KYUNGPOOK Math. J. 59(2019), 631-649
https://doi.org/10.5666 /KMJ.2019.59.4.631
pISSN 1225-6951  eISSN 0454-8124
© Kyungpook Mathematical Journal

Global Nonexistence of Solutions for a Quasilinear Wave
Equation with Time Delay and Acoustic Boundary Conditions

YoNG HAN KANG*

Francisco College, Daegu Catholic University, Gyeongsan-si 712-702, Republic of
Korea

e-mail : yonghann@cu.ac.kr

JONG-YEOUL PARK

Department of Mathematics, Pusan National University, Busan 609-735, Republic
of Korea

e-mail : jyepark@pusan.ac.kr

ABSTRACT. In this paper, we prove the global nonexistence of solutions for a quasilinear
wave equation with time delay and acoustic boundary conditions. Further, we establish
the blow up result under suitable conditions.

1. Introduction

In this paper, we consider the following quasilinear wave equation with time
delay and acoustic boundary conditions:

(Jue (2, 1) Pue (2, 8))e — Dur(w, 1) = div(a(2)| Vule, )| Vu(z, 1)
—div(|Vug (2, 1) [P 2Vue(x, 1) + Q(x, t,uz) + prue(z,t)
)=

(1.1) Fpoue(x,t — 1) = f(z,u(x,t)) in Q x [0,T),
u=0onTyx[0,T),
aut(xat) a— 2 (‘/B t)
QlB1) o)\ Vu(e, =224
(1.3) [V (, 1)1~ Qaua( e h(z)y(x,t) on Ty x [0,T),
(1.4) w(x, t) + k(x)ye(z,t) + q¢(x)y(z,t) =0on I'y x [0,T),
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(15) ul(,0) = up(a), us(2,0) = us(z) in
(1.6) ug(x,t — 1) = folx,t —7) in Q x (0,7),
(1.7) y(x,0) = yo(z) on T'y.

Here, J = [0,7), 0 < T < o0, a :  — RT is a positive function, I,a, 3 > 2,
w1 > 0, s is a real number, and 7 > 0 represents the time delay. Further, Q) is
a regular and bounded domain of R"(n > 1) and 0Q(:=T') = T'o UTy, where Ty
and I'; are closed and disjoint and % denotes the outer normal derivative. The
functions k,q,h : Ty — RT(:= [0, 00|) are essentially bounded and 0 < g < gq(z)
on I'y.

The acoustic boundary conditions were introduced by Morse and Ingard [16]
and developed by Beale and Rosencrans in [1], where the authors proved the global
existence and regularity of the linear problem. Other authors have studied the exis-
tence and decay of solutions for a viscoelastic wave equation with acoustic boundary
conditions (see [3, 4, 6, 7, 12, 13, 15, 19, 20, 23] and the references therein).

The time delay arises in many physical, chemical, biological and economical
phenomena because these phenomena depend not only on the present state but
also on the past history of the system in a more complicated way. In particular,
the effects of time delay strikes on our system have a significant effect on the range
of existence and the stability of the system. The differential equations with time
delay effects have become an active area of research, see for example [9, 11, 17, 18].
In [14], without the delay term and the acoustic boundary condition, Liu and Wang
considered the global nonexistence of solutions with the positive initial energy for
a class of wave equations:

(Jug (2, )" 2ug (2, 1))s — Dy (2, t) — div(a(z)|Vu(z, t)|* 2 Vu(z, t))
—div(|Vug(z, ) [P 2V (2, 1) + Q(x, t, up)
= f(z,u(z,t)) in J x Q,
u(z,t) =0 on J x 09,
u(x,0) = up(x), ui(x,0) =wui(x) in Q,
where J = [0,7), 0 < T < o0, § is a bounded regular open subset of R"(n > 1),
l,a,8 > 2and a,Q, f satisfy some conditions. Recently, for I = 2,a(x) =1,Q(us) =
alug ™ 2ug, iy = pz = 0, f(u) = blu[P~2u, and without the time delay term in
our system, Jeong at al [8] investigated the global nonexistence of solutions for a
quasilinear wave equation with acoustic boundary conditions
ug — Ay — div(|Vul*"2Vu) — div(| Vg P2V
Falug| ™ 2uy = blulP~u in Q x (0,00),
u=0on Iy x (0,00),

