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SOME NEW IDENTITIES CONCERNING THE HORADAM

SEQUENCE AND ITS COMPANION SEQUENCE

Refi̇k Keski̇n and Zafer Şi̇ar

Abstract. Let a, b, P , and Q be real numbers with PQ 6= 0 and (a, b) 6=
(0, 0). The Horadam sequence {Wn} is defined by W0 = a, W1 = b and

Wn = PWn−1 + QWn−2 for n ≥ 2. Let the sequence {Xn} be defined

by Xn = Wn+1 +QWn−1. In this study, we obtain some new identities
between the Horadam sequence {Wn} and the sequence {Xn}. By the

help of these identities, we show that Diophantine equations such as

x2 − Pxy − y2 = ±(b2 − Pab− a2)(P 2 + 4),

x2 − Pxy + y2 = −(b2 − Pab+ a2)(P 2 − 4),

x2 − (P 2 + 4)y2 = ±4(b2 − Pab− a2),

and

x2 − (P 2 − 4)y2 = 4(b2 − Pab+ a2)

have infinitely many integer solutions x and y, where a, b, and P are

integers. Lastly, we make an application of the sequences {Wn} and {Xn}
to trigonometric functions and get some new angle addition formulas such

as

sin rθ sin(m+ n+ r)θ = sin(m+ r)θ sin(n+ r)θ − sinmθ sinnθ,

cos rθ cos(m+ n+ r)θ = cos(m+ r)θ cos(n+ r)θ − sinmθ sinnθ,

and

cos rθ sin(m+ n)θ = cos(n+ r)θ sinmθ + cos(m− r)θ sinnθ.

1. Introduction

Many number sequences can be defined, characterized, evaluated, and classi-
fied by linear recurrence relations with certain orders. In this paper, we consider
the sequences defined by linear recurrence relations with second order. The best
known of these sequences is called the Horadam sequence, which was introduced
in 1965 by Horadam [3]. The Horadam sequence {Wn} = {Wn(a, b;P,Q)} is
defined by

W0 = a, W1 = b and Wn = PWn−1 +QWn−2 for n ≥ 2,
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where a, b, P , and Q are real numbers with PQ 6= 0 and (a, b) 6= (0, 0). Partic-
ular cases of {Wn} are the Lucas sequence of the first kind {Un(P,Q)} =
{Wn(0, 1;P,Q)} and the Lucas sequence of the second kind {Vn(P,Q)} =
{Wn(2, P ;P,Q)}. Instead of Un(P,Q) and Vn(P,Q), we write Un and Vn,
respectively. If we define the sequence {Xn} = {Xn(a, b;P,Q)} by

X0 = 2b− aP, X1 = bP + 2aQ and Xn = PXn−1 +QXn−2 for n ≥ 2,

then it is convenient to consider it to be a companion sequence of {Wn}, in
the same way that {Vn} is the companion of {Un}. Let α and β be the roots

of the equation x2 − Px − Q = 0. Then α = (P +
√
P 2 + 4Q)/2 and β =

(P −
√
P 2 + 4Q)/2. Clearly α + β = P , α − β =

√
P 2 + 4Q, and αβ = −Q.

We will assume from now on that P 2 + 4Q 6= 0. In [3], Binet formula express
the number Wn in terms of α and β by

(1) Wn =
Aαn −Bβn

α− β
,

where A = b− aβ, B = b− aα. Clearly, AB = b2 − abP − a2Q.
We obtain some identities concerning the Horadam sequence and its com-

panion sequence with the help of the matrices given in the next section. Some
of these identities are well known and some are new. But, since we prove these
identities by matrix method not used in the literature, we also give the proof of
the well known identities. Moreover, we show that some Diophantine equations
such as

x2 − Pxy − y2 = ±(b2 − Pab− a2)(P 2 + 4),

x2 − Pxy + y2 = −(b2 − Pab+ a2)(P 2 − 4),

x2 − (P 2 + 4)y2 = ±4(b2 − Pab− a2),

and
x2 − (P 2 − 4)y2 = 4(b2 − Pab+ a2)

have infinitely many integer solutions x and y. Lastly, we make an application
of the sequences {Wn} and {Xn} to trigonometric functions and get some new
angle addition formulas such as

sin rθ sin(m+ n+ r)θ = sin(m+ r)θ sin(n+ r)θ − sinmθ sinnθ,

cos rθ cos(m+ n+ r)θ = cos(m+ r)θ cos(n+ r)θ − sinmθ sinnθ,

and
cos rθ sin(m+ n)θ = cos(n+ r)θ sinmθ + cos(m− r)θ sinnθ.

