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MEROMORPHIC FUNCTIONS SHARING 1CM+1IM
CONCERNING PERIODICITIES AND SHIFTS

X1a0-Hua Ca1 AND JUN-FAN CHEN

ABSTRACT. The aim of this paper is to investigate the problems of mero-
morphic functions sharing values concerning periodicities and shifts. In
this paper we prove the following result: Let f(z) and g(z) be two noncon-
stant entire functions, let ¢ € C\{0}, and let a1, a2 be two distinct finite
complex numbers. Suppose that p (f) # 1, p2 (f) < 1, and f(2) = f(z+c¢)
for all z € C. If f(z) and g(z) share a1 CM, a2 IM, then f(2) = g(z).
Moreover, examples are given to show that all the conditions are neces-
sary.

1. Introduction

We use C and C = C U {oc} to denote the whole complex plane and the
extended complex plane, respectively. Throughout this paper, a meromorphic
(resp. entire) function always means a meromorphic (resp. analytic) function
in C. It is assumed that the reader is familiar with the basic concepts of
Nevanlinna theory and in particular with its standard terms and symbols (see,
for example, [14,18]).

Let f(z) and g(z) be nonconstant meromorphic functions. Denoting by
E(a, f) (vesp. E(a, f)) the set of those points z € C where f(z) = a counting
multiplicities (resp. ignoring multiplicities), we say that f(z) and g(z) share a
CM (resp. IM) if E(a, f) = E(a, g) (vesp. E(a, f) = E(a, g)).

The following definitions are also needed in this paper.

Definition 1.1. Let f(z) be nonconstant meromorphic. Then the order p (f),
hyper-order ps (f), lower order p(f) and low hyper-order ps (f) of f(z) are
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defined in turn as follows:

; log T'(r, . loglog T (r,
p (f) = lim sup M7 P2 (f) = lim sup w
7—00 IOgT‘ o0 1ogr

oo 1og T (r, f) .. loglogT (r, f)

)

Definition 1.2. Let f(z) be nonconstant meromorphic. If p (f) < +o0, then
we denote by S(r, f) any quantity satisfying

S(r, f) = O(logr) (r — o0).
If p(f) = +o0, then we denote by S(r, f) any quantity satisfying
S(r, f) = O(log(rT(r, f))) (r— oco,r & E),

where E is a set of finite linear measure not necessarily the same at every
occurrence.

The study of the uniqueness theory of meromorphic functions began with
famous Nevanlinna’s five value theorem, which claims that if two non-constant
meromorphic functions f(z) and g(z) share five distinct complex numbers IM,
then f(z) = g(z). Also Nevanlinna’s four value theorem points out that if
two meromorphic functions f(z) and g(z) share four distinct complex numbers
CM, then f(z) and g(z) are much related by a fractional linear transformation
(see, for example, [14,18]). The condition 4CM in the four value theorem has
been weakened to 2CM+2IM due to Gundersen [9]. It is well-known that 4CM
cannot be further relaxed to 4IM [8], while 1ICM+3IM remains open [10]. In
the case of less than four shared values (even 3CM), the quantified relations
between two meromorphic functions f(z) and g(z) are difficult to establish in
general [18]. But it is still interesting to put forward the following questions.

Question 1.1. What can be said if one nonconstant meromorphic function and
another nonconstant periodic meromorphic function share less than or equal
to three values?

Question 1.2. What can be said if two nonconstant periodic meromorphic
functions with the same nonzero period share less than or equal to three values?

As for Question 1.1, in 1989 Brosch [1,18] proved the following result in his
PhD thesis.

Theorem 1.1 (See [1] or [18, Theorem 5.15]). Let f(z) and g(z) be two non-
constant meromorphic functions, let ¢ € C\{0}, and let a1, ag, as be three
distinct complex numbers. If f(z) and g(z) share a1, as, az CM, and if f(z)
is a periodic function with period c, then g(z) is also a periodic function with
period c.

