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IDENTITIES AND RELATIONS ON THE ¢-APOSTOL TYPE
FROBENIUS-EULER NUMBERS AND POLYNOMIALS

IREM KUCUKOGLU AND YILMAZ SIMSEK

ABSTRACT. The main purpose of this paper is to investigate the g-Apostol
type Frobenius-Euler numbers and polynomials. By using generating
functions for these numbers and polynomials, we derive some alternative
summation formulas including powers of consecutive g-integers. By using
infinite series representation for g-Apostol type Frobenius-Euler numbers
and polynomials including their interpolation functions, we not only give
some identities and relations for these numbers and polynomials, but also
define generating functions for new numbers and polynomials. Further
we give remarks and observations on generating functions for these new
numbers and polynomials. By using these generating functions, we derive
recurrence relations and finite sums related to these numbers and polyno-
mials. Moreover, by applying higher-order derivative to these generating
functions, we derive some new formulas including the Hurwitz—Lerch zeta
function, the Apostol-Bernoulli numbers and the Apostol-Euler numbers.
Finally, for an application of the generating functions, we derive a mul-
tiplication formula, which is very important property in the theories of
normalized polynomials and Dedekind type sums.

1. Introduction

We need the following notations, definitions and relations: In the following
let C, R, RT and N be the sets of complex numbers, real numbers, positive real
numbers, and positive integers, respectively. Let [z] be g-analogue of & which
is given by

x, =1,
mz[x:q}:{ ) oa g
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266 I. KUCUKOGLU AND Y. SIMSEK

This function satisfies the following properties:

[z +y] =[] + ¢" [y]
and

(1) [zy] = ][y - ¢"]
(cf. [8,15,16,18,21,34)).

Let A, g € C. The g-Apostol type Frobenius-Euler polynomials H,,(x; u; a, b;
A; q) are given by

A\ o= (A" i

@) Frg (@, tyu,a,b) = (1 - u) > <u> plovtalt

o0 t"

=3 Hu (z;u;0,0; X5 q) et

n=0

where a,b € R* (a # b) and u € C\ {1} with |2| < 1 (¢f [21]).
In the special case when = = 0, these polynomials reduce to the g-Apostol

type Frobenius-Euler numbers

Ha (usa,b;X;9) = Hn (05u;3a,b; X5 9)
which are given by the following generating function:

(3) Fg (tiu,a,b) = (1 _ CZ) i <2>nb[n]t

n=0

= t
= Ha(usa,b;:09)
n=0

n!

n

(cf. [21]).
It follows from (2) and (3) that
Fyq (2, t;u,a,b) = Ry, (¢"t; u, a, b)

(cf. [21)).
If ¢ — 1, then equation (2) reduces to the following generating functions for
the generalized Eulerian type polynomials as follows:

. at —U 4y
gl—% Fy 4 (z,t;u,a,b) = N ub
o0 tn
= E Hn(x;u;a,b;)\;l)—'
— n!

(¢f. [22, Definition 4.1], [23]). In the above equation, if we set a = 1 and
b = e, we have the generating functions for the Apostol-type Frobenius—Euler
numbers and polynomials, respectively, as follows:

1—u ad t"
4 = H, (\u) —
@ e 2 )
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and
(5) 1_“ ZH (23 )\|u =

(cf. [3,22]). That is,
H, (Mu) = Hp (u;1,e5051),
and
Hy (2 Mu) = Hp (23031, e5051) .
For a =1, A =1 and b = e, the functions F) 4 (t;u, a,b) and the functions
Fy ¢ (z,t;u, a,b) reduce to the generating functions for the g-Frobenius-Euler
numbers and polynomials, respectively as follows:

1 e e[n]t e t'n
(6) Fl’q (t’ U, 1’ 6) = Fuaq (t) - (1 B > umn - nz: Hn (U,, q) ma

u

n=0 =0
and
1 e e[n+z]t
(7) Fig(z,tu,1,e) = Fy, (tz) = (1 - u) > -
n=0
= Z Hy, (%,u,q) ]
n=0
That is,
(8) Ha (u;1,e515q) = Hy (u,q)
and
(9) Hn ("E;u;Le;l;q) =H, (m,u,q)
(cf. [16,18)).
Moreover, in the special case of u = —1, (6) and (7) yields the generating
functions for the ¢g-Euler numbers and polynomials, respectively, as follows:
o] " . (o) tn
) DISTILFLIES Sy
n=0 n=0
and
3 ) S
n=0

Namely,
(10) Hn (_1§1>€§1;Q) :En,q7
and
(11) Ha (25 =11, e515q) = By g (2)