2. Preliminaries

In this section, we will give some close relations between the sequences {Wn},
{Xn}, {Un}, and {Vn} and some lemmas, which will be used in the next sec-
tions.

(2) Xn = Wn+1 +QWn−1 = PWn + 2QWn−1,
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(3) (P 2 + 4Q)Wn = Xn+1 +QXn−1,

(4) Wn = bUn + aQUn−1,

and

(5) Xn = bVn + aQVn−1

for n ≥ 1. From (2), it can be seen that Binet formula of {Xn} is given by

(6) Xn = Aαn +Bβn.

It is well known that the numbers Un and Vn for negative subscript are defined
as

(7) U−n =
−Un

(−Q)
n and V−n =

Vn
(−Q)

n

for n ≥ 1. By using (1) together with (6), it is convenient to extend the
numbers Wn and Xn for negative subscript by

W−n =
Aα−n −Bβ−n

α− β
and X−n = Aα−n +Bβ−n.

Then it follows that

(8) W−n =
−bUn + aUn+1

(−Q)
n and X−n =

bVn − aVn+1

(−Q)
n

and therefore

W−n = bU−n + aQU−n−1 and X−n = bV−n + aQV−n−1.

Thus it is seen that the identities (1)–(7) are valid for all integers n. For more
information about the Horadam sequence one can consult [1, 3, 7–10]. Many
identities concerning the terms of the Lucas sequence of the first and second
kind can be proved by using Binet formulae, induction and matrices. In the
literature, the matrices[

P Q
1 0

]
and

[
P/2 (P 2 + 4Q)/2
1/2 P/2

]
are used to produce identities (see [2,6,11]). The n-th powers of these matrices,
which will be used in the next section, are

(9)

[
P Q
1 0

]n
=

[
Un+1 QUn
Un QUn−1

]
and

(10)

[
P/2 (P 2 + 4Q)/2
1/2 P/2

]n
=

[
Vn/2 (P 2 + 4Q)Un/2
Un/2 Vn/2

]
.

The following two lemmas are given in [11].

Lemma 1. If X is a square matrix satisfying the relation X2 = PX + QI,
then Xn = UnX +QUn−1I for every n ∈ Z.
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Lemma 2. Let X be an arbitrary 2× 2 matrix. Then X2 = PX +QI if and
only if X is of the form

X =

[
x y
z P − x

]
with detX = −Q

or X = λI, where λ ∈ {α, β}, α = (P +
√
P 2 + 4Q)/2, and β = (P −√

P 2 + 4Q)/2.

3. Main theorems

Theorem 3. If X is a square matrix satisfying the relation X2 = PX + QI,
then (bX + aQI)Xn = Wn+1X +QWnI for every n ∈ Z.

Proof. By Lemma 1 and the identity (4), it follows that

(bX + aQI)Xn = bXn+1 + aQXn

= b(Un+1X +QUnI) + aQ(UnX +QUn−1I)

= (bUn+1 + aQUn)X +Q(bUn + aQUn−1)I

= Wn+1X +QWnI. �

The following corollary is given in [5]. Now we give a simple proof of it.

Corollary 4. (bα+aQ)αn = αWn+1+QWn and (bβ+aQ)βn = βWn+1+QWn

for every n ∈ Z.

Proof. Let X =
[
α 0
0 β

]
. Then detX = αβ = −Q and this implies that[

(bα+ aQ)αn 0
0 (bβ + aQ)βn

]
=

[
αWn+1 +QWn 0

0 βWn+1 +QWn

]
by Theorem 3. Therefore, (bα+ aQ)αn = αWn+1 +QWn and (bβ + aQ)βn =
βWn+1 +QWn for every n ∈ Z. �

Corollary 5. Wn = Aαn−Bβn

α−β and Xn = Aαn +Bβn for every n ∈ Z.

Proof. The result follows from (2) and Corollary 4. �

In this section, we will obtain some identities concerning the sequences men-
tioned above by using Theorem 3. Some of these identities, particularly given
in Theorems 11, 14, 20, 23, 27, 29 and Corollaries 15, 16, 17, 22, 24, 30 are
new, and others are well known. And we will use these identities to obtain
some new formulas related to trigonometric functions. Also, we will use these
identities in order to obtain integer solutions of some Diophantine equations.