In 1992, Zheng [18,19] improved a result given by Brosch and obtained the
following theorem, which dealt with Question 1.1 and Question 1.2.
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Theorem 1.2 (See [19, Theorem] or [18, Theorem 5.18]). Let f(z) and g(z)
be two nonconstant meromorphic functions sharing 0, 1, oo CM, and let ¢ €
C\{0}. If f(2) is a periodic function with period c, then g(z) is also a periodic
function with period c. Furthermore, if us (f) < 1, then f(z) = g(2) or f(2)

ea12+b1 _q

. o _ eT@1z=b1_q
and g(z) assume the following form f(z) = S and g(2) = ==,
where a1 = 207 qy = 2ETL p by are constants, and m, k are some integers.

C (&

Based on the definition of periodic functions and above theorems, it seems
natural to study shared value problems between a meromorphic function f(2)
and its shift f(z 4+ ¢) or between one meromorphic function f(z) and another
function’s shift g(z + ¢), where ¢ € C\{0}. The background for these con-
siderations lies in the recent great interest of studying difference analogues of
Nevanlinna theory for meromorphic functions of finite order, see, e.g., the pa-
pers [11,12] by Halburd and Korhonen and, independently, [6,7] by Chiang
and Feng. Currently fundamental theorems of these difference analogues of
Nevanlinna theory were extended by Halburd, Korhonen, and Tohge [13] to
meromorphic functions of hyper-order strictly less than one. Recently, a num-
ber of papers (see, for example, [2,15,16]) focus on the problem of value sharing
for shifts of meromorphic functions.

In 2012, Chen and Xu [5] replaced the assumption 3CM in Theorem 1.2
by 2CM+1IM with some additional assumptions and obtained the following
theorem.

Theorem 1.3 (See [5, Theorem 2]). Let f(z) and g(z) be two nonconstant
meromorphic functions, let ¢ € C\{0}, and let a1, as, as be three distinct com-
N(r, 2

plex numbers. Suppose that 1 < pu(f) < p(f) < oo, limsup,._, o % <1,

and f(z) = f(z+¢) for all z € C. If f(z) and g(z) share a1, az CM, and as
IM, then f(z) = g(z).

In 2017, Chen [3] proposed another result closely related to Theorem 1.3.

Theorem 1.4 (See [3, Corollary 1.7]). Let f(z) and g(z) be two nonconstant
meromorphic functions, and let ¢ € C\{0}. Suppose that u(f) #1, p2 (f) <1,
f(z) = f(z+¢) and g(2) = g(z+¢) for all z € C. If f(2) and g(z) share 0, oo
CM, and 1 IM, then f(z) = g(2).

More recently, Chen [4] further considered the case of 1ICM+2IM in Theo-
rems 1.3-1.4 by deriving the following theorem in his PhD thesis.

Theorem 1.5 (See [4, Theorem 3.4.1]). Let f(z) and g(z) be two nonconstant
entire functions, let ¢ € C\{0}, and let a1, as be two nonzero distinct finite
complex numbers. Suppose that p(f) # 1, pa (f) <1, and f(z) = f(z+¢) for
all z € C. If f(z) and g(z) share 0 CM and a1, ag IM, then f(z) = g(z).

It is natural to ask whether the conclusion of Theorem 1.5 is still valid if
1CM+2IM is replaced by 1CM+1IM. In this paper, we give an affirmative
answer to this question, where the following theorem is established.
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Theorem 1.6. Let f(z) and g(z) be two nonconstant entire functions, let
c € C\{0}, and let a1, as be two distinct finite complex numbers. Suppose that

p(f)#1, p2(f) <1, and f(z) = f(z+c) for all z € C. If f(2) and g(2) share
a1 CM, ay IM, then f(z) = g(z).

All the conditions in Theorem 1.6 are necessary, as is seen below.

Remark 1.1. The following example shows that the condition “u (f) # 1”7 in
Theorem 1.6 is necessary.

