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NORMALITY ON JACOBSON AND NIL RADICALS

DoNG HwA KiM AND SANG JO YUN

ABSTRACT. This article concerns the normal property of elements on Ja-
cobson and nil radicals which are generalizations of commutativity. A
ring is said to be right njr if it satisfies the normal property on the Ja-
cobson radical. Similarly a ring is said to be right nunr (resp., right ninr)
if it satisfies the normal property on the upper (resp., lower) nilradical.
We investigate the relations between right duo property and the normal-
ity on Jacobson (nil) radicals. Related examples are investigated in the
procedure of studying the structures of right njr, nunr, and nlnr rings.

Throughout this article every ring is associative with identity unless oth-
erwise stated. Let R be a ring. J(R), N*(R), N.(R), and N(R) denote the
Jacobson radical, the upper nilradical, the lower nilradical, and the set of all
nilpotent elements in R, respectively. We also use nilpotent for a nilpotent el-
ement for simplicity. Note that N,(R) C N*(R) C N(R) and N*(R) C J(R).
U(R) denotes the group of all units in R. Let n > 2. Denote the n by n full
(resp., upper triangular) matrix ring over R by Mat, (R) (resp., T,,(R)); and
write Dy, (R) = {(ai;) € To(R) | @11 = -+ = apn}. E;j denotes the matrix with
(i,7)-entry 1 and elsewhere 0. Let R[x] (resp., R[[z]]) be the polynomial (resp.,
power series) ring with an indeterminate x over R. The set of all idempotents
in R is denoted by I(R).

In this article we will study the normal property of elements on Jacobson
radicals, upper nilradicals, and lower nilradicals. These works are clearly gen-
eralizations of commutative rings. We first consider the following rings which
provide the motivation for our study.

Example 0.1. We follow the ring construction in [8, Example 1.2] and adapt
it for our purpose. Let S be a ring and R,, = D2n(S), where n is a positive
integer. Define a map

A 0
U:Rn—>Rn+1byAb—>(0 A>'
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Then R, can be considered as a subring of R,4; via o (i.e., A = o(A) for
A€R,). Set R=U2 R,

(1) Let S be a semiprime (i.e., N,(S) = 0) ring. Then N,(R) = 0 by
[9, Theorem 2.2(1)], and furthermore we have

0= N.(R) & N*(R) = {(ai;) € R | az € N*(5)} € J(R).

(2) Let S be a ring with N,(S) # 0 and N,(S)¥ = 0 for some k > 2. Set
T = U2, Dan(N,(S)). Then T is an ideal of R with 7% = 0, and R/T is
isomorphic to

R/T = | J Dan(S/N.(S)).
n=1
So R/T is semiprime by [9, Theorem 2.2(1)] because S/N,(S) is semiprime,
and N, (R) =T follows. This implies

0#T = Nu(R) & N*(R) ={(ai;) € R| ai € N*(5)} € J(R).

(3) Let Sy be a semiprimitive (i.e., J(Sp) = 0) domain and S = Sy[[z]].
Then J(S) = S = xS[[z]] and moreover we have

0= N.(R) & N*(R)={(aij) € R|aii =0} C {(ai;) € R|ay € J(S)} = J(R),
by help of the argument in (1).

A ring R is usually called reduced if N(R) = 0. A ring is usually called
Abelian if every idempotent is central. Reduced rings are easily shown to be
Abelian. Observe that D, (R) is Abelian over an Abelian ring R by [7, Lemma
2], where n > 1.

Lemma 0.2. Let R be a ring.

(1) [1, Theorem 3] N.(R[z]) = N.(R)[z].

(2) [1, Theorem 1] J(R[x]) = I[x], where I = J(R[z]) N R is a nil ideal of
R.

1. Normality on Jacobson radicals

In this section we consider the normality of elements on Jacobson radicals.
A ring R shall be said to satisfy the right normal on Jacobson radical (simply,
said to be right njr) if J(R)a C aJ(R) for all a € R. Left njr rings can be
defined analogously, and a ring is called njr if it is both right and left njr. It is
evident that a ring R is njr if and only if aJ(R) = J(R)a for all a € R.