Ouy oo OU

ov
+|Vut|’6_2—%ut = h(z)y; on I'1 x (0,00),
v
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ug + f(x)y: + g(xz)y = 0 on 'y x (0, 00),
U/(JU,O) = UO(x)a ut(x70) = ul(x) in Qv
y(x,0) = yo(z) on Ty,
where a,b > 0, «, 8, m,p > 2 are constants and €2 is a regular and bounded domain
of R*(n > 1) and 9Q(=T) = T'g UT;. Here I'y and T'; are closed and disjoint.
The functions h, f,q : Ty — RT are essentially bounded. Moreover, for a(z) =
1,1 = 2,div(|Vu|*"?Vuy) = 0,Q = 0, and without boundary conditions, Kafini
and Messaoudi [10] studied the following nonlinear damped wave equation
ug (2, ) — div(|Vu(z, t)|™ 2 Vu(z, t))
Fpug(w, ) + poug(z,t — 1) = blu(z, t)[P2u(x, ) in Q x (0,00),
u(z,t —7) = fo(x,t — 1) on (0,7),
u(z,t) =0 on 9Q x (0, c0),
u(x,0) = uo(x), ui(x,0) =wui(x) in Q,
where p > m > 2, b, u; are positive constants, us is a real number, and 7 > 0
represents the time delay. They proved the blow-up result in a nonlinear wave
equation with time delay and without acoustic boundary conditions.

Motivated by the previous works, we consider an equation in a broader and
more generalized form than the system discussed above. So we study the global
nonexistence of solutions for a quasilinear wave equation with the time delay and
acoustic boundary conditions. To the best of our knowledge. there are no results of
a quasilinear wave equations with the time delay and acoustic boundary conditions.

Thus the result in this work is very meaningful. The main result will be proved in
Section 3.

2. Preliminaries

In this section, we shall give some notations, assumptions and a theorem which
will be used throughout this paper. We denote by m’ the Holder conjugate of
m, fullp = Il Nullpr = llullzsy, llullis = lullws.s ), where LP(Q) and
Wh#(Q) stand for the Lebesgue spaces and the classical Sobolev spaces, respectively.
Specially we introduce the set

W;OS(Q) ={ueW" |u=0o0onTy}, Wy*(Q)={ueW" |u=0onT}.
We make the following same assumptions on a, @, f as section 4.2 of [22].
(H1) a(z) € L*°(Q) such that a(x) > ag a.e. in Q for some ag > 0.

(H2) f(z,u) € C(2xR™ R") and f(z,u) = V,®(z, u), with normalizing condition
®(z,0) = 0.

There are constants d; > 0,p > « and p < popag such that
(2.1) (@, u)] < polul*™ + dy fulP™
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for all z € Q and u € R™. Moreover, there is €; > 0 such that for all € € (0, ¢;] there
exists d2 = da2(€) > (p — a)dy /p such that

(2.2) Ja,uyu — (p - ), w) > daful?

for all z € Q.

(H3) There are m > 1 and a measurable function d = d(z,t) defined on  x J such
that d(-,t) € LP/(P=™)(Q) for a.e. t € J and

(2.3) Qz,t,v)v >0
(24) Q. t,0)] < [d(z, )]/ ™ [Q(a t, v)u] /™
for all values of the arguments x, ¢, v, where

(2.5) d(z,t) 2 0, [|d(- )l (p—m) € Lige(J)-

Remark 2.1. We note that when Q(z,¢,u;) = b(14t)°|u|™ 2uy, —00 < p < m—1,
condition (H3) holds.