Theorem 6. Wm+n = Wm+1Un+QWmUn−1 and (−Q)nWm−n = WmUn+1−
Wm+1Un for every m,n ∈ Z.
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Proof. Let X =
[
P Q
1 0

]
. Then X2 = PX + QI and therefore DXm+n =

Wm+n+1X +QWm+nI by Theorem 3, where D = bX + aQI. Hence,

DXm+n = Wm+n+1X +QWm+nI =

[
Wm+n+2 QWm+n+1

Wm+n+1 QWm+n

]
and

DXm−n = Wm−n+1X +QWm−nI =

[
Wm−n+2 QWm−n+1

Wm−n+1 QWm−n

]
.

Also,

DXm+n = (DXm)Xn =

[
Wm+2 QWm+1

Wm+1 QWm

] [
Un+1 QUn
Un QUn−1

]
and

DXm−n = (DXm)X−n =

[
Wm+2 QWm+1

Wm+1 QWm

] [
U−n+1 QU−n
U−n QU−n−1

]
by (9). Using (7), the proof follows. �

Corollary 7. W 2
m+1 −WmWm+2 = (−Q)mAB for every m ∈ Z.

Proof. By using the equality det(DXm) = det(D) (det(X))
m

, we get W 2
m+1 −

WmWm+2 = (−Q)mAB by the proof of Theorem 6, where det(D) = −Q(b2 −
abP − a2Q) = −QAB. �

By using the above corollary, the following corollary can be given.

Corollary 8. W 2
m − PWmWm−1 −QW 2

m−1 = (−Q)m−1AB for every m ∈ Z.

Since AB = b2 − Pab − a2Q, taking Q = 1 and Q = −1, respectively, we
have:

Corollary 9. Let a, b, and P be integers. Then the Diophantine equations
x2 − Pxy − y2 = b2 − Pab − a2 and x2 − Pxy − y2 = −(b2 − Pab − a2) have
infinitely many integer solutions given by (x, y) = (W2n+1,W2n) and (x, y) =
(W2n,W2n−1) with n ∈ Z, respectively, where Wn = Wn(a, b;P, 1).

Corollary 10. Let a, b, and P ≥ 3 be integers. Then the Diophantine equation
x2 − Pxy + y2 = b2 − Pab + a2 has infinitely many integer solutions given by
(x, y) = (Wn,Wn−1) with n ∈ Z, where Wn = Wn(a, b;P,−1).

Theorem 11.
i) QX2

n − (P 2 + 4Q)XnWn+1 + (P 2 + 4Q)W 2
n+1 = −(−Q)nP 2AB,

ii) X2
n+1 − (P 2 + 4Q)Xn+1Wn +Q(P 2 + 4Q)W 2

n = (−Q)nP 2AB
for every n ∈ Z.
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Proof. i) We have Wn = 2Wn+1−Xn

P by (2). Substituting this value of Wn into

the equation W 2
n − PWnWn−1 −QW 2

n−1 = (−Q)n−1AB given in Corollary 8,
we get

(−Q)n−1AB =

(
2Wn+1 −Xn

P

)2

− P
(

2Wn+1 −Xn

P

)
Wn−1 −QW 2

n−1.

Then it follows that

(−Q)n−1P 2AB = 4W 2
n+1 − 4Wn+1Xn +X2

n − 2P 2Wn−1Wn+1

+ P 2Wn−1Xn − P 2QW 2
n−1

= 4W 2
n+1 − 4Wn+1Xn +X2

n

− P 2Wn−1(2Wn+1 −Xn +QWn−1)

= 4W 2
n+1 − 4Wn+1Xn +X2

n − P 2(
Xn −Wn+1

Q
)Wn+1

using (2). It is seen that

−(−Q)nP 2AB = 4QW 2
n+1 − 4QWn+1Xn +QX2

n − P 2(Xn −Wn+1)Wn+1

= 4QW 2
n+1 − 4QWn+1Xn +QX2

n − P 2XnWn+1 + P 2W 2
n+1

= QX2
n − (P 2 + 4Q)Wn+1Xn + (P 2 + 4Q)W 2

n+1.

ii) We have Wn+1 = Xn+1−2QWn

P by (2). Substituting this value of Wn+1

into the equation W 2
n+1 − PWn+1Wn − QW 2

n = (−Q)nAB given in Corollary
8, a similar argument shows that

(−Q)nP 2AB = X2
n+1 − (P 2 + 4Q)Xn+1Wn +Q(P 2 + 4Q)W 2

n . �

If we take Q = 1 and respectively Q = −1 in the above theorem, we get:

Corollary 12. Let a, b, and P be integers. Then the Diophantine equations
x2−(P 2+4)xy+(P 2+4)y2 = P 2(b2−Pab−a2) and x2−(P 2+4)xy+(P 2+4)y2 =
−P 2(b2 − Pab − a2) have infinitely many integer solutions given by (x, y) =
(X2n+1,W2n) or (X2n−1,W2n) and (x, y) = (X2n,W2n−1) or (X2n,W2n+1)
with n ∈ Z, respectively, where Wn = Wn(a, b;P, 1) and Xn = Xn(a, b;P, 1).

Corollary 13. Let a, b, and P ≥ 3 be integers. Then the Diophantine equa-
tions x2 − (P 2 − 4)xy − (P 2 − 4)y2 = P 2(b2 − Pab + a2) and −x2 − (P 2 −
4)xy+(P 2−4)y2 = − P 2(b2−Pab+a2) have infinitely many integer solutions
given by (x, y) = (Xn+1,Wn) and (x, y) = (Xn,Wn+1) with n ∈ Z, respectively,
where Wn = Wn(a, b;P,−1) and Xn = Xn(a, b;P,−1).

Theorem 14. Xm+n = XmUn+1 +QXm−1Un and (−Q)n−1Xm−n = Xm−1Un
−XmUn−1 for every m,n ∈ Z.
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Proof. If we take X =
[
P Q
1 0

]
, then we have Xn =

[
Un+1 QUn

Un QUn−1

]
by (9). It can

be seen that EXm =
[
Xm+1 QXm

Xm QXm−1

]
by (2) and (5), where

E =

[
X1 QX0

X0 QX−1

]
=

[
bP + 2aQ Q(2b− aP )
(2b− aP ) aP 2 + 2aQ− bP

]
.

Thus, it follows that

EXm+n=

[
Xm+n+1 QXm+n

Xm+n QXm+n−1

]
and EXm−n=

[
Xm−n+1 QXm−n
Xm−n QXm−n−1

]
.

Moreover, we get

EXm+n = (EXm)Xn =

[
Xm+1 QXm

Xm QXm−1

] [
Un+1 QUn
Un QUn−1

]
and

EXm−n = (EXm)X−n =

[
Xm+1 QXm

Xm QXm−1

] [
U−n+1 QU−n
U−n QU−n−1

]
.

So, from (7), the proof follows. �

Corollary 15. 2Xm+n = XmVn + (P 2 + 4Q)WmUn and 2Wm+n = WmVn +
XmUn for every m,n ∈ Z.

Proof. Using (2), we get

2Xm+n = XmUn+1 +QXm−1Un +XmUn+1 +QXm−1Un

= XmUn+1 +QXm−1Un +Xm(PUn +QUn−1) +QXm−1Un

= Xm(Un+1 +QUn−1) + (PXm + 2QXm−1)Un

= XmVn + (P 2 + 4Q)WmUn

by Theorem 14. Similarly, it is seen that 2Wm+n = WmVn + XmUn by using
(3) and Theorem 6. �

Corollary 16. Xm+1Xm−1 −X2
m = (−Q)m−1(P 2 + 4Q)AB for every m ∈ Z.

Proof. Since det(EXm) = det(E)(detX)m, the proof follows easily. �

From the above corollary, we can give the following.

Corollary 17. X2
m − PXmXm−1 − QX2

m−1 = −(−Q)m−1(P 2 + 4Q)AB for
every m ∈ Z.

Corollary 18. Let a, b, and P be integers. Then the Diophantine equations
x2−Pxy−y2 = (b2−Pab−a2)(P 2+4) and x2−Pxy−y2 = −(b2−Pab−a2)(P 2+
4) have infinitely many integer solutions given by (x, y) = (X2n, X2n−1) and
(x, y) = (X2n+1, X2n) with n ∈ Z, respectively, where Xn = Xn(a, b;P, 1).

Corollary 19. Let a, b, and P ≥ 3 be integers. Then the Diophantine equation
x2−Pxy+y2 = −(b2−Pab+a2)(P 2−4) has infinitely many integer solutions
given by (x, y) = (Xn, Xn−1) with n ∈ Z, where Xn = Xn(a, b;P,−1).
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Theorem 20. 2(−Q)nWm−n = WmVn−XmUn and 2(−Q)nXm−n = XmVn−
(P 2 + 4Q)WmUn for every m,n ∈ Z.

