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EXISTENCE OF INFINITELY MANY SOLUTIONS FOR A
CLASS OF NONLOCAL PROBLEMS WITH DIRICHLET
BOUNDARY CONDITION

MoLouD MAKVAND CHAHARLANG AND ABDOLRAHMAN RAZANI

ABSTRACT. In this article we are concerned with some non-local problems
of Kirchhoff type with Dirichlet boundary condition in Orlicz-Sobolev
spaces. A result of the existence of infinitely many solutions is established
using variational methods and Ricceri’s critical points principle modified
by Bonanno.

1. Introduction

In this article the following Kirchhoff type problem in Orlicz-Sobolev space
is studied.
MU @V da)div@(|Tu) V) = M) + pglu)in €

’ u=20 on 02,
where M : [0,400) — R is a continuous function such that there exists a
positive number m with M (t) > m for all ¢t > 0. Notice that if () = p[t|P~%¢

and ®(t) = fot ©(s)ds for all t € R, then problem (1.1) becomes the well-known
p-Kirchhoff type equation

—M( [, IVul? dz)Apu = Mf(z,u) + pg(z,u) in Q,
(1.2)
u=20 on 0f).
It is related to the stationary version of the Kirchhoff equation
0%u P, E (I ou 0%u
1. — | =+ = —? — =
(13) P o (h *or ) 1ael ) g =0

proposed by Kirchhoff, see [19]. This equation is an extension of the classical
d’Alembert’s wave equation by considering the effects of the length changes
of the string produced by transverse vibrations. Since the first equation in
(1.2) contains an integral over 2, it is no longer a pointwise identity, and
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therefore it is often called a nonlocal problem. This problem models several
physical and biological systems, where u describes a process which depends on
the average of itself, such as the population identity, see [9]. The parameters in
(1.3) have the following meanings: h is the cross-section area, F is the Young
modulus, p is the mass density, L is the length of the string, and P, is the initial
tension. In recent years, p-Kirchhoff type problems have been studied by many
researchers, we refer to [2,8,14,21,22,27,28] in which the authors have used
different techniques to obtain the existence of solutions for (1.2). This problem
in the case when p(-) is a continuous function, has also been studied in many
papers, see for instance [6,10,13,15,16]. Also the problem (1.1) is studied in
[18] with different boundary condition. Assume that a : (0,+00) — R is a
function such that the mapping, defined by

» s = {2000 128

is an odd, strictly increasing homeomorphism from R onto R. We can refer to [7,
17,23,24] for some nonlinear and nonhomogeneous versions of the problem (1.1)
(when M (t) = 1), which have been studied in Orlicz-Sobolev spaces. Motivated
by the works above, we study the existence of weak solutions for problem (1.1),
which is an extension from the previous studies on nonlocal problems in classical
Sobolev spaces and on nonhomogeneous problems in Orlicz-Sobolev spaces.

2. Preliminaries

Now we introduce the spaces needed to study the problem (1.1), and give
a brief review of some concepts and facts of Orlicz and Orlicz-Sobolev spaces,
which are useful for our aim. We refer the readers for more details to [1,7,11,
12,23-25].

Let Q be a bounded domain in RY (N > 3), with smooth boundary 9.
f,9: QxR — R are two L'-Carathéodory functions, and A > 0 and p > 0 are
two parameters. For ¢ : R — R defined in (1.4), set

d(t) = /Ot w(s)ds vt € R,

on which we will impose some suitable condition later.
We see that @ is a young function, i.e., ®(0) =0, ® is convex, and lim;_,, P(t)
= +o00. Furthermore since ®(¢) = 0 if and only if ¢ = 0,
P P
lim ﬂ =0, and lim # = 400.

t—0 t t— 00

The function ® is then called an N-function. The function ®* defined by

t
@*(t):/o o t(s)ds, VteER,
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is called the complementary function of ® and it satisfies,
O*(t) = sup{st — ®(s) : s > 0}, vt > 0.