Following von Neumann [10], a ring R is said to be regular if for each a €
R there exists b € R such that a = aba. Such kind of ring is also called
von Neumann regular by Goodearl [4]. It is shown that R is regular if and
only if every principal right (left) ideal of R is generated by an idempotent
in [4, Theorem 1.1]. From this result we can obtain that regular rings are
semiprimitive.

The n by n full matrix rings over regular rings are also regular by [4, Lemma
1.6]. Semiprimitive rings are clearly njr. But njr rings need not be Abelian
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as can be seen by Mat,(R) with n > 2 over any regular ring R. In fact,
J(Mat, (R)) = 0, and Mat,,(R) is non-Abelian because F11F15 = FE13 # 0 =
E19Eq; and Eq; € I(Mat, (R)). In the following we consider a condition under
which given njr rings can be Abelian.

Proposition 1.1. Let R be a ring with N(R) C J(R). Then if R is right (or
left) ngr, then R is Abelian.

Proof. Let R be njr and assume on the contrary that there exist e € I(R) and
a € R such that ea(l —e) # 0. Note ea(l —e) € N(R). Since R is right njr
and N(R) C J(R), we get ea(l —e) = [ea(l — e)](1 —e) = (1 — e)b for some
b € J(R). This yields

0#ea(l —e) =elea(l —e)] =e[(1 —e)b] =0,
a contradiction. Thus R is Abelian. The left case is proved similarly. O

We apply Proposition 1.1 to show that the upper triangular matrix rings
need not be right (resp., left) njr. Consider T, (R) with n > 2 over any ring
R with N(R) C J(R). As J(T,,(R)) contains N(T,(R)) = {(ai;) € To(R) |
a;; € N(R) for all i}, T,,(R) cannot be right (resp., left) njr by Proposition 1.1
because T, (R) is non-Abelian. In fact, By, = E1,Enn € J(Tn(R))E,, (resp.,
E1, = E11Eqy, € E11J(T,(R))) is not contained in

EpnJ(Th(R)) = {(aij) € To(R) | @nn € J(R) and as = 0 for all s,¢ with
(s,t) # (n,n)}
(resp.,
J(To(R))E11 = {(aij) € To(R) | a11 € J(R) and as = 0 for all s,¢ with
(s,t) # (1,1)}).
The converse of Proposition 1.1 need not hold by the following.

Example 1.2. (1) Let S be a reduced ring in Example 0.1. Then every R, is
an Abelian ring in which every idempotent is of the form fEi1 + -+ fEan on
in R, for some f € I(S), by [7, Lemma 2]; hence R = U2, R,, is also Abelian
because f is central in S. Observe that

N(R) = N*(R) = {(ay;) € R | ai = 0} C J(R),

noting R/N*(R) = S.

Consider Ejs, Fy3 € J(R). Then Eij3 = Ej2FE23 € J(R)FE23 cannot be
contained in Fo3J(R) because the first row of every matrix in Eo3J(R) is zero.
Thus R is not right njr.

(2) Let K be a field of characteristic zero and A = K({a,b) be the free
algebra with noncommuting indeterminates a,b over K. Let R be the factor
ring A/(ba—ab—1), called the first Weyl algebra over K, where (ba—ab—1) is the
ideal of A generated by ba —ab— 1. It is well-known that R is a simple domain.
Write 7 = r+ (ba —ab—1) for r € A. Consider R[[z]]. Then N(R][z]]) = 0 and



130 D. H. KIM AND S. J. YUN

R][x]] is Abelian. Moreover J(R][[x]]) = zR[[z]]. Assume that R[[z]] is right
njr. Consider bz € J(R[[z]]) and @ € R[[z]]. Note (bz)a = (ba)z = (ab + 1)z.
Since R[[z]] is right njr, bxa = af(x) for some f(z) € J(R[[z]]). It then follows
that f(z) = ax for some a € R. This yields

(ab+ 1)z = (br)a = af(z) = (aa)z,

entailing ab+1 = aa. Thus we get a(a—b) = 1, but this equality is impossible.
Therefore R[[z]] is not right njr. We can conclude similarly that R[[z]] is not
left njr.