Proof. Let X =
[
P/2 (P 2+4Q)/2
1/2 P/2

]
. Then X2 = PX +QI and therefore we have

DXm−n−1 = Wm−nX + QWm−n−1I by Theorem 3, where D = bX + aQI.
Hence, using (2), we obtain

DXm−n−1 = Wm−nX +QWm−n−1I

=

[
(PWm−n + 2QWm−n−1) /2 (P 2 + 4Q)Wm−n/2

Wm−n/2 (PWm−n + 2QWm−n−1) /2

]
=

[
Xm−n/2 (P 2 + 4Q)Wm−n/2
Wm−n/2 Xm−n/2

]
.

On the other hand, using (10), we get

DXm−n−1 = (DXm−1)X−n

=

[
Xm

2
(P 2+4Q)Wm

2
Wm

2
Xm

2

] [
V−n/2 (P 2 + 4Q)U−n/2
U−n/2 V−n/2

]
and from (7), the proof follows. �

Corollary 21. XmVn = Xm+n+(−Q)nXm−n, WmVn = Wm+n+(−Q)nWm−n
and (P 2 + 4Q)WmUn = Xm+n − (−Q)nXm−n for every m,n ∈ Z.

Proof. From Theorem 20 and Corollary 15, the proof is obvious. �

Corollary 22. W2n = XnUn+a(−Q)n = WnVn−a(−Q)n and X2n = XnVn+
(aP − 2b)(−Q)n for every n ∈ Z.

Proof. From Theorem 20 and Corollary 21, the proof follows. �

Theorem 23. XmXn−(P 2 +4Q)WmWn = 2(−Q)nABVm−n for every m,n ∈
Z.

Proof. Using Binet formulae in (1) and (6), we get

(LHS) = (Aαm +Bβm)(Aαn +Bβn)

− (P 2 + 4Q)
(Aαm −Bβm)

α− β
(Aαn −Bβn)

α− β
= (Aαm +Bβm)(Aαn +Bβn)− (Aαm −Bβm)(Aαn −Bβn)

= 2AB(αmβn + αnβm) = 2AB(αβ)n(αm−n + βm−n)

= 2AB(−Q)nVm−n. �

Taking m = n in the above theorem, we get the following corollary.

Corollary 24. X2
n − (P 2 + 4Q)W 2

n = 4(−Q)nAB for every n ∈ Z.
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Corollary 25. Let a, b, and P be integers. Then the Pell equations x2 −
(P 2 + 4)y2 = 4(b2 −Pab− a2) and x2 − (P 2 + 4)y2 = −4(b2 −Pab− a2) have
infinitely many integer solutions given by (x, y) = (X2n,W2n) and (x, y) =
(X2n−1,W2n−1) with n ∈ Z, respectively, where Xn = Xn(a, b;P, 1), Wn =
Wn(a, b;P, 1).

Corollary 26. Let a, b, and P ≥ 3 be integers. Then the Pell equation
x2 − (P 2 − 4)y2 = 4(b2 − Pab + a2) has infinitely many integer solutions
given by (x, y) = (Xn,Wn) with n ∈ Z, where Xn = Xn(a, b;P,−1), Wn =
Wn(a, b;P,−1).

The identities given in the following two theorems will be used in the next
section to give some new angle addition formulas for trigonometric functions.

Theorem 27. Let m, n, and r ∈ Z with r 6= 0. Then

UrWm+n+r = Wm+rUn+r − (−Q)rWmUn,

UrWm+n−r = WmUn − (−Q)rWm−rUn−r,

and

UrWm+n = WmUn+r − (−Q)rWm−rUn.