We observe that the function ®* is also an N-function and the following young’s
inequality holds

st < B(s) + P*(t), Vs, t > 0.
The Orlicz class defined by the N-function ® is the set

Ks(Q2) := {u :Q—>R measurable;/ O(|u(x)])dz < oo} ,
Q

and the Orlicz space Lg(€2) is then defined as the linear hull of the set K (€2).
The space Lg(Q2) is a Banach space under the following Luxemburg norm,

lullo = inf{k > 0;/9@ (7“”(;)) dr < 1} ,

or the equivalent Orlicz norm
lullLe == Sup{‘/ w(z)v(z)dz|;v € qu«(Q);/ " (Jv(z)|) dx < 1} .
Q Q

The Orlicz-Sobolev space W1® () is the space defined by

ou

(92131‘

and it is a Banach space with respect to the norm
ulli,e == l[ulle + [[[Vul[o-

Now, we introduce the Orlicz-Sobolev space W, ®(£2) as the closure of C5°(Q)
in W1%(Q) which can be renormed by the equivalent norm

[ull :==IVullle.
Assume that ® satisfies the following hypotheses;

Wh?(Q) = {u € La(Q); €Ls(N);i=1,2,.. .J\f} ,

L Lte(t) g to(t)
2.1 1 < liminf < ‘= sup —— < 00,
(2.1) tooo D(t) — 4 t>10) O(t)
o te) L log(@(t))
2.2 N ;= inf | f ——
(22) <¢oi=inf oy <tminf =

we also need the following condition
(2.3) the function t — ®(v/1) is convex for all t € [0, c0).

Assumption (2.1) is equivalent with the fact that ® and ®* both satisfy the
Ag-condition (at infinity) [23]. Actually Ag-condition for ® assures that both
Ly () and Wol’q)(Q) are separable and Ag-condition for ® and (2.3) assure
that L (£2) is a uniformly convex space and thus a reflexive Banach space
[23]. Consequently the Orlicz-Sobolev space Wy'® () is also a reflexive Banach
space.
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Proposition 2.1 (see [7,23,24]). Let u € Wy '*(). Then;
Jull’ < /Q (| Val)dz < ul®; if Jull <1,
Juller < /Q B(Vul)dz < [u®s if [ul > 1.
Lemma 2.1. Let u € Wol’(b(Q) and

(2.4) / O(|Vu|)dz <r
Q
for some 0 < r < 1. Then |u|| < 1.

Proof. Arguing as in [4], by the definition,

=i 0 [ o (T 0, 1)

for every u € Wol’{)(Q). Then (2.4) implies ||ul| < 1.
We first observe that

(2.5) o(t) > °'® (i) Vt>0 and 7€ (0,1).

Arguing by contradiction, assume that there exists u € Wol’q)(Q) with |Ju|| =1,
and such that (2.4) holds. Let us take £ € (0, 1). Using relation (2.5) we have

(2.6) / B(|Vu(x)[)dz > £ / &(| Vo)) dr,

where v(z) := @ for all z € Q. We have |jv|| = % > 1. By Proposition 2.1,
we deduce that

(2.7) /Q<I>(|Vv(ac)\)dx > [lol|#° > 1.
Relation (2.6) and (2.7) show that
JRGZEITTEE
Letting £ 1 in the above inequality we obtain
/Q<I>(|Vu(x)|)dx >1,
that contradicts condition (2.4). O

Lemma 2.2 ([5, Remark 2.1]). Let u € Wy'®(Q) be such that |[u|| = 1. Then

/ O(|Vu|)dz = 1.
Q
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It follows from condition (2.2) and [11, Lemma D.2], that the Orlicz-Sobolev
space Wy'®(Q) is continuously embedded in W1#0(€2), and since ¢y > N, by
[20, Theorem 3.2.5] one has W1¥0(Q) is compactly embedded in C°(§2). Hence
we have the compact embedding W, ®(Q) < C°(Q) and there exists a constant
¢ > 0 such that:

(2.8) [ulloo < cffull

for all w in WO1 (). In the rest of this section we recall the following mul-
tiple critical points theorem due to G. Bonanno [3] which can be regarded as
supplements of the variational principle of Ricceri [26].