Consider the ring R in Example 0.1 over a division ring S. Then
J(R)=N(R)=N"(R) ={(aij) € R|a;; =0} and R/J(R) = S.

So R is a local ring with nil J(R). But R is not right njr by the argument in
Example 0.1(1).

Proposition 1.3. Let R be a local ring with J(R)? = 0. Then R is njr.

Proof. Let a € R. Suppose a € U(R) (i.e., a ¢ J(R)). Then, for every
b€ J(R), ab = aba"'a € J(R)a because aba~* € J(R). Suppose a € J(R).
Then aJ(R) = 0 = J(R)a because J(R)? = 0. Thus R is right njr. The proof
of left njr can be done similarly. O

Dy (R) is njr by Proposition 1.3 when R is a division ring. Based on this
result, one may ask whether Ds(R) is right njr over a domain R. But the
answer is negative by the following.

Example 1.4. (1) Let R be the simple domain in Example 1.2(2), and consider
Dy (R[[z]]) over the ring R[[x]] which is neither right nor left njr. Write P =
Dy (R[[z]]). Observe first

HRYe]) = Rl ana 7(P) = { (] 4) | € 2Rllel] nd g < Rl |

Consider (% 0) € J(P) and (§9) € P. Assume that (% 0)(§9) =

(29) (f; 3’0) for some (5 f() € J(P). Then we get bax = af, but the existence
of f is impossible by the argument in Example 1.2(2). Thus P is not right njr.
Furthermore P is not left njr via a similar method.

(2) We consider a kind of subring of P in (1). Let R be the simple domain
in Example 1.2(2), and consider @ = Da(R[z]). Then J(R[z]) = 0 by Lemma
0.2(2), and J(Q) = (J #le1). Consider (9%) € J(Q) and (§2) € Q. Assume
that (9%) (39)=(22)(79) for some (J9) € J(Q). Then we get bax = ag,
but the existence of g is impossible by the argument in Example 1.2(2). Thus

@ is not right njr. Similarly @ is shown to be not left njr.

Following Feller [3], a ring R is said to be right duo if every right ideal of R
is two-sided. This is equivalent to the condition that Rr C rR for all r € R.
A left duo ring is defined analogously. A ring is called duo if it is both right
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and left duo. Right (left) duo rings are easily shown to be Abelian. It is also
proved simply that if a ring is right duo then so is each of its homomorphic
images. One can see more useful results and examples for one-sided duo rings
in [2,11]. Let R be a right duo ring and a™ = 0 for some a € N(R). Then
Ra C aR and so we obtain

(RaR)"™ = Ra(Ra)(Ra)(Ra) -+ (Ra)(Ra)R C Ra(aR)(aR)(aR) - (aR)(aR)
= Ra*(Ra)(Ra) - -- (Ra)(Ra)R C Ra*(aR)(aR)--- (aR)(aR)
= Ra*(Ra)---(Ra)(Ra)R C --- C Ra"R = 0.

This implies N(R) = N*(R) = N.(R). This result is also valid for left duo
rings, via a similar method. We will use this fact freely.

The simple domain R, in Example 1.2(2), is neither right nor left duo; and
D4(R) is also neither right nor left njr.

Theorem 1.5. (1) Let R be a ring. If Dao(R) is right (resp., left) njr, then R
is right (resp., left) duo.

(2) Let R be a semiprimitive ring. If R is right (resp., left) duo, then Do(R)
is right (resp., left) njr.