Now, we transform the equation (1.1)—(1.7) to the system, using the idea of [21]
and introduce the associated energy. So, we introduce the new variable:

2(z, p, t) = wy(z, t —7p), z€Q, pe(0,1), t>0.
Thus, we have
Tze(x, p,t) + 2p(z, p,t) =0, 2€Q, pe(0,1), t>0.
Then problem (1.1)—(1.7) takes the following form:

(Jue (2, )] 2up (2, 1)) — Dug(x,t) — div(a(z)|Vu(z, t)|* 2 Vu(z,t))
—div(|Vuy(z,8) [P 2V (x, 1) + Q(z, t,uy)
(2.6) Fpgug(z,t) + poz(x, 1,t) = fx,u(z,t)) in Q x J,
(2.7) Tz (z, p,t) + 2p(x,p,t) =0 in Qx(0,1) x J,
(2.8) u=0onTIyxJ,

Ou(x,t) oo Ou(z,t)

Q1) | o) Va2 24
(2.9) +| Vg (x, )P~ zaut( 2 = h(x)y(z,t) on T'1 X J,
(2.10) ur(z, t) + k(x)y(z, ) —|—q( Yy(z,t) =0on 'y x J,
(211)  wu(®,0) = uo(x), w(z,0) =wui(x)in Q,
(212) Z( ) P ) fO(I p’/") in O x (07 1)7
(213)  y(#,0) =yo(x) on I'y.
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We introduce the following space

Z = L=([0,T); W™ () n WH([0,T); L3 (%)
(2.14) AW (0, T): W () N W (0,7); L™ (),
for some T > 0.

We state, without a proof, a local existence which can be established by com-
bining arguments of [2, 5, 24].

Theorem 2.1. Let ug € Wy *(Q),u1 € L3(Q), fo € L*(Q x (0,1)) and yo € L*(T1)
be given. Suppose that I, o, B,m,p > 2, max{l,8,m} < a < p < na/(n — ),
p1 > |p2| and (H1)-(H3) hold. Then problem(2.6)—(2.13) has a unique local
solution (u, z,y) € Zx L?([0,T); L*>(2x(0,1)))x L2([0, T); L?>(T'1)) for some T > 0.

In order to state and prove our result, we introduce the energy functional

E(t) = I_Tl/gmt(x,t)\ldw—l—é/ga(:cﬂVu(x,t)\adx—/Qq)(m,u(x,t))dx

(2.15) +§ /ﬂ /01 22(x, p, t)dpdx + % N h(z)q(z)y? (z, t)dT,
where

(2.16) Tlpo| <& <721 — |pal), p1 > [pal.

We set

(2.17) A = (Ag — L)) (g, B 0o,

(2.18) By = (5 — 3)(ag — )P/ =) (dy BY) =/ r=e),

where Bj is the best constant of the Sobolev embedding W, '®(€2) «— LP(£2) given
by

Byt = int{|[Vulla : w € Wi (@), lull, = 1}.
We also set

Y={(\E)eR})N\> )\, E<E}.

3. Proof of Main Result

In this section, we state and prove our main result. Our main result as follows.

Theorem 3.1. Let ug € W;OQ(Q),ul € L*(Q), fo € L2(2 x (0,1)) and yo € L*(T1)
be given. Suppose that I, o, B,m,p > 2, max{l,8,m} < a < p < na/(n — ),
w1 > |pe| and (H1)-(H3) hold. Assume further that
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Then the solution (u,z,y) € Z x L?*(R.);L*( x (0,1))) x L?(Ry); L3(T1)) of
problem (2.6)—-(2.13) can not exist for all time.

In this section, we shall prove Theorem 3.1. We start with a series of lemmas.
We denote

(3.1) Ao = |[Vuollas  Eo = E(0).