(cf [14,21,25,27)).
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Note that, for A = 1, (4) and (5) reduce to the generating functions for the
Frobenius—Euler numbers and polynomials, respectively as follows:

1—u tm

(12) i DL O
and

l—u ,, = "

et —u :ZHn(x,u) I

n=0

that is,

Hy (z5u) = H, (23031, 6515 1)
and

Hy, (u) = Hp (us1,e51;1)
(cf. [16,18,21,23,28,32)).
In [31, Eq. (21)], Srivastava et al. gave the following special case of the
generalized Bernoulli polynomials

tctm 0 tn
(13) Fp (t;z;A50,0,¢) = Nt — ot Z:OBn (3 Asa,b,¢) e

where a,b,c € RT and a # b.
The polynomials Y, (x; \; a) are defined as follows (see, e.g., [1,21,22,24])

t - tn
14 ——a"t = A a)— >1
( ) )\atfla T;)Yn(x’)\’a)n!7 (Cl_ )
and for x = 0, these polynomials are reduced to the numbers Y;,(\;a) =
Y, (0; A\; a). Note that
Yo(z; Asa) =0,
1
Yi(z; M a) = 1
The Hurwitz-Lerch zeta function ® (A, s, a) is defined by:
oo Am
D(\ = —
( 757(1) 7nz::0(m+a)sv

where a € C\Z;; s € C when |z| < 1; R(s) > 1 when |z| = 1 and this function
interpolates the Apostol-Bernoulli numbers B, () with the following relation:
Bv+1 ()‘)

v+1
so that, the Apostol-Bernoulli numbers B, (\) is defined by the following gen-
erating function:

(15) O (N —v,0) = —

)

o0

t t"
Aet — 1 :ZBn(A)E

n=0
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(¢f [2,6,7,12,29,30]).
We note that a relation between the Frobenius-Euler numbers and the Apos-
tol Bernoulli numbers is given by

1—u 1
Hy (u) = mBn-i-l (u)
(cf [12,17]).

The Apostol-Euler numbers &, (\) are defined by (cf. [6,7,12,29,30]):

2 > tm
(16) P SLI s

The well-known relation between the Apostol-Bernoulli numbers and the Apo-
stol-Euler numbers is given as follows:
2Bn11 (=)
(7) Ea (V) = -
(cf. [6,7,12,29,30]).

This paper is organized as follows:

In Section 2, by using the generating functions for the g-Apostol type Froben-
ius-Euler numbers and polynomials and a method similar to that in [9] and [19],
we provide some alternative summation formulas including powers of consec-
utive g-integers. We give some special cases of the obtained summation for-
mulas. In Section 3, by using infinite series representation for ¢-Apostol type
Frobenius-Euler numbers and polynomials, we provide some identities and re-
lations associated with these numbers and polynomials. In Section 4, in the
light of Section 3, we define generating functions for new numbers and poly-
nomials. We give remarks and observations on these generating functions. In
Section 5, we give some recurrence formulas, finite sums and relations including
not only these numbers and polynomials, but also other special numbers and
polynomials. In Section 6, by applying higher-order derivative to these gener-
ating functions, we derive some new formulas including the Hurwitz—Lerch zeta
function, the Apostol-Bernoulli numbers and the Apostol-Euler numbers. In
Section 7, for an application of the generating functions, we derive a multiplica-
tion formula, which is very important in the theories of normalized polynomials
and Dedekind type sums. Finally, we give a remark and some observations on
this formula.

2. Some alternative summation formulas including powers of
consecutive g-integers

In this section, by using the same method as that in [9] and [19], we derive
some alternative summation formulas including powers of consecutive g-integers
arising from the generating functions for the ¢-Apostol type Frobenius-Euler
numbers and polynomials. We also give some special cases of our summation
formulas.
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From (3) and (2), we have

)\ n
Fyq(tu,a,b) — <> Fyq(n,t;u,a,b)
u

(D (ECT

A EC)

It follows from the above equation that

A n
Fy, (t;u,a,b) — () Fy 4 (n,t;u,a,b)
U

etlna n—1 A m
- (1= i t{m]lnb )
(-EC)

m=0

From the above equation, we have

o0 t”

A n
> (Hv (us a,b; A5 q) — (u> Ho (n;u;a,b; A;q)> i

v=0

:<1_i;)(tlna );}(Z( ) 1nb)>f;.