Example 1.1. Let f(2) = "z_;’# and g(z) = Pz_:,# Clearly, f(z) is
a periodic function with period 27i; f(z) and g(z) are both entire functions
satisfying p (f) = 1 and po (f) < 1. Tt is easy to verify that f(z) and g(z) share
0 CM, 1 IM. But f(z) # g(2).

Remark 1.2. The following example shows that the condition “ps (f) < 17 in
Theorem 1.6 is necessary.

Example 1.2. According to the result obtained by Ozawa (see [17, Theorem
1]): for an arbitrary real number v € [1,00), there exists a periodic entire
function II(z) with period ¢ # 0 such that p(II) = v € [1,00). Set f(z) =
en(z);ﬁ# and ¢(z) = en(z)e_fr[# Clearly, f(z) is a periodic function
with period ¢ # 0; f(z) and g(z) are both entire functions satisfying p (f) # 1
and po (f) > 1. It is easy to verify that f(z) and g(z) share 0 CM, 1 IM. But

f(2) #9(2).

Remark 1.3. The following example shows that the condition that “f(z) =
f(z+e¢) for all z€ C” in Theorem 1.6 is necessary.

Example 1.3. Let f(z) = % and g(z) = ezz;f#, where [ > 2 is a
positive integer. Clearly, there does not exist any finite value ¢ # 0 such that
f(z) = f(z+¢) for all z € C; f(z) and g(z) are both entire functions satisfying
w(f)="1land ps (f) < 1. It is easy to verify that f(z) and g(z) share 0 CM, 1

IM. But f(z) # g(2).

Remark 1.4. The following example shows that the condition “1CM~+1IM” in
Theorem 1.6 cannot be replaced by “1CM”.

Example 1.4. Let II(2) be the same as in Example 1.2 with p(IT) # 1. Set
f(z) =1(2) and g(2) = He(f). Clearly, f(z) is a periodic function with period
¢ # 0; f(z) and g(z) are both entire functions satisfying u (f) # 1 and ps (f) <

1. Tt is easy to verify that f(z) and g(z) only share 0 CM. But f(2) # g(2).

Remark 1.5. The following examples show that the condition that “f(z) and
g(z) are both entire functions” in Theorem 1.6 is necessary.

Example 1.5. Let II(2) be the same as in Example 1.4. Set f(z) = II(z) and

g(z) = %()Z_?_l Clearly, f(z) is a periodic entire function with period ¢ # 0
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satisfying u (f) # 1 and ps (f) < 1. Moreover, by Picard’s theorem ¢(z) has
infinitely many poles. It is easy to verify that f(z) and g(z) share 0 CM, 1 IM.

But f(2) # g(2).

Example 1.6. Let II(z) be the same as in Example 1.4. Set f(z) =

and g(z) = % Clearly, f(z) is a periodic function with period ¢ # 0

satisfying p (f) # 1 and p2 (f) < 1. Moreover, by Picard’s theorem f(z) and

g(z) have infinitely many poles. It is easy to verify that f(z) and g(z) share 0
CM, 1 IM. But f(z) # g(z).

% (2)
2 (z)—4

The rest of this paper is organized as follows. Section 2 contains some
preliminary lemmas, and the proof of the main theorem can be found in Section
3.

2. Some lemmas

Lemma 2.1 (See [18, Theorem 1.19 and Corollary of Theorem 1.19]). Let f(z)
and g(z) be nonconstant meromorphic functions. If

T(r,f)=0(T(r,g)) (r— o0, r¢ E, mesE < c0),
then p(f) < p(g), p(f) < p(9), p2(f) < p2(9), p2(f) < p2(9)-

Lemma 2.2 (See [18, Lemma 5.1)). Let f(z) be a nonconstant periodic mero-
morphic function. Then p(f) > 1, u(f) > 1.

Lemma 2.3 (See [18, Theorem 1.42]). Let f(z) be a nonconstant meromorphic
function. If 0 and oo are two Picard exceptional values of f(z), then f(z) =
M=) where h(z) is a nonconstant entire function.