Proof. If we consider the matrix X =
[ x y
z P−x

]
with detX = −Q and take

x = Ur+1

Ur
, then by Corollary 2.3 in [11] and Theorem 3, we get

DXn =

 b
Ur+1

Ur
+ aQ by

bz bP − bUr+1

Ur
+ aQ


 Ur+1

Ur
Un +QUn−1 yUn

zUn Un+1 −
Ur+1

Ur
Un

,
where D = bX + aQI. Using (4), (7), (8), and Theorem 6, we see that

DXn =


Wr+1

Ur
by

bz
−b(QUr−1) + aQUr

Ur



Un+r

Ur
yUn

zUn
−(−Q)rUn−r

Ur



=


Wr+1

Ur
by

bz
−(−Q)rW1−r

Ur



Un+r

Ur
yUn

zUn
−(−Q)rUn−r

Ur



=


Wr+1Un+r

U2
r

− byzUn y

(
Wr+1Un − b(−Q)rUn−r

Ur

)
z

(
bUn+r − (−Q)rW1−rUn

Ur

)
byzUn +

(−Q)2rW1−rUn−r
U2
r

 .
Since detX = −Q and x = Ur+1

Ur
, it follows that

yz =
PUrUr+1 +QU2

r − U2
r+1

U2
r

=
Ur(PUr+1 +QUr)− U2

r+1

U2
r
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=
UrUr+2 − U2

r+1

U2
r

=
−(−Q)r

U2
r

by Corollary 7. Thus

DXn =


Wr+1Un+r

U2
r

− byzUn y

(
Wr+1Un − b(−Q)rUn−r

Ur

)
z

(
bUn+r − (−Q)rW1−rUn

Ur

)
byzUn +

(−Q)2rW1−rUn−r
U2
r


=


Wn+r+1

Ur
yWn+1

zWn+1
−(−Q)rWn−r+1

Ur


by (4) and Theorem 6. If we consider the matrix multiplication DXm+n−1 =(
DXm−1

)
Xn, then we get the result. �

Corollary 28. Wn+rWn−r −W 2
n = −AB(−Q)n−rU2

r for all n, r ∈ Z.

Proof. By the proof of Theorem 27, we see that

detDXn−1 =
−(−Q)rWn+rWn−r + (−Q)rW 2

n

U2
r

=
−(−Q)r

(
Wn+rWn−r −W 2

n

)
U2
r

.

On the other hand, since detDXn−1 = (detD) (detX)
n−1

, it follows that

detDXn−1 =

(
−(−Q)rWr+1W1−r + b2(−Q)r

U2
r

)
(−Q)n−1

=

−(−Q)rWr+1

(
aUr−bUr−1

(−Q)r−1

)
+ b2(−Q)r

U2
r

 (−Q)n−1

=

[
aQUrWr+1 − bQ

(
Wr+1Ur−1 + b(−Q)r−1

)
U2
r

]
(−Q)n−1

=

[
aQUrWr+1 − bQUrWr

U2
r

]
(−Q)n−1

=

(
Q (aWr+1 − bWr)

Ur

)
(−Q)n−1

= AB(−Q)n

by (4), (8), and Theorem 6. Thus, we get the equality Wn+rWn−r −W 2
n =

−AB(−Q)n−rU2
r . �

Theorem 29. Let m,n,and r ∈ Z. Then

VrXm+n+r = Xm+rVn+r + (−Q)r(P 2 + 4Q)WmUn,
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VrXm+n−r = (P 2 + 4Q)WmUn + (−Q)rXm−rVn−r,

and

VrWm+n = WmVn+r + (−Q)rXm−rUn.

Proof. If we consider the matrix X =
[ x y
z P−x

]
with detX = −Q and take

x = Vr+1

Vr
, then by Corollary 2.3 in [11] and Theorem 3, we get

DXn =

 b
Vr+1

Vr
+ aQ by

bz bP − bVr+1

Vr
+ aQ


 Vr+1

Vr
Un +QUn−1 yUn

zUn Un+1 −
Vr+1

Vr
Un

,
where D = bX + aQI. Using (5), (7), (8), and Theorem 14, we see that

DXn =


Xr+1

Vr
by

bz
−b(QVr−1) + aQVr

Vr



Vn+r

Vr
yUn

zUn
(−Q)rVn−r

Vr



=


Xr+1

Vr
by

bz
(−Q)rX1−r

Vr



Vn+r

Vr
yUn

zUn
(−Q)rVn−r

Vr



=


Xr+1Vn+r

V 2
r

+ byzUn y

(
Xr+1Un + b(−Q)rVn−r

Vr

)
z

(
bVn+r + (−Q)rX1−rUn

Vr

)
byzUn +

(−Q)2rX1−rVn−r
V 2
r

 .
Since detX = −Q and x = Vr+1

Vr
, it follows that

yz =
PVrVr+1 +QV 2

r − V 2
r+1

V 2
r

=
Vr(PVr+1 +QVr)− V 2

r+1

V 2
r

=
VrVr+2 − V 2

r+1

V 2
r

=
(−Q)r(P 2 + 4Q)