Using the Cauchy product in the right hand side of the above equation yields

oo v

AN\ t
Z (’HU (usa,b; A; q) — (u) Ho (n;u;a,b;A;q)) o

v=0

AONEEE
(S ()t S (2) ot 5

k=0 m=0

Comparing the coeflicient of % in the above equation yields the following the-
orem:

Theorem 2.1. Let n € Z+. Then we have
)\ n
(18)  Hy(usa,b;A;q) — <u> Hoy (n;u;50,b; 5 q)

- nz_:l <2>m([m]lnb)v—iz<k) Ina)’~ ’“ni( ) m]nb)".

m=0 k=0 =0
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Remark 2.2.
Hoy (u;a,b;0;q) — (2)n Ho (3 u;0,b; 5 9)
_ Tf (2)m ([m] nb)” — % Til <2>mz (Z) (na)’™" ([m]Inb)* .

m=0 m=0 k=0
By combining the above equation with the binomial theorem, we have

(19) Hoy (u;a,b;X;q) — <2>n7{u (n;u; a,b; X q)
e <2>m <([m] Inb)* — W) |

Substituting @ = 1 into the above equation yields the following corollary:
Corollary 2.3. Let n € Z*. Then we have
n—1 m —
A o _ uHy (ui1,b A5 q) — A" H, (w31, A q)
(200 > ( > (jm]Inb)" =

u u—1

m=0
Remark 2.4. If we substitute A = 1 and b = e into (20) and combining the
final equation with (9) and (8), we have a summation formula in terms of the
g-Frobenius—Euler numbers and polynomials as follows:

n—1

(21) Z [m]v _ ul, (u,q) — u"'H, (n,u,q)

S um N u—1
(ef- [9-13], [20, Theorem 3, Eq. (2.1)], [26]). In addition, taking A =1,b=¢
and u = —1 in (20) and combining the final equation with (11) and (10) yields
a summation formula calculated with the ¢g-Euler numbers and polynomials as

follows:

oy m R <_1)n_1 Ey 4 (n)
> 0" = /

(¢f. 19,11]). In the above equation, when ¢ — 1, we have

=, jmow Bt (-)""E,(n)
2(—1) m’ = 5

(cf- [9,11]).

Remark 2.5. In the special case when A =1, b = e and ¢ — 1, (20) reduces to
a summation formula expressed in terms of the Frobenius—Euler numbers and
polynomials as follows:

Z m' _ uH, (u) — u" " H, (n;u)
um u—1 ’
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where u € C\ {1} (¢f. [9,11,12]). Furthermore, if we take A=1,b=¢, ¢ — 1
and u = —a~", with o € C and |a| < 1, in (20), then we have

Ly g B 0" a2 )

m=0 2

)

where El(,ho), and E{") (n) denote the (h, ¢)-extension of Euler numbers and poly-
nomials, respectively (c¢f. [20, Theorem 3, Eq. (2.1)]).

3. Infinite series representation for g-Apostol type Frobenius-Euler
numbers and polynomials including their interpolation functions

In this section, we give infinite series representation for g-Apostol type
Frobenius-Euler numbers and polynomials including their interpolation func-
tions.

By (2), we get

o0 tm
Z Hm (QC;U;GJ, b; Aaq) 7'
m=0
- Z (Z (u) (In + ] lnb)m> —
m=0 \n=0 :
1 oo " m o0 oo )\ n m tm
- Z (Ina) — (Z (u) ([n+ 2] Inb) ) —
m=0 m=0 \n=0
A use of the Cauchy product in the above equation yields
S tm
Z Hm (x,u,a,b, >\7Q) ﬁ
m=0

iy (Z (b) a2 (2) el b)’“> c.

Comparing the coefficient of %ﬂ, in the above equation yields the following
theorem:

Theorem 3.1. Let |\| < |u|. Then we have
Hon (23050, A5 q)
- nz::O (2) ([n+ 2] Inb)™ — ikz_o (?) (lna)mfknz::o <2> ([n+ ] Inb)* .
Remark 3.2. By substituting x = 0 into the above equation, we have
(22)  Hum (wsa,b;A:9)
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_ i(i)n([ JInb)™ uz<k) (Ina)™" ’“Z( > n]Inb)* .

n=0 k=0
Remark 3.3. Substituting a = 1 into (22), we have

Hm(u;l,b;/\;q):i<2>n[] (Inb)™ i( )n (Inb)™

n=0 n*O
1\ o« (A" m
(23) = (1 - u) nz:% (u> ([n]Inb)™ .
Remark 3.4. Substituting a = 1 and b = e into (22), we have
I\ o= /\\". .m
When we modify (3), we have
tm

(24) Z(u) plnlt = (u—at> Z’Hm(wa,b;/\;q)%
m=0

n=0

Thus, we have

3 (u> ()™ — = u_ln;’ﬂm (u;a,b; X 9) — <u_etlna)

m=0n=0

Combining the above equation with (12) yields

0o 0 )\ n mtm ” o tm

m=0n=0 m=0
tm
X Z 1na —.
m/!