Proof. We apply the proof of [6, Theorem 1.2]. (1) Note first

J(Ds(R)) = {(g ?) | f€J(R) and g € R} ,

and suppose that Do(R) is right njr. Let 0 # a € R. Given any b € R, we will
show ba = ac for some ¢ € R. Consider (§§) € J(D2(R)) and (& 9) € Dy(R).
Since Dy (R) is right njr, (34)(29) =(89)(d¢) for some (&) € J(D2(R)).
Then ba = ac and so R is right duo. The proof for the left case is similar.

(2) Note first J(D2(R)) = (§%). Suppose that R is right duo. Consider
(38) € J(D2(R)) and (§ ) € D2(R). Since R is right duo, ba = ad for some
d € R. So we have

0 by (fa c\ (0 bay (0 ad\ (a c\ (0 d
0 0J\0 a/ \O O/ \0 O/ \O0 a)\O 0O/
But (&) € J(D2(R)), and so D(R) is right njr. The proof for the left case
is similar. 0

In Theorem 1.5(2), observe that if the semiprimitive ring R is right or left
duo then R is reduced. In fact, since R is right or left duo, we have N,(R) =
N*(R) = N(R) C J(R); hence N(R) = 0 because J(R) = 0.

Next we study the right njr property of polynomial rings.

Theorem 1.6. Let R be a ring such that N*(R) C J(R[z]). Suppose that R[z]
is right ngr. Then ab = ba for all a € R and b € N*(R). Especially N*(R) is
a commutative ring.
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Proof. Observe first that J(R[z]) = N*(R)[z] by Lemma 0.2(2) because N*(R)
C J(R[x]). Suppose that R[z] is right njr. We apply the proof of [6, Theorem
2.9(1)]. Let a € R and 0 # b € N*(R). Then b € J(R|x]).

Since R[z] is right njr, b(a + ) = (a + z)(by + byx + - - - + bya™) for some
bo + bix + -+ 4+ bya™ € J(R[z]). But the degree of b(a + x) is 1 and n = 0
follows, entailing by + by + - - - + byz™ = by. Note by € N*(R). Furthermore
bla + x) = (a + x)by implies ba = aby and b = by. Thus ba = ab. Moreover,
letting a € N*(R), we conclude that N*(R) is a commutative ring. O

By help of Theorem 1.5, we can say that the right njr property does not go
up to polynomial rings.

Example 1.7. Let R be a noncommutative division ring, and consider Dy (R).
Since R is semiprimitive and duo, D3(R) is njr by Theorem 1.5(2). Next
consider Dy(R)[z].

Assume that Dy (R)[z] is right njr. Then, from the isomorphism Ds(R)[z] =
Dy (R[z]), we obtain that R[x] is right duo by Theorem 1.5(1). It then follows
that R[z] is commutative by [5, Lemma 3]. This is contrary to noncommuta-
tivity of R. Therefore Ds(R)[z] is not right njr, in spite of Dy(R) being right
njr.

Example 1.7 also provides a counterexample for asking whether R[x], over
a ring R, is right njr if N*R) C J(R[z]) and N*(R) is commutative. Let
T = Dy(R) in Example 1.7. Then N*(T')? = 0 since N*(T') = (3 &); hence
N*(T) C J(T[z]) and N*(T) is commutative. But T'[x] is not right njr.

2. Normality on upper nilradicals

In this section we consider the normality of elements on upper nilradicals.
A ring R shall be said to satisfy the right normal on upper nilradical (simply,
said to be right nunr) if N*(R)a C aN*(R) for all @ € R. Left nunr rings
can be defined analogously, and a ring is called nunr if it is both right and left
nunr. It is evident that a ring R is nunr if and only if aN*(R) = N*(R)a for
all a € R.

Proposition 2.1. Let R be a ring with N(R) = N*(R). Then if R is right (or
left) nunr, then R is Abelian.