Theorem 3.1 will be proved by contradiction, so we shall suppose that the solution
of (2.6)—(2.13) exists on the whole interval [0, 00), i.e. T = oco.

Proof of Theorem 3.1. We use the idea of Vitillaro [22].

Lemma 3.1. Let (u,z,y) be the solution of (2.6)-(2.13). Then the energy func-
tional defined by (2.15) satisfies, for some constant co > 0,

4Rt <(1-1) | (8))' 2 g () gy (t)da —|—/ a(x)|Vu(t)|* 2 Vu(t) Vug (t)dz
Q Q

(3.2) —/QQ(J:,t,ut(t))ut(t)dx—co/ﬂ(uf(t)+z(x,1,t))dx

— | h(z)k(z)y?(t)dT <O0.
I

Proof. Multiplying the equation (2.6) by wu.(t), integrating over , using Green’s
formula and exploiting the equation (2.9), we obtain

% Z_Tl/g|ut(t)|ldx+é/ﬂa(m)wu(tﬂadm
- [ @ unds) - [ hamOular
Q Iy
33  —(-1) /Q e (8) =20 (£t (£) i + /Q a(2)| V() |2V u(t) Vuy (£)de
_ / IV (1) dr — / Vo d(, w)uy (t)da
Q Q
—,ul/Quf(t)dx—ug/Qz(x,l,t)ut(t)dm.
On the other hand, we have from the equation in (2.10) that

(3:4) = Jp, M@y (W)ue()dl = [p. h(@)k(z)y? ()dL + [r h(x)q()y(t)y:(t)dT.

Also, multiplying the equation (2.7) by gz(x,p, t) and integrating over Q x (0,1),
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we deduce

dt{ fQ (z, p, )dpdw} :_*// z(x ,O,t)zp(x p,t)dpdx

_ & 9 o
(3.5) = 27_/0/0 8pz (z, p, t)dpdx

= i [22(m,0,t) — 2%(x, 1,t)]dx
2T Q

:%[/ﬂuf(t)dx—/ng(x,l,t)de

and
(3.6) —pz o 2(@, 1, t)ue(t)de < MT [ ui(t)de + [, 2*(x, 1, t)dx].

Hence, from (2.15) and (3.3)-(3.6), we arrive at

/\Vut |dm—/|Vut t)|Pdx

- [ @t - £ -2 [
Q Q

2
(ZfT_W;')/Qz?(x,Lt)dx—/r h(x)k(x)y; (t)dT.

By using (2.16), we get, for some ¢ > 0,

7/ |V ()2 da 7/ |V ()| da
Q Q
—/ Q(x,t,ut(t))ut(t)dx—co/[uf(t) + 22(x,1,t)]dz
Q Q
(3.7) —/ h(x)k(x)y?(t)dl < 0.
Iy
Hence we get E(t) < E(0) for all t € J.
Lemma 3.2. If (A, E(0)) € X, then we have

(3.8) (i) [IVu(®)||la = A2 for allt € J, for some Az > A1,

(3.9) (i)  |Ju(t)||lp = BiAe for allt € J, for the some Ay in (i).

Proof. First, we will prove the (i). From (2.15), we see that

(3.10) B(t) > l/ﬂa(xwu(t)\adx—/Qé(x,u(t))dx.

(07
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Using (2.1), since f(z,u(t)) = V,@(z,u(t)), it follows that

1
Be,u(®) = [ farun)utr < Ejuo) + Ha)P.

and then
' Iz a, % »
1) [ e@au)ds = [ s ruuar < Kz + ol
Therefore
ap o di
E{) > 2|[Vu®)||® = Elu@®)]|® = 2| |u@)|?
® = LIVl - Ll - ol
w1 dy
> (ag — —)—||Vu(®)|2 — =[u(t)||?
> (0 = )2 Va(olls - ol
(3.12) > (a0 — )L vugle — aBr L)z
. = 0 1o o « 1 1p «