Using Cauchy product in the above equation yields
i
0 u

mOkO

tm

( ) (Ina)™" k?—lk (u;a,b;\;q) Hypp— g (1) —

m!’

Comparing the coefficient of % in the above equation yields the following
theorem:

Theorem 3.5. Let |A| < |u| and a # 1. Then we have

o S () () - gy B () el fsle)

n=0
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Remark 3.6. We can also write (25) as follows:

(20) > (2) o

n=0

m
u

- Z (7:) (Ina)™ " Hy (us a,b; X5 q) Hy—, (1) .

u—1
k=0

Substituting @ = 1 into (26), we have

nz:% (2) ([n]Ind)™ = - ﬁ 17—[m (u;1,b; \; q) Hy (u).
Since

Hy(u) =1,
we have

> (2) wimyn = S a3,

n=0

asin (23). If A =1 and b = e in the above equation, by (8), one can easily find

oo n m U
lg(u, —m):Z [u]” = u—le (u,q),
n=0

where [,(u, s) denotes a complex analytic [,-series which was constructed by
Satoh [15] and investigated by Tsumura [33] in p-adic and twisted cases, re-
spectively.

Remark 3.7. Equation (26) gives us another interpolation functions for the
numbers Hy, (u; a, b; A; ¢) and the numbers Hy, (u). If we replace m by —s € C,
we get the following [,-type series

— (A" 1
(27) lg(s,usb; 0) = Z <> —_—.
~\u/ ([n]lnd)
By using (25), for a # 1, we set

(28) T (us 0, b3 A; q) = (li)i@)n([n] Lrii)ﬂl

n=0

(0 Hy (usa,b5 05 q) Hp—i (1)
(29) - : .
kz_o (k) (In a)k

We also set an interpolation function for the numbers Z,, (u;a,b; A; q) as
follows:

(30) L (s usa,bi ) = (1 - i) > <2>n m

n=0
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where s € C, [2| <1, a € RT\ {1}, b € RT and In (z) denotes the principal
branch of the multi-valued function In (z) with the imaginary part Im (In (z2))
constrained by —m < arg(z) < w and |z| > 0.

Substituting m by —s € C into the above equation, we have

ly(=m,u;a,b; \) = T, (u;a,b; X5 q) -

Since
U —s
— (Ina) ™" lg(s,u;a,b;X) = Uy(s,u; b; A),

substituting m by —s € C into (30) yields

U = (m m—
lg(=m,u;b; \) = — Z (k) (Ina)™ * My (w; a,b; A; q) Hy—po ().
k=0

When a — 1 in (30), we get
. b — D (s ()
il_% Zq(s7uaa7ba )‘) - C)\7q (87’&, 17b) - (1 u) nz::o <u> ([n] lnb)sv

where ngl)} (s;u, 1,b) denotes the following zeta function (cf. [4, Definition 5.1]):

-2 () > (wijﬁ)((v—j>1nal+[n11nb>w

ni,n2,...,M,=0

with Re (w) > 0 and

ny+no+---+n, =n.

4. Observations on generating functions for the numbers
T (uj a, b; A; q) and polynomials Z,, (x; u; a, b; A; q)

In the light of previous section, we here give generating functions for the
numbers Z,, (u;a,b; A;q). We also define the polynomials Z,, (z;u;a, b; A; q)
with their generating functions.

Now, we define generating functions for the numbers Z,, (u; a, b; A; q) as fol-
lows:

]. s )\ " Inb
1 =(1-= Z) eflrln
2 (-0 G)

where a # 1.



276 I. KUCUKOGLU AND Y. SIMSEK

Remark 4.1. Upon setting ¢ — 1 in (31) and using (4), we get for ‘%et%

that

<1

1—u
lim Fz (t,u;a,b;\;q) = —53 .
q—1 Aefma — 1

That is,
Inb\™
m(wa,b; A1) = | — | Hpy (Au).
L wa,bixit) = (122) Hy O

By using (31), we also define the polynomials Z,, (z;u;a,b; A; ¢) with the
following generating functions

1 > A " Inb
2 tu: b\ =[(1== § _ tn+z] i,
(3 ) GI (‘T7 yusa, 7>‘aq) < u) ( ) € !

u

n=0

=Y T (w5u;0,; M )
m=0

mv
where a # 1. It should be noted that
(33) i (w5005 q) = L (03450, b5 X5 q) -

Combining the above equation with (31) yields the following functional equa-
tion:

(34) Gz (z,t;u;a,b; \;q) = €108 Fr (¢"t, usa,b; 0, q) .
It follows from the above functional equation that

> -~ Inb\" " & L
mX::OIm (@ usa,b; 25 q) — = mZ::O ([I} lna) mmzofm (u;a,0:%4) ¢ .

