2)%k et
I'(ak +u (ak +p/E+ (b+2)/2)
(6.8) X / PrE2RRP ) (o)~ F, (1),
Using the formula given in (6.6) we reach the required proof. O

7. Integral with generalized hypergeometric function

A generalized hypergeometric function [11] may be defined by

oo

(7.1) qu[<(p)1,(p)27-..7 e } Z T (p0)n 1,0“1 n7

0)17(0)27"' j TL'

in which no denominator parameter o; is allowed to be zero or a negative
integer. If any numerator parameter p; in (7.1) is zero or a negative integer,
then the series terminates.

Fourteenth integral formula:

/Ow(t)”_l(év =) [(1p); (mg) = atf (z — )] Wit [ot" (@ — )"]dt
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= 2" B+ uk +p+ 1)+ pl,0 + v(2k +p+ 1) + ol)

(72)  xa Woitt (2 2") Y peto),
1=0
where
o (ll)lv ) (lp)l(a !
(7.3) 1) = (ma)i, ..., (mg)l!
provided

(1) R(n) > 0,R(0) >0

(2) p and o are to be positive integers not both zero;

(3) No my is to be zero or a negative integer;

(4) p < g+ 1, unless some [, is a negative integer, in which case p may be
positive integer.

Proof. Representing the LHS of (7.2) by I14

hi= /f(t)fv—l(x = () (mg) st — )7l Wt [t (o — 0)°)dt

p,b,c

= —0)¥ (z/2) %01
Z;)F ak—i—,u I'(ak +p/&+ (b+2)/2)

X /0 tn+u(2k+p+1)7l(x - t)9+v(2k+p+l)71qu[(lp)? (mg) : at?(x —t)7]dt,

putting ¢ = sz and dt = zds, then we get
) (Z/Qzu+v)2k+p+1( ) n+6—1
Z I'(ak + p)T(ak +p/€+ (b+2)/2)

1
» / (s)THHCRIPED =1 (] _ g0 tv@btpt D=1 (3 (Y ; azf 5P (1 — 8)]ds,

0
which gives the desired result. O

Similarly, we can find the following integrals.
Fifteenth integral formula:

/Oz(t)”*l(l’—t)gflqu[(lp); (myg) : at?(w = 1)7] Wyl [t (@ — 1) ~"]dt

= 2" B —u(2k+p+1) +pl,0 —v(2k+p+1) +0l)
(7.5) ., Wp chg LU Zf t(P+O')l

where f(1) is defined in (7.3) prov1ded
(1) ®(n) > 0,R(0) >0
(2) p and o are to be positive integers not both zero;
(3) No my is to be zero or a negative integer;
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(4) p < g+ 1, unless some [, is a negative integer, in which case p may be
positive integer.
Sixteenth integral formula:

/Ow(t)"_l(x =0T (1) (mg) = at?(x — )] Wyt [t (v — £) 7] dt

= 2" B 4 w2k +p+ 1)+ pl,0 —v(2k +p+1) +0l)

(7.6)  xa Wit (2 a"7") Y f(0t0T,
1=0

where f(1) is defined in (7.3) provided

(1) R(n) > 0,R(0) > 0;

(2) p and o are to be positive integers not both zero;

(3) myq is not to be zero or a negative integer;

(4) p < g+ 1, unless some [, is a negative integer, in which case p may be
positive integer.

Seventeenth integral formula:

/Oz(t)nl(x — )7L F[(1,); (my) : at?(z — )7l Wiilelzt ™ (x — t)°]dt

= 2" B — w2k +p+ 1)+ pl,0 +v(2k +p+1) + 0l)

(7.7)  xa Wil (2 a74) > ftleto,
=0

provided

(1) R(n) > 0,R(0) > 0;

(2) p and o are to be positive integers not both zero;

(3) No my is to be zero or a negative integer;

(4) p < g+ 1, unless some [, is a negative integer, in which case p may be
positive integer.
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