1 1
= (30 = )N = BN = (),

where A = ||Vu(t)||o. It is easy to verify that ¢ is increasing for 0 < A < Ay,
decreasing for A > A1, p(\) = —oo0 as A — +oo and ¢(\) = Ey, where \; is given
in (2.18). Therefore, since Ey < Ej, there exists Ay > A1 such that p(A\2) = E(0).
From (3.12) we have p(Xg) < E(0) = ¢(A2), which implies that Ag > Ag since Ao >
A1. To proof the result, we suppose by contradiction that ||Vugl||la < Az, for some
to > 0 and by the continuity of ||Vu(t)||o we can choose such that ||[Vu(to)||a > A1
Again the use of (3.12) leads to

E(to) = ¢([[Vu(to)lla) > ¢(A2) = E(0).

This is impossible since E(t) < E(0), for all ¢ > 0. Thus (i) is established.
Next, we will prove the (ii). From (3.12), we get

1
d P> _ N a_
p @l = (a0 = =) ZlIVu®lla = B@)
pol o
> - —)= — E
Z (a0 = )2 IVe@lla — Eo
g plyp
> — —)=A — =di1 By =)5.
> (ao ,uo)OéAQ P(r2) =d 1p>‘2

Thus, the proof is complete. O

In the remainder of this section, we consider initial values (Ao, Fo) € X. We set

(3.13) H(t) = E, — E(t), t>0.
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Then we have the following Lemma.

Lemma 3.3. For allt € J, we have

(3.14) 0< H(0)< H(t) < %Hu(t)”g.

Proof. From Lemma 3.1, we see that H'(t) > 0. Thus, we deduce
(3.15) H(t)> H(0) = B, — E(0) > 0, V> 0.
From (3.12), we obtain

H(t) =E — B

1% 1 dl
> p(A1) — (a0 — —)—||Vu(@®)||s + —]|u(t)||2
> @(A1) — (ao uo)aH @l pl\ (11

paloa o 1 dy
= (a0 - %)a(Al = [IVu@®I5) - dlB’f];A’f + ;||u(t)||§-
From (3.8), ||Vu(t)||a > A1, we get
dy »
(3.16) H(t) < ;HU(t)Hp-

Thus, combing (3.15) and (3.16) we obtain (3.14).

Now, we define

L(t) = B (1) + ¢ /Q () e (1) 20y () der

+“715 Quf(t)da:—g 5 h(@)k(z)y? (£)dT
(3.17) —e [ h(@)u(®)y(t)dr,

I
for € small to be chosen later and
-2 a-—p a-m a—1 k

[0
3.18 0 <o <min , ) ) y T
(3.18) { p p(B-1)"pm—-1)" ol "ca

By taking a derivative of (3.17) we have

~ 1l

(3.19) L'(t) = (1—G)H*"(t)H’(t)+€|IUt(t)Hf+€/QU(t)(IUt(t)IHUt(t))tdz

Jr,uls/ﬂu(t)ut(t)dx—e/F h(x)k(x)y(t)y:(t)dD

—€ g h(z)u(t)y(t)dl — e g h(z)u(t)y: (t)dL.

639
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By using (2.6)—(2.10) and estimate (3.19), we find

L'(t) =(1—o)H 7(t)H'(t) + ellu(t)|];
te /Q (L (t) + div(a(@)] Vu(t)|*~>Vu(t))
i (VO 2Vun(6)) — Qe 1)
—ug(t) = p2z(, 1,8) + fw,u(t) Ju(t)de

—ﬁ—ule/ﬂu(t)ut(t)dx—s/r h(z)k(z)y(t)y:(t)dT
—& /Fl h(x)u (t)y(t)dl — s/rl h(x)u(t)y:(t)dl’