Proof. The proof is done by using N*(R) in place of J(R) in the proof of
Proposition 1.1. ([

We apply Proposition 2.1 to show that the upper triangular matrix rings
need not be right nunr. Consider T, (R) with n > 2 over any ring R with
N(R) = N*(R). Since N*(T,,(R)) = N(T,(R)), T,,(R) cannot be right nunr
by Proposition 2.1 because T, (R) is non-Abelian. In fact, F1, = E1,FEn, €
N*(T,(R))Ey, is not contained in

Enn N*(Th(R)) = {(aij) € To(R) | ann € N*(R) and as = 0 for all s,¢ with
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(s,2) # (n,m)}.

T, (R) is also not left nunr via a similar argument to the case of left njr.

We next observe that right nunr rings need not be right njr. Consider the
power series ring R][[z]] in Example 1.2(1). Then R[[z]] is a domain (hence
nunr), but R[[z]] is neither right nor left njr.

The converse of Proposition 2.1 need not be true by the following.

Example 2.2. Let R be the simple domain in Example 1.2(2), and consider
Dy (R[z]). Then Dy(R[z]) is Abelian by [7, Lemma 2|. Note first N*(Dz(R[z]))
= (8 R([)x] ) = N(D2(R[x])). The computation is almost similar to one of Exam-
ple 1.4(2), but we write it for completeness. Consider (Qbr) € N*(D2(R[z]))
and (§9) € Dy(R[z]). Assume that (9%)(32) = (39)(59) for some

(59) € N*(D2(R[z])). Then we get baz = ag, but the existence of g is
impossible by the argument in Example 1.2(2). Thus Dy(R[z]) is not right

nunr. Similarly Dy (R[z]) is shown to be not left nunr.

Recall that the domain R in Example 2.2 is neither right nor left duo, and
that Do(R) is neither right nor left nunr.

Theorem 2.3. (1) Let R be a ring. If Do(R) is right (resp., left) nunr, then
R is right (resp., left) duo.

(2) Let R be a semiprime ring. If R is right (resp., left) duo, then Dy(R) is
right (resp., left) nunr.

Proof. We apply the proof of Theorem 1.5. (1) Note first

N*(Ds(R)) = {(f g)|feN*( andgeR}

Suppose that Dg( ) is right nunr. Let 0 # a € R. Consider (3}) € N*(D2(R))
and (g9 ) D5(R), where b is arbitrary in R. Since DQ(R) is right nunr,
(88)(89)=(32)(d¢) for some (&9) € N*(D2(R)). Then ba = ac and so
Ris rlght duo.

(2) Suppose that R is right duo. Then N(R) = N.(R) = N*(R), and so
R is reduced because N,(R) = 0. It then follows that N*(Da(R)) = (J F).
Consider (§8) € N*(D2(R)) and (§ &) € D2(R). Since R is right duo, ba = ad
for some d € R. So we have

0 b a c\ (0 ba\ (0 ad\ (a c 0 d
0 0)\O «/ \O O) \O O/) \O0 a/\O O/
But (3 &) € N*(D2(R)), and so D2(R) is right nunr. The proof for the left
case is similar. O

3. Normality on lower nilradicals

In this section we consider the normality of elements on lower nilradicals.
A ring R shall be said to satisfy the right normal on lower nilradical (simply,
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said to be right ninr) if N,(R)a C aN.(R) for all a € R. Left nlnr rings can be
defined analogously, and a ring is called ninr if it is both right and left nlnr. It
is evident that a ring R is nlor if and only if aN,(R) = N.(R)a for all a € R.

Proposition 3.1. Let R be a ring with N(R) = N,(R). Then if R is right (or
left) nunr then R is Abelian.

Proof. The proof is done by using N,(R) in place of J(R) in the proof of
Proposition 1.1. U

We apply Proposition 3.1 to show that the upper triangular matrix rings
need not be right nlnr. Consider T, (R) with n > 2 over any ring R with
N(R) = N.(R). Since N.(T,(R)) = N(T(R)), Tn(R) cannot be right nlnr
by Proposition 3.1 because T;,(R) is non-Abelian. In fact, By, = E1,Epny, €
N.(T,(R))Epy, is not contained in

EnnN(To(R)) = {(aij) € Th(R) | ann € N«(R) and ag = 0 for all s, with
(s,t) # (n,n)}.