V 2
r

by Corollary 16. Thus, a simple computation shows that

DXn =


Xr+1Vn+r

V 2
r

+ byzUn y

(
Xr+1Un + b(−Q)rVn−r

Vr

)
z

(
bVn+r + (−Q)rX1−rUn

Vr

)
byzUn +

(−Q)2rX1−rVn−r
V 2
r


=


Xn+r+1

Vr
yWn+1

zWn+1
(−Q)rXn−r+1

Vr

 .
If we consider the matrix multiplication DXm+n−1 =

(
DXm−1

)
Xn, then we

get the result. �

Corollary 30. Xn+rXn−r − (P 2 + 4Q)W 2
n = AB(−Q)n−rV 2

r for all n, r ∈ Z.
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Proof. By the proof of Theorem 29, we see that

detDXn−1 =
(−Q)rXn+rXn−r − (−Q)r(P 2 + 4Q)W 2

n

V 2
r

=
(−Q)r

(
Xn+rXn−r − (P 2 + 4Q)W 2

n

)
V 2
r

.

On the other hand, since detDXn−1 = (detD) (detX)
n−1

, it follows that

detDXn−1 =

(
(−Q)rXr+1X1−r − b2(−Q)r(P 2 + 4Q)

V 2
r

)
(−Q)n−1

=

 (−Q)rXr+1

(
bVr−1−aVr

(−Q)r−1

)
− b2(−Q)r(P 2 + 4Q)

V 2
r

 (−Q)n−1

=

[
aQVrXr+1 − bQ

(
Xr+1Vr−1 − b(−Q)r−1(P 2 + 4Q)

)
V 2
r

]
(−Q)n−1

=

[
aQVrXr+1 − bQVrXr

V 2
r

]
(−Q)n−1

=

(
Q (aXr+1 − bXr)

Vr

)
(−Q)n−1

= AB(−Q)n

by (5), (8), and Theorem 29. Thus, we get the equality Xn+rXn−r − (P 2 +
4Q)W 2

n = AB(−Q)n−rV 2
r . �

4. An application of the sequences {Wn} and {Xn} to
trigonometric functions

We consider the following recurrence relations, known as Simpson’s Formulae
(see [4]) related to trigonometric functions:

sin(n+ 2)θ = 2 cos θ sin(n+ 1)θ − sinnθ,

cos(n+ 2)θ = 2 cos θ cos(n+ 1)θ − cosnθ.

It is clear that these relations satisfy the characteristic equation x2−Px−Q = 0
for P = 2 cos θ and Q = −1. In this case, if we take b = 2 cos θ, P = 2 cos θ,
and Q = −1, then we get

α =
P +

√
P 2 + 4Q

2
=

2 cos θ +
√

4 cos2 θ − 4

2
= cos θ + i sin θ

and

β =
P −

√
P 2 + 4Q

2
=

2 cos θ −
√

4 cos2 θ − 4

2
= cos θ − i sin θ,
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and therefore α − β = 2i sin θ, α + β = 2 cos θ. Thus, from the Binet formula
of {Wn}, we have (see also [4])

Wn = Wn (a, 2 cos θ; 2 cos θ,−1) =
Aαn −Bβn

α− β
(11)

=
(b− aβ) [cosnθ + i sinnθ]− (b− aα) [cosnθ − i sinnθ]

α− β
= a cosnθ + (2− a) sinnθ cot θ

= (−a sin(n− 1)θ + 2 sinnθ cos θ) / sin θ.

Moreover, from the equality Xn = Wn+1 +QWn−1, we have

Xn = Wn+1 +QWn−1(12)

= a cos(n+ 1)θ + (2− a) sin(n+ 1)θ cot θ

− a cos(n− 1)θ − (2− a) sin(n− 1)θ cot θ

= − 2a sinnθ sin θ + (2− a) cot θ (2 sin θ cosnθ)

= − 2a sinnθ sin θ + 4 cosnθ cos θ − 2a cosnθ cos θ

= − 2a cos(n− 1)θ + 4 cosnθ cos θ.

From the above equations, it can be seen that

(13) Un = Un(P,−1) = Wn (0, 1; 2 cos θ,−1) =
sinnθ

sin θ
and

(14) Vn = Vn(P,−1) = Xn (0, 1; 2 cos θ,−1) = 2 cosnθ.

In view of the above identities, now we can give an application for each of the
Corollaries 22, 28, 30, and Theorems 27, 29.