= (1= o) H () H'(t) + ellu: ()]}

— [ V) Vult)de — / o(2)|Vu(z, £)]*dx
Q Q

e /Q Vg (6)| P2V, (£) V(b dar

+e /F1 (8%;) + |Vu(t)|a*2ag—l(/t) + |Vut(x7t)|3*2W)u(t)dr
—< [ QG tuude e [ a0tz
—uls/ﬂu(t)ut(t)dx—ugs/Qz(m,l,t)u(t)dx

—&—uls/ﬂu(t)ut(t)dx —s/rl h(z)k(z)y(t)y:(t)dl

—& /Fl h(x)u (t)y(t)dl — E/Fl h(x)u(t)y:(t)dl’
= (1= o) H™7(t)H'(t) + e lue ()]}

— [ V) Vult)de — / o(2)|Vu(z, £)]*dx
Q Q

e /Q Vg (6)| P2V, () Vu(t) dar

fs/QQ(x,t,ut)u(t)d:L’+€/Qf(x,u(a:,t))u(t)d:c

(3.20) f,uge/ﬂz(z,l,t)u(t)dere/F h(z)q(x)y?(t)dT

Exploiting Holder’s and Young’s inequality and (H3), for any d,u,n,p > 0, we
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(G20 <l

deduce
/ Q(z, t,u)u(t)dx </ |u(?) 1/m[Q(:U,t,ut(t))ut(t)]l/m/dx
<f/|u )|™d(x, t)dx /Q wy (t)dx
<fmmnwompm+——%Wﬁ/thwmmmm
omcC
14 - /Q Q(a, t,ug(t))ug(t)da.

By Young’s inequality, we get

(3.22) /Vut YWVu(t) dm<—/|Vu |dx+u/|Vut (t)*dz,

(3.23) /Q Ve (8 2V () V() < 'L / V()P de

+777 B— 1/|Vut ‘5d.’L'

(3.24) /,Lg/ u(t)z(z,1,t)dx < |#2|/ dx+|u2|p/ 2(2,1,t)dz.
Q

A substitution of (3.21) — (3.24) into (3.20) yields
L'(t) > (1= o) H ™7 (t)H'(t) + el [uc (t)]]]

fi/ |Vu(t)|2dx—s,u/ Ve (t)|2da:
dp Jo Q

fe/"< ) Vu(t)|*dx

_67/ |Vu(t)|P dx 7_ —*/ |V (1) P dae

ﬁmcn<m$—f@%fl [ Qe tout)ult)is

_Elna] u2(t)dx75\u2|p/ 22(x,1,t)da
4p Ja Q

(3.25) +€/Qf(x,u(x,t))u(t)dx+s/ h(x)q(z)y*(t)dT

I
Therefore, we choose 6, i1, n, and p so that
6" mT =M H (t), p=MH(t)
(3.26) nTET = MgH (1), p=MyH(t),

641
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for My, Ms, Ms, My to be specified later. Using (2.10), (3.25) and (3.26), we arrive
at

L'(t) > (1= o) H™ () H'(t) + ellue(8)]]; - 7H” /IVU(t)Izdff

M*(ﬁ 1)
—5/a(m)|Vu(t)|°‘dx—5 3 HoB-1 /|Vu )P dx
Q

(m—1)
EMI c o/(m—1) m E|/’L2| o / 2
@il - Ll [ o

—¢ [MQ /Q |V () |*dx + (ﬁ;I)M?) /Q |V (t)|° da

L (m—1)

Ml/QQ(x,t,ut(t))ut(t)der|u2|M4/sz(x,1,t)dx H™(t)
(3.27) —|—€/Qf(x,u(x,t))u(t)dx+s/ h(x)q(z)y*(t)dT.