Lemma 2.4 (see [4, Theorem 2.3.1]). Let f(z) be a nonconstant meromorphic
function such that N(r,f) = S(r, f) and p2 (f) < 1. Let ¢ € C\{0}, and let
ay, as be two distinct finite complex numbers. If f(z) and f(z + ¢) satisfy
E(a1, f(2)) C E(a1, f(z +¢)) and E(az, f(2)) C E(ag, f(z + ¢)), then f(z) =
flz+c).

Lemma 2.5 (See [18, Theorem 1.45]). Let h(z) be a nonconstant entire func-
tion and f(z) = e"*). Then ps (f) = p(h).

By using the same argument as in Theorem 1.14 of [18], we can easily obtain
the following result.

Lemma 2.6. Let f(z) and g(z) be two nonconstant meromorphic functions.
Then

p2(f - g) < max{pa(f), p2(9)},

pa(f +g) < max{ps(f), p2(9)}-

Lemma 2.7 (See [18, Theorem 1.21]). Let f(z) be a nonconstant meromorphic
function. Then p(f) = p(f) and () = s (/).
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Lemma 2.8 (See [18, Theorem 1.14]). Let f(z) and g(z) be two nonconstant
meromorphic functions. Then

p(f-g9) <max{p(f),p(9)},
p(f+g) <max{p(f),p(g)}.
3. Proof of Theorem 1.6

Suppose on the contrary that f(z2) # g(z). Since f(z) and g(z) share a; CM,
az IM, and f(z) and g(z) are two nonconstant entire functions, by the second
fundamental theorem we have

T(r, f) §N<r,f_1a1> +N(r, f—1a2> + N (r, )+ S(r, f)

§T<r, ! +T(r, ! )—I—S(r,f)
(3.1) = 2T (r,
Similarly,
(3.2) T(r,g) <2T (r,f)+S(r,g) (r—o0, r€ E, mesE < o0).
From the assumption, (3.1)-(3.2), and Lemmas 2.1-2.2 we get
(3-3) plg) = p(f) 2 1, ulg) = pu(f) 2 1, p2(g) = p2(f) < 1, S(r, f) = S(r,9).

For convenience, we set S(r) := S(r, f) = S(r,g). By Lemma 2.3, we know
that there exists an entire function hj(z) such that

@) -a e
(3.4) Vi= FOEr . eh(),

Now it follows from (3.4) that

f(Z+C) — A1 hy(z+c)
(3.5) glz+c)—a; e,
where ¢ € C\{0}. Since f(z) and g(z) share a; CM, az IM, and f(z) = f(z+c¢)
for all z € C, we have
E(a1,9(2)) = E(ay, f(2)) = E(a1, f(2 + ¢)) = E(a1,9(z + ¢)),

E(ag,9(2)) = E (a2, f(2)) = E (az, f(z + ¢)) = E(a2,9(z + ¢)).
Noting that pa(g) < 1 and N(r,g) = S(r,g) by (3.3) and the assumption that
g(z) is entire, respectively, this together with Lemma 2.4 yields
(3.6) g(z)=g(z+c).

Then we deduce by (3.4)-(3.6) that
(3.7 eh()=hi(z4e) = 1
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This implies that hi(z) —h1(24¢) must be a constant. Let hy(z)—hi(z+c) =1
for some constant 7 € C. Then by (3.7) we get
(3.8) e"=1

and h}(z) — hj(z + ¢) = 0. Consequently h(z) is a periodic function with
period ¢ # 0. Now from (3.3)-(3.4), and Lemmas 2.5-2.6, we obtain p(h;) < 1.
Noting p(h}) = p(h1) < 1 by Lemma 2.7, we thus deduce by Lemma 2.2 that
h}(z) must be a constant. Hence we can assume that

(3.9 hi(z) = az + 8,
where a, f € C are two constants. Substituting (3.9) into (3.4) gives

(3.10) 1= JE —a =M(®) = g2z 48,
9(z) — a1
Next we introduce another auxiliary function
f g
3.11 Vo= (f-g ( - .
G0 U m) e e

Firstly, we need to prove two properties of V5.
Property 1. For { € C, f(&) = g(&) = a1 = V2(&) = 0.