Theorem 31.

sin(2n− 1)θ = 2 sin(n− 1)θ cosnθ + sin θ,

sin(2n− 1)θ = 2 cos(n− 1)θ sinnθ − sin θ,

and
cos(2n− 1)θ = 2 cos(n− 1)θ cosnθ − cos θ

for every n ∈ Z.

Proof. Substituting the equations (11), (12), (13), and (14) into the equation
W2n = XnUn + a(−Q)n given in Corollary 22, we get

[(−a sin(2n− 1)θ + 2 sin 2nθ cos θ) / sin θ]

= [−2a cos(n− 1)θ + 4 cosnθ cos θ]
sinnθ

sin θ
+ a

= [(−2a cos(n− 1)θ sinnθ + 2 sin 2nθ cos θ) / sin θ] + a

and so
sin(2n− 1)θ = 2 cos(n− 1)θ sinnθ − sin θ.
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Similarly, from the equations W2n = WnVn−a(−Q)n and X2n = XnVn+(aP−
2b)(−Q)n given in Corollary 22, it follows that

sin(2n− 1)θ = 2 sin(n− 1)θ cosnθ + sin θ,

and
cos(2n− 1)θ = 2 cos(n− 1)θ cosnθ − cos θ,

respectively. �

In the following theorem, we will have been get some new formulas, which
are general form of angle addition formulas

cos(x+ y) = cosx cos y − sinx sin y,

and
sin(x+ y) = sinx cos y + sin y cosx.

Theorem 32.

sin rθ sin(m+ n+ r)θ = sin(m+ r)θ sin(n+ r)θ − sinmθ sinnθ,

cos rθ cos(m+ n+ r)θ = cos(m+ r)θ cos(n+ r)θ − sinmθ sinnθ,

and
cos rθ sin(m+ n)θ = cos(n+ r)θ sinmθ + cos(m− r)θ sinnθ

for every m,n, r ∈ Z.

Proof. If r = 0, then the proof is obvious. Assume that r 6= 0. If we take a = 0,
then we have Wn = 2 sinnθ cos θ/ sin θ and Xn = 4 cosnθ cos θ. Also we know
that Un = sinnθ

sin θ and Vn = 2 cosnθ. Substituting these values into equation

UrWm+n+r = Wm+rUn+r − (−Q)rWmUn

given in Theorem 27, one gets

sin rθ

sin θ
(2 sin (m+ n+ r) θ cos θ/ sin θ)

= (2 sin(m+ r)θ cos θ/ sin θ)
sin(n+ r)θ

sin θ
− (2 sinmθ cos θ/ sin θ)

sinnθ

sin θ
and thus

sin rθ sin(m+ n+ r)θ = sin(m+ r)θ sin(n+ r)θ − sinmθ sinnθ.

Similarly, from the equations

VrXm+n+r = Xm+rVn+r + (−Q)r(P 2 + 4Q)WmUn,

and
VrWm+n = WmVn+r + (−Q)rXm−rUn,

given in Theorem 29, it follows that

cos rθ cos(m+ n+ r)θ = cos(m+ r)θ cos(n+ r)θ − sinmθ sinnθ,

and
cos rθ sin(m+ n)θ = cos(n+ r)θ sinmθ + cos(m− r)θ sinnθ,
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respectively. �

The relations in the following theorem are also given in [4].

Theorem 33.

sin(n+ r)θ sin(n− r)θ − sin2 nθ = − sin2 rθ

and
cos(n+ r)θ cos(n− r)θ + sin2 nθ = cos2 rθ

for every m,n, r ∈ Z.

Proof. If we take a=0, we have Wn=2 sinnθ cos θ/ sin θ andXn=4 cosnθ cos θ.
Also we know that Un = sinnθ

sin θ and Vn = 2 cosnθ. Substituting these values
into equation

Wn+rWn−r −W 2
n = −(−Q)n−rABU2

r

given in Corollary 28, we get(
2 sin(n+ r)θ cos θ

sin θ

)(
2 sin(n− r)θ cos θ

sin θ

)
−
(

4 sin2 nθ cos2 θ

sin2 θ

)
= − 4 cos2 θ

sin2 rθ

sin2 θ
and it follows that

sin(n+ r)θ sin(n− r)θ − sin2 nθ = − sin2 rθ.

Similarly, from the equation

Xn+rXn−r − (P 2 + 4Q)W 2
n = (−Q)n−rABV 2

r ,

given in Corollary 30, we get

cos(n+ r)θ cos(n− r)θ + sin2 nθ = cos2 rθ. �
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