I

If M = M, + (5_}3)1% + (m_nll)Ml + | 2| My, then (3.27) takes the form

()= (L= = M) + ellu )l - o B /|Vu )2da
—(B-1)
—a/ﬂa(as)|Vu(t)\°‘dx—5MTH”(5 1 /\vu ()P da
(3.28) ECM(’” Vel m= )|u(t)||;”i|;\ZH”(t)/Qu2(t)da:

+eMH™° ()/ h(z)k(x)y; (t)dl
x,u(t x z)q(x)y? .
+€/f t)d +€/F1h( Yg(z)y” (t)dT
From(3.14),(3.18), the embedding W<(Q2) < LP(Q) and

S<(1+1/a)(z+a),Vz2>0, 0<5<1, a>0,

we have (see[15])

o (po+2)/a
/|Vu 2dz < ¢(Q )( ; /|Vu o)
(3.29) gd(del) /|Vu )|*da + H(t ))
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D a(B-1) (po(B—1)+8)/
Ho(,é’fl)(t)/ \Vu(t)|6dx < C(Q)(M) (/ |Vu(t)|ad:r> P
Q p @

del )‘7(6
p

(3.30) < ([ 1vuteiedn+ ).

o(m— m BPdy\o(m—1) m o (oep(m—1)+m)/a
7ol < @ (22 By ([ [vuw)d)
p Q

0 = d(Bidl)g(m_l)Bi”( /Q IVu(t)|*de + H()),
and
t)/Q|Vu(t)\2d:E < c(Q)(#)UB%(fQ |Vu(t)|”‘dx) (op)/ax

(3.32) < d(B dl) B2(fQ |Vu(t)|*dx + H(t ))

for all ¢ > 0, where d = ¢(Q)[1 + 1/H(0)]. Inserting estimates (3.29)-(3.32) into
(3.28), we obtain

k(1 —1)
I

Sl /|Vu )Iode + H (D)) —E/Qa(x)|Vu(t)\ad:E
_W /Q|Vu(t)|adx+H(t)>+§/Qa(x)wu(t)\”‘dm
~gpn ([ [vuras + 1)

564 /|vu )| da + H(t ))
+5/ flz,u(t dx-l—a/ h(x)q(z)y*(t)dT

—k:/ x,u(t d:c—|—k:§// (z, p, t)dpdx

T / K)ol O = ki + D) / (k{0

L) = (1-0)—eM)H "(OH (1) + KH(L) + (= + e ()]

for some constant £ and

d s BPd;\o/(m—1) d/BPd,\°
Clzi( L 1) Bina 02:1( ! 1) )
p

o — d(Bidly(ﬁl)’ o — d(del)dBf.

m
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From (2.17),(2.18) and Lemma 3.2, we have
Cpy— 1 1
—REy 2 —REWB PP |lu(blp = —hdi (= el
From (2.2), we can choose k satisfying
. ady
<k —1
ae < <p€mm{(p—a)d1’ }

and
5/Qf(m7u(t))u(t)dm — k/Qq)(x,u(t))dx — kE;

1 1
> eda|[u()llp — k(- — >
Thus, it follows that

v = (1-0)—er)H W0 + e+ Ll

+5/ h(x)q(z)y? dF+—// (z, p,t)dpdx
I

k
—&—5 h(z)q(x)y*(t)dT +eMH™(t) | h(z)k(x)y?(t)dT.
Fl F1
At this point, choosing My, Mo, M3, M4 large enough and e sufficiently small and
using
eMH™(t) | h(z)k(z)yi (t)dl = 0,
I
we deduce

L) = (1-0)—eM)H (OB (1) +ve(H®) + |lu @)l

(3.33) +/Q [Vu(t)|“dx + /Fl h(z)q(x)y?(t)dT +/Q/01 z2(m7p,t)d,0d:c>,

where ~ is a positive constant (it is possible since k > ea)). We choose ¢ sufficiently
small and 0 < e < (1 —0)/M so that

L(0) = Hl_”(O) + 5/ u0|u1|l_2u1dx + %15 u%dx
Q Q

- % h(z)k(z)yddl — e/ h(z)uoyodl > 0.
Fl 1—‘1
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Then from(3.33) we get

and

L) =z (HE) + fu )]

(3.34) + /Q Vu(t)|dz + /F 1 h(z)q(z)y?(t)dl + /Q /O 1 2(z, p,t)dpd:c).