T, (R) is also not left nlnr via a similar argument to the case of left njr.
In the following we observe that right nlnr rings need not be right nunr.

Example 3.2. We follow the ring construction in [8, Example 1.2]. Let S be
a ring and R,, = To»(S), where n is a positive integer. Define a map

0 A

Then R, can be considered as a subring of R,,41 via o (i.e., A = o(A) for
A € R,). Set R = U2, R,. Suppose that S be a reduced ring. Then R is

semiprime by [9, Theorem 2.2(2)]; hence R is nlnr. Next note that
N*(R) = N(R) = {(aij) €R | ai; = 0 for all Z}

However R is neither right nor left nunr by Proposition 2.1 because R is non-
Abelian.

oc:R, = Ry, byAr—>(A 0>.

The converse of Proposition 3.1 need not be true by applying the argument
in Example 2.2.

Theorem 3.3. (1) Let R be a ring. If Da(R) is right (resp., left) ninr, then
R is right (resp., left) duo.

(2) Let R be a semiprime ring. If R is right (resp., left) duo, then Dy(R) is
right (resp., left) ninr.

Proof. The proof is done by replacing N*(D2(R)) by N.(D2(R)) in the proof
of Theorem 2.3. g

The semiprime ring R in Theorem 3.3 is reduced when it is right or left
duo. If R is right or left duo then N(R) = N,(R); hence N(R) = 0 because
N.(R) =0.

Next we study the right nlnr property of polynomial rings.
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Theorem 3.4. Let R be a ring. Suppose that R[z] is right njr. Then ab = ba
for alla € R and b € N,(R). FEspecially N.(R) is a commutative ring.

Proof. Observe first that N.(R[z]) = N.(R)[z] by Lemma 0.2(1). Suppose
that R[z] is right nlnr. The proof is similar to one of Theorem 1.6. But we
write it for completeness. Let a € R and 0 # b € N,(R). Then b € N,.(R|x]).
Since R[z] is right nlnr, b(a + z) = (a + z)(bp + bixz + - -+ + byaz™) for some
bo + byz + -+ + bpa™ € N.(R[z]). Then by + byx + -+ + byz™ = by, noting
by € N.(R). Furthermore b(a + x) = (a + )by implies ba = abg and b = by.
Thus ba = ab. Moreover, we obtain that N,(R) is a commutative ring, letting
a € N.(R). O

By help of Theorem 3.3, we obtain the following.

Theorem 3.5. For a ring R the following conditions are equivalent:
(1) Do(R[z]) is right nlnr,
) R is commutative;
) Do(R]x]) is commutative;
) Do(R]x]) is right njr;
) Do(R]x]) is right nunr.
Proof. (1) =

)

)

(2). Let Dy(R[z]) be right nlnr. Then R[z] is right duo by
Theorem 3.3(1); hence R[z] is commutative by [5, Lemma 3], entailing that R
is commutative.

The proofs of (4) = (2) and (5) = (2) are similar to the proof of (1) = (2),
by using Theorem 1.5(1) and Theorem 2.3(1). The directions (2) = (3), (3)
= (4), and (3) = (5) are obvious. O

(2

(3
(4
(5

Since D3(R)[x] = Dz(R[z]) over any ring R, we also obtain from Theorem
3.5 then Dy(R)[z] is right nlnr if and only if R is commutative if and only
if Dy(R)[z] is commutative if and only if Do(R)[z] is right njr if and only if
Dy (R)[z] is right nunr.

Let R be a ring. If J(R) is nil then right njr is equivalent to right nunr. If
N*(R) = N.(R), then right nunr is equivalent to nlnr. We do not know the
answers of the following.

Questions. (1) Are right njr rings right nunr?
(2) Are right nunr rings right nlnr?
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