Proof. Because f(z) and g(z) share a; CM, let & is a zero of f(z) — ay of
multiplicity p and so a zero of g(z) — a; also of multiplicity p. Then we have,
near &,

(3.12)  f(2) —a1 = sp(2 — &)P + spr1(z — fo)p"'l + spya(z — gO)p-&-? R

(3'13) g(z) —ay = tp(z - §o)p + tp+1(2 — 50);04-1 + tp+2(z — 50)p+2 4+

where s, b =p,p+1,...) and ¢, (21 =p,p+1,...) are finite complex numbers
with s, # 0 and ¢, # 0. Thus by (3.12)-(3.13) we get

(3.14) f'(2) = psp(2—&)" " +(p+1)sps1(2—E&0)P +(p+2) spa(2—E&) P T4+ - -,

(3.15) ¢'(2) = ptp(z—E0)" "+ (p+1)tpr1 (2 =€) + (D +2)tpra(z—E&) T -
Combining (3.12) with (3.14) we have

(3.16)
f/
(f —a1) (f —a2)
L psp(z =€) + (P4 Dspri(z = €0)” + (P + 2)spr2(z — &)PH + -+
ap — ag sp(z = &0)P + spr1(z — Lo)PT! + sppa(z — §)P 2 + -

— b Sp+1 B
T (@ —a)(z—&) | splar—a) O(z = &o).




52 X.-H. CAI AND J.-F. CHEN

On the other hand, by (3.13) and (3.15) we get
(3.17)
g/

(9 —a1) (g — a2)

L pty(z— &)+ 0+ Dtpy1 (2 — &) + (P+ 2)tpra(z — &)1 + -+
a; — as tp(z = &0)P +tpr1(2 — §o)P T +tppa(z — §o)PH2 + -

p tp+1
= + +O0(z —&).
(a1 —az2)(z —&)  tplar — az) (z=%)

Since f(z) and g(z) share a; CM, combining (3.11), (3.16), and (3.17), we see
that V5(&) = 0. O

Property 2. For & € C, f(&) = g(&1) = az = Va(&1) # 0.

Proof. Because f(z) and g(z) share ag IM, let & is a zero of f(z) — ag of
multiplicity ¢ and so a zero of g(z) — as also of multiplicity j, which is possibly
different from 4. Then we have, near &,

(318)  f(2)—ar=qi(z — &) + qiy1(z — &) T+ qigalz — &) TP+,

(3.19) g(2) —az = w;(z = &) +wjpa(z = &) +wjpa(z &)+
where ¢, (¢t =4,i+1,...) and w, (k = 4,5+ 1,...) are finite complex numbers
with ¢; # 0 and w; # 0. Hence from (3.18)-(3.19) we get

(3.20) f'(2) =iqi(z— &)+ (i+ D) gip1(z— 1) + (1 +2)qiva(z— &) T+

(3.21) g(2) = jwj(z — &)+ (G 4+ Dwjpi(z — &)
+(+2Qwjpa(z = &)+
Thus by (3.18) and (3.20) we have
f/
(f —a1) (f —a2)
1 gz — )T+ G+ D) g (z — &)+ (+ 2)giga(z — &) F L 4. -
az —ax qi(2 = &)+ iy (z — §) + iz — &) 2+ -

¢ di+1
(a2 —a1)(z = &) qi(az —ar) (Ees)
On the other hand, by (3.19) and (3.21) we get

(3.23)

(3.22)

!

9
(9 —a1) (g — a2)

1wz =&V 4 G+ Dwjpa (2 — &) + (G + Qwyaa(z — &7+
as — ay wi(z — &) +wip1(z — &)+ wjpo(z —6)IT2 4 - -

—_ J ij _
= a8 Twsae—an TOF )
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Since f(z) and g(z) share ay IM, it follows from (3.11), (3.22), and (3.23) that
Va(&1) # oo. 0

Secondly, we discuss the following two cases.