On the other hand, from(3.17) and h(z), ¢(x) > 0, we have

L(t) < H'Y™O(t) + 6/ u(t)|ut(t)|l*2ut(t)dx + pie u?(t)dx — 5/ h(z)u(t)y(t)dr.
Q Iy

Q

Then the above inequality leads to

L7 () < [H'7(0) + < /Qu(t>|ut<t>ll‘2w(t)dw

e 1/(1-0)
w28 [ < [ (O (BT

< Cleam, @) [0+ | [ a®lu®)] ult)dal

(3.35) + /Q W2 (t)dz) T + | h(x)u(t)y(t)dnﬁ].

IS}

Next, using Holder’s inequality, the embedding W1 (Q) < LY(Q),« > | and
Young’s inequality, we derive

u(t)|u l_2u T w® tdx) /! ” L) (1=D/1
| [ w®luo)] wednl < ([ ue)ian) [ ueias)
< (/ |Vu(t)|adx)1/o‘(/ |ug (t) dar) =D/

<c /‘VU |ad$) (1—-0)/[l(1—0)—(1-1)] /|ut \dx 1- O')
From (3.18) and (3.29), we obtain
1/(1-0)
‘/ t)|ue(t) 2ut(t)dx‘

<c (/ ‘Vu(t)‘adiﬂ)l/[l(l_o)_(l_l)]a+/ |U;t(t)‘ldl‘:|
Q

1 «
_c[(l—km)( [ (o) + (e /|ut )lde].
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Therefore, there exists a positive constant C’ such that for all ¢ > 0,

(336) | /Q u(t)|ut(t)\l_2ut(t)dx)1/ e

Furthermore, by the same method, we deduce

Jo, Wayutoar = | [ HEID )y eyar]

< )+ [Vl + ]

< W( N h(%)q(l‘)yQ(t)dF) : (/Fl u2(t)dF) %.

do
Similarly, we find
Jo, Hayutar = | [ HEID )y ayar]

T

< |h|°°*|q||°°( h(x)Q(m)QQ(t)dF)é(/ uz(t)df)%-

do
Using the embedding Wy**(2) < L3(T';) and Hélder’s inequality, we get

/1“1 h(z)u(t)y(t)dl < %HhHg@Hqu@(/F1 h(a:)q(a:)yZ(t)dF) : (/Q |Vu(t)|adx> é.

qo

where c5 is a embedding constant. Consequently, there exists a positive constant
c6 = ¢([|h]]oos 11¢l|0os @0, 0, @) such that

([ watrwor) ™ <ol [ a7 [ (vuopa)

Using Young’s inequality, we write
1
e

(| n@ueynir) ™ < e ( /Q Wu(madx)ﬁ .

where c7 is a positive constant depending on cg and «. Applying once again the
algebraic inequality (3.29) with z = |[|[Vu(t)||2,v = 2/[a(1l — 20)] and making use
of (3.18), we see that by the same method as above

(3.37)
([ o)™ <m0+ 19u0ls+ [ by odr],

Iy

h(w)g(a)y* ()T

Iy

where cg is a positive constant. Hence combining (3.35) — (3.37) and using o > 2,
we arrive at

(338) LT7(t) < C.[HE) + [Ju )l + V()]

—|—/Fl h(z)q(z)y? (t)dT + +/Q/01 22(z, p, t)dpda:},v t >0,
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where C, is a positive constant. Consequently a combining of (3.34) and (3.38), for
some ¢ > 0, we obtain

(3.39) L'(t) > LT (1), Vt>0.

Integration of (3.9) over (0,t) yield

Therefore L(t) blow up in finite time

1—0

T<Tr=—"+-_.
§oLT=7(0)

Thus the proof of Theorem 2.1 is complete. O
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