Proposition 2.2. Let X be a reflexive real Banach space, let J,I : X — R be
two Gateaux differentiable functionals such that J is sequentially weakly lower
semicontinuous, strongly continuous and coercive, and I is sequentially weakly
upper semicontinuous. For every r > infx J, put

SUP () <y £ (v) = I(u)

p(r) == s r— J(u) ’
v :=liminf o(r), an ros(inbx J)+ olr)

Then the following properties hold:

1
w(r)

(a) for everyr > infx J and every A €]0,
tional

[, the restriction of the func-

h,\ZZJ—)\I

to J71(] — oo, 7[) admits a global minimum, which is a critical point

(local minimum) of hy in X.

(b) if v < +o0, then for each A 6]0,%[, the following alternative holds
either,

(b1) hy possesses a global minimum, or

(ba) there is a sequence {un} of critical points (local minima) of hy
such that

lim J(uy) = +o0.
n—-+o0o
(c) if 0 < 400, then for each A 6]07%[, the following alternative holds
either:

(c1) there is a global minimum of J which is a local minimum of hy,
or,

(ca) there is a sequence {u,} of pairwise distinct critical points (local
minima) of hy which weakly converges to a global minimum of J,
with

lim J(up,) = inf J(u).

n——+00 ueX
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3. Multiple solutions

In this section we shall state and prove the existence of a sequence of pairwise
distinct weak solutions for the problem (1.1).

Definition 3.1. A function u € Wol’(b(Q) := X is said to be a weak solution
for the problem (1.1) if

M(/Q<1>(|Vu(x)|)dx)/Qa(|Vu(x)|)Vu(x)Vv(z)dx
- )\/Qf(x,u)v(x) dz — u/ g(z,u)v(x)dz =0

Q
for allv e X.

Throughout this paper, we use

¢
F(z,t) := / f(z,s)ds, (x,s) € A xR,
0
and

M(t) = /OtM(s) ds, t>0.

For fixed g € Q, set D > 0 such that B(zg, D) C 2, where B(xg, D) denotes
the ball with center at xy and radius D. Let

(31) b= 2DV = (5))

N

where w = F(%Qﬂ) and T is the Gamma function which defined by
2

+oo
I(t) := / 2 le™*dz, Wt > 0.
0
Here, our main result is represented as the following theorem.

Theorem 3.1. Assume that there exist a point ro € Q and values D,7 > 0
such that B(xqg, D) C ,

D(t
(3.2) im 20
t—0+ t¥
and
m
where k is as in (3.1) and
Jo supjy<¢ Fz,t) da fB(xO%) F(z,§)dz

A = liminf 5 , B:=limsup — —
€0+ 134 £—0+ M(meas(Q)Tf“" k¥ )
Moreover, let F(x,t) > 0 for every (z,t) € Q x RT. Then for each A\ €

(%7 C;Z}A) and for every L' -Carathéodory function g : QxR — R that G(x,t) :=
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fot g(z,€)d¢ for every (z,t) € Q x R is a non-negative function and satisfies
the condition

0
. sup G(z,t)dx
(3.4) Go := — limsup Jasup<e 5 (&) < 400,
m o+ 34
0
and for every > 0 with p < pg » = G%J(l — W#A); there exists a sequence of

pairwise distinct weak solutions for the problem (1.1) which strongly converges
to zero in Wol’q)(Q), if Go > 0.

We now introduce the functionals J, I : X — R:

st =3 [ @(vuto))as).
I(u) = /Q [F(e,u@) + £ G, u(e)] de,

and
ha(u) = J(u) = A (u),
where p and A are two positive constants and g is a function which satisfies
condition (3.4).
It is well known that I is a Gateaux differentiable functional and sequentially
weakly upper semicontinuous whose Gateaux derivative at the point u € X is
the functional I'(u) € X*, give by

I = [ (feu@) + Koo ule)) vieyds

for every v € X.
Moreover, J is a Gateaux differentiable functional whose Gateaux derivative
at the point u € X is the functional J'(u) € X*, given by

s = ([ 20vu@ar) [ @Tu@)Tu@ o) as

for every v € X.
Lemma 3.1. J is coercive and sequentially weakly lower semicontinuous.