Case 1. Suppose that V5 # 0.

According to Property 1 and Property 2, we can deduce by (3.11) that all
possible poles of V5 only occur at the poles of f(z) and g(z), which are only
finitely many poles, so

(3.24) N (r,Va) = O(log ).
It follows from (3.4), (3.11), and the first fundamental theorem that
f g >>
m(r,Va)=m | r,(f — —
e =m (=9 (= ey~ e o=

VA VA S T VI
’(f—a1)(f—az)>+ <’<g—a1)<g—a2>>+0(”

R
f—a f—a g—ai g—as

<
<

+0<(1)
<
<
<

r

rlga1>+m(r,fall>+5'(r)

' f—a g—m
<m r,g_a1)+m<r,f_a1>+5(r)
a1 g— a1

=2T(r,V1)+ S (r),
which together with (3.24) yields
(3.25) T(r,V2) <2T (r,V1) + S (r).
By Property 1 and the first fundamental theorem we have

(3.26) N(r, 7 ! > <N (ré) <T(r,Va) +0(1).

—ax 2
Since f(z) and g(z) share ag IM, it follows from (3.4) and (3.10) that

(3.27) N(r, 7 ! ) <N <TV11—1> <T(r,V1)+O(1).

—ay
Thus, we deduce by (3.25), (3.26), (3.27) and the second fundamental theorem
that

T(r, f) SN(r,f_la1> —|—N<r,f_1a2> + N (r, )+ S(r)
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< T (r,Va) +T (r,V1) + S(r)
<3T (r,V1)+S(r) (r— o0, 7€ E, mesE < o),
which implies from Lemma 2.1 that

(3.28) p(f) < p(V1).
On the other hand, by (3.2), (3.10), and the first fundamental theorem we

obtain
T (r,Vy) :T<r, f“”)
g—m

<T(r,f)+T(r,g)+0(1)
< 3T (r, f)+5(r),
which yields from Lemma 2.1 that

(3.29) p(V1) < p(f).
Combining (3.28), (3.29), and (3.10) we have
(3.30) p(f) = p(V1) = p (e***F) < 1.

Noting that 1 < u(f) < p(f) by (3.3), we deduce by (3.30) that p(f) = 1,
which contradicts the condition p(f) # 1.

Case 2. Suppose that V5 = 0.

Then by the original assumption f(z) # g(z) and (3.11) we get

/! g

(f—a) (f —a2)  (9—a1)(g9—az)
Now assume that &; is a zero of f(z) — as of multiplicity ¢ and so a zero of
g(z) — ag also of multiplicity j, which is possibly different from i because f(z)
and g(z) share az IM. Combining (3.18)-(3.23) in proving Property 2, and
(3.31), it follows that ¢ = j, which means that f(z) and ¢g(z) must share as
CM. Using the same argument as in the proof of (3.10), we have

(3.32) A Rk R WO

9(2) — az
where hy(z) = az + 3,4, 3 € C are constants. Combining (3.10) with (3.32),
we get

=0.

(3.31)

_ (a1 —ag) ) —ayeh2(5)7MmE) 4 gy
(3.33) f(z) = I EEe

Then it follows from (3.33) and Lemma 2.8 that
p(f) < max {p(e"?), p(e"* ")} < max {p(e""), p(e"*)} < 1.

Thus using the same argument as in Case 1, we have p(f) = 1, a contradiction.
This contradiction shows that f(z) = g(z). Theorem 1.6 is proved.

Acknowledgments. The authors would like to thank the referees and the
editor for their thorough comments and helpful suggestions.



MEROMORPHIC FUNCTIONS SHARING 1CM+1IM 55

References

(1] G. Brosch, Eindeutigkeitssatze fir meromorphe funktionen, Thesis, Technical University
of Aachen, 1989.