Proof. Since M (t) > m for all t > 0, we have

() 2m/9<1>(|Vu(x)|)dm.

The above inequality and Proposition 2.1, show that for any v € X with
lull > 1 we have J(u) > m|ul|*® which follows lim, |- 4o J/(u) = 400, i.e., J
is coercive.

Let {u,} € X be a sequence such that u, — w in X. By [23] the map
u— [, ®(|Vu(z)]) dz is weakly lower semicontinuous, i.e.,

(3.5) /Q<I>(|Vu(ac)|) dz <liminf [ ®(|Vu,(z)|)dz.

n—oo Q
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From (3.5) and since M is continuous and monotone, we have

lim inf J(u,,) = lim inf M (/Q <I>(|Vun(x)|)dx>

n—oo n—oo

n— o0

> M </Q (| Vu(z)]) dx)
= J(u)

namely, J is sequentially weakly lower semicontinuous. O

> M (1iminf/9<1>(|Vun(x)|)dx>

Proof of Theorem 3.1. We apply the part (c) of Proposition 2.2, to prove The-
1

orem 3.1. Fix A € (5, v;) and let g be a function which satisfies (3.4), then
one has g > 0, since A <
1

m_
0 ) .
e’ A 1+5- Go
A el a

m
A"

If Gy = 0 clearly wy; =

Now fix p € [0, pg,2) and put w; = %
= and

— — m
and Wo = , W2 = prauyS

9
A € (w1, ws). If Go # 0, we see that WTA + uGo < 1, since 1 < pg,x, there-

fore C:gA T 1:3AG0 > A, i.e., A < wy. Note that A > %, hence one has
A E (’th}Q).

Clearly, the weak solutions of the problem (1.1) are exactly the solutions of
the equation R (u) = 0.
Now we show that § < +o00, where § is defined in Proposition 2.2. Let £ > 0
and put r = m(%)“’o, from (2.8) one has,
lu(@)] < [lufloe < clull,  weX.
taking Proposition 2.1 and Lemma 2.1 into account, we have:

§

J ] —oo,r[) C {u € X;|lull < c} C{ue X;lu(z)] < forall x € Q}

and it follows that:

sup I(u) < / sup {F(z,t) + HG(x,t)} dz.
ues =1 (j=oor) 2 ltl<¢ A

Hence, taking into account that J(0) = I(0) = 0, one has
SUDye -1 (]—oo,r)) L (V) — I (1)

= 1 f
QO(T) uGJ*IIH—oo,r[) r— J(u)
SupveJ_l(]_oo,r[) I(U)
- r
- Jo supMSg[F(x,t) + £G(x,t)| dx
- m()#°

- Jo supjy<e Fla,t) da Hfﬂ suppy <¢ G, t) de
BT A ST
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Moreover, it follows from assumption (3.3) that A < 400, i.e.,

Jo supjy<¢ F(a,t) da

(3.6) llglg(l)llf e < 400
Hence, from (3.3), (3.4) and (3.6), one has
(3.7 0 < liminf ¢(r)
r—0+
su F(z,t)dx
< liminf fQ Ple<e (z, )
g0+ m(%)e°
su G(z,t)dx
+1imsup'qu lf’ltlsgE E) )
g0t A m(3)?
su F(x,t)dx
_ l i J2 5Pz P e BGy < +oc.
€50+ m(g)wo A
Also, since G is non-negative one has;
F(z,8) + £G(x,8)]d F(z,8)d
lim sup fQL(I &) A (z, )] dz > lim sup — fQ (z,€) dw
¢—ot  M(meas(Q)TEL kP") ¢—0+ M(meas(Q)TEP° ke”)
f 0.2 F(‘/Baf) dzx
(3.8) > lim sup B0 3) .
e—0+ M(meas(Q)TE° k%)
Therefore,
A€ (wl,wg)
C 1 1
= F(x, EG(x,&)]dx .. . su x, LG(z, T
1
C (0, =).
— ( 75)

Now we can apply Proposition 2.2 part (c) for fixed A, and show that 0, that is
the unique global minimum of J, is not a local minimum of the functional h).
Let {d,} be a real sequence of positive numbers such that d,, — 0 ad n — oo
and

JB(e 0y F(2,dy) da
(3.9) B= lim 2&2) i
n=00 M (meas(Q)7df, k¢°)
Let {v,} C X be a sequence defined by
0 z € Q\ B(zg, D),
’Un(l') = dn VS B(CL'(), %)7
2 (D — |z — 20|) 2 € B(xo, D)\ B(wo, 2).
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Then we have,

M

O(|Vun|) dx)

Ew N (D~ .
</B(wo’ \B(IO,Q)(I)(D (D (2) )dn)d>

(3.10) = </ @(kdn)dx> .
B(JL’(), )\B(IU’%)

Moreover from (3.2) and since lim,,—,o kd,, = 0, there exist n > 0 and ng € N
such that kd,, € (0,n) and

S~

I
=

O(kdy,) < 7k d,?", ¥ > ng.
Knowing that M is monotone (increasing) and G is nonnegative; we have

(3.11)  J(vn) = M ( / O (kd,) dx) <N (meas(Q)rd,fok:“”O)
B(w0,D)\B(0,2)
and,
(3.12) I(v,) > / F(z,d,)dz.
B(zo,%)

If B< 400, let e € (535
exists n. such that

x> 1) and €' := (1 —¢)B > 0. According to (3.9), there

fB(wo’%) F(x,d,)dz
M (meas(Q)rde" k#°)

- B> (e—-1)B,
and then,
(3.13) / F(z,d,)dz > eBM (meas(Q)Tdfok‘/’())
($o, 3 )
for all n > n.. Hence, from (3.10)-(3.13) we have;
ha(vn) = J(vyn) — Al (vp) < M(meaS(Q)Tdﬁok*ao) — \eBM (meas(Q)Tdﬁok“’O)
=(1—-XeB)M (meas(Q)Tdﬁok‘”()) <0

for every n > max{ng,nc}. On the other hand if B = +oo let 0 > 5, from
(3.9) there exists n, such that,

/ F(x,d,)dz > oM (meas(Q)Tdﬁok‘Po) , Vn>n,
B($0> 2 )
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and,
ha(vy) = J(vn) — M (vy,)

< J\Z(meas(Q)Tdi0 k“”o) — Ao M (meas(Q)Td,‘fO k‘PO)
=(1-Xo)M (meas(Q)TdﬁOk“"O) <0

for every n > max{ng,n,}. Hence hy(v,) < 0 for every n large enough. It
shows that 0, is not a local minimum of hy, since hy(0) = J(0) — AI(0) = 0.
Then owing to the fact that 0 is the unique global minimum of .J, so there
exists a sequence {u,} C X of pairwise distinct critical points of hy such that
lim;, s 00 [Jun|| = 0. O

Remark 3.1. As a special case by putting M = 1, p = 0 and f(z,u) =
h(z)f*(u) in (1.1) the problem is converted to

—div(a(|Vu|)Vu) = Ar(z) f*(u) in Q,

u=20 on 0,

which is studied in [5] and the existence of infinitely many solutions for it is
proved.

By an idea in [18], we present the following example which satisfies the
assumptions in Theorem 3.1.

Example 3.1. For N = 3, let M(t) = 1+ 2t for every t > 0, Q@ C RY be a
bounded domain with meas(€2) = 1. We consider the following functions which
satisfy our results.

4(5 — 5sin(In|t|) — cos(In
f(t) == {t (5 — 5sin(In [¢]) (Inft))) t+#0,

0 t=0,
|t
T 20,
p(t) := q log(1 + [¢])
0 t=0,

and
g(t) =t°e (6 —t)
for every t € R.
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