[2] K. S. Charak, R. J. Korhonen, and G. Kumar, A note on partial sharing of values
of meromorphic functions with their shifts, J. Math. Anal. Appl. 435 (2016), no. 2,
1241-1248.

[3] S. Chen, “2CM+1IM” theorem for periodic meromorphic functions, Results Math. 71
(2017), no. 3-4, 1073-1082.

, Some researches on shift operators, difference operators and differential oper-
ators of meromorphic functions, Thesis, Fujian Normal University, 2017.

[5] S. Chen and A. Xu, Periodicity and unicity of meromorphic functions with three shared
values, J. Math. Anal. Appl. 385 (2012), no. 1, 485-490.

[6] Y.-M. Chiang and S.-J. Feng, On the Nevanlinna characteristic of f(z+mn) and difference
equations in the complex plane, Ramanujan J. 16 (2008), no. 1, 105-129.

[7] ——, On the growth of logarithmic differences, difference quotients and logarithmic
derivatives of meromorphic functions, Trans. Amer. Math. Soc. 361 (2009), no. 7, 3767—
3791.

[8] G. G. Gundersen, Meromorphic functions that share three or four values, J. London
Math. Soc. (2) 20 (1979), no. 3, 457-466.

(4]

9] , Meromorphic functions that share four values, Trans. Amer. Math. Soc. 277
(1983), no. 2, 545-567.
[10] , Research questions on meromorphic functions and complex differential equa-

tions, Comput. Methods Funct. Theory 17 (2017), no. 2, 195-209.

[11] R. G. Halburd and R. J. Korhonen, Difference analogue of the lemma on the logarithmic
derivative with applications to difference equations, J. Math. Anal. Appl. 314 (2006),
no. 2, 477-487.

, Nevanlinna theory for the difference operator, Ann. Acad. Sci. Fenn. Math. 31
(2006), no. 2, 463-478.

[13] R. Halburd, R. Korhonen, and K. Tohge, Holomorphic curves with shift-invariant hy-
perplane preimages, Trans. Amer. Math. Soc. 366 (2014), no. 8, 4267-4298.

[14] W. K. Hayman, Meromorphic Functions, Oxford Mathematical Monographs, Clarendon
Press, Oxford, 1964.

[15] J. Heittokangas, R. Korhonen, I. Laine, and J. Rieppo, Uniqueness of meromorphic
functions sharing values with their shifts, Complex Var. Elliptic Equ. 56 (2011), no. 1-
4, 81-92.

[16] J. Heittokangas, R. Korhonen, I. Laine, J. Rieppo, and J. L. Zhang, Value sharing results
for shifts of meromorphic functions, and sufficient conditions for periodicity, J. Math.
Anal. Appl. 355 (2009), no. 1, 352-363.

[17] M. Ozawa, On the existence of prime periodic entire functions, Kodai Math. Sem. Rep.
29 (1977/78), no. 3, 308-321.

[18] C.-C. Yang and H.-X. Yi, Uniqueness theory of meromorphic functions, Mathematics
and its Applications, 557, Kluwer Academic Publishers Group, Dordrecht, 2003.

[19] J. H. Zheng, Unicity theorem for period meromorphic functions that share three values,
Chin. Sci. Bull. 37 (1992), no. 1, 12-15.

(12]

Xr1ao-Hua CAr1

DEPARTMENT OF MATHEMATICS
FuiiAN NORMAL UNIVERSITY
Fuzuou 350117, P. R. CHINA
Email address: xhcai1l992@163.com



56

X.-H. CAI AND J.-F. CHEN

JUN-FAN CHEN

DEPARTMENT OF MATHEMATICS

FuiiAN NORMAL UNIVERSITY

Fuznou 350117, P. R. CHINA

AND

KEY LABORATORY OF APPLIED MATHEMATICS (PUTIAN UNIVERSITY)
FuiiAN PROVINCE UNIVERSITY

FuJjian PuTiaN, 351100, P. R. CHINA

Email address: junfanchen@163.com