Using the Cauchy product in the above equation and comparing the coefficient
of % yields the following theorem:

Theorem 4.2. Let a # 1. Then we have

" /m mb\™7
(35) T (23 u50,b5 X; q) ]E:o (]) ([:v] 1na> q7I; (uya,b; \; q)

Remark 4.3. Substituting a = e into (31) and (32) respectively yields
Fxq(tu,1,0) = Fr (t,uje, by A; q)
and
Fyq(z,t;u,1,b) = Gz (x,t;u;5e,b; A5 q) .
Hence, we have
Hom (031,05 X;9) = L, (w3 €, 03 A5 q)
and
Hon (25u51,0;X59) = T (x5 u5 6,05 X5 q)
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Moreover, by the above relations, (20) may also be written as follows:

i( > m by’ = Lo (b Aiq) = A", (s ws e, b i)

u—1

5. Recurrence relations and finite sums

In this section, by using generating functions, we derive recurrence formu-
las for the polynomials Y,,(z;A;a) and the numbers Z,, (u;a, b; A; q). More-
over, we give a relation between the polynomials Y,,(z; A; a) and the numbers
T (u;a,b; X;q). Finally, we give finite sums related to the aforementioned
numbers and polynomials.

By using (14), we have

S nt" = " V- "
tnzzzo(xlna) a:)\nz::o(lna) m;Yn(x;/\;a)m—;Yn(m;)\;a)a.

Using Cauchy product in the above equation yields

o0

"
Zn(mlna)" 1—'
n!
n=0
:i A i " (Ina)" 7 Y;(z; X;a) | — Yala; X a) ﬁ
o = ] VAGERAY) 5 A\ n

Comparing the coefficient of L; -1 in the above equation yields a recurrence for-
mula for the polynomials Y,, (m A; a) given by the following theorem:

Theorem 5.1. Let a > 1. Then we have
(36) n(zna)""" + Y, (2;\;a) = AZ() lna"JY(:L’)\a)

We modify (36) by the following corollary:
Corollary 5.2.
n(zlna)" ' =A(Y(z; X a) + Ina)" — Yy (z;\; a),
where Y™ (x; \; a) replaced by Y, (x5 \;a).

In order to prove Theorem 5.3, we firstly give the following generating func-
tion for the g-Bernoulli type numbers A, (A; b, u; ¢) associated with the positive
real parameter b and the complex parameters u and \ as follows:

o]

(37 Faltbug=Y) () bl = ZA (Asby i)

n=0
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which, in the special case when ¢ — 1, reduces to
1 A
lim Fu (t;\;b,u;q) = —=Fp (t;O; —;1,b, c) .
q—1 t u
Hence, the relation between the polynomial B, (x; A;a,b,c) and the numbers
Ay, (A;b,u; q) is given by
Bn+1 (0 A; 1, b7 C)

‘u

n(Arbyusl) = —
Ay (Ab,u;1) ]
Secondly, by modifying (24), we get
1 t G "= (A"
Bl ca b \ig) — = z [n]t
(=) 3 i 50) = (3) o
Combining the above equation with (14) and (37), we have
& 1 m 0 tm > m
> Y (u;a>m! Hm(u;a7b§)‘§Q>m:_tZAm()vau;(Z)ﬁ'
m=0 m=0 m=0

Using Cauchy product in the above equation yields

S (W)Hj (u;a,b;A;q) Yin—j (1%a> tﬁ
=\= j u m:
o0 tm

= =) mAm1 (Aib,usq) —.

m!
m=0

t"YL
m!

Therefore, comparing the coefficient of in the above equation yields the

following theorem:

Theorem 5.3. Let m € N. We have

- 1
38) > (T]n)% (u;a,b;A;:q) Yin—j (u;a> =-—mAp_1 (A b,u;q).

3=0
Remark 5.4. When ¢ — 1 and A = 1, (38) reduces to Theorem 4.1 in [24].

By modifying (31), for a # 1, we have

o0 oo n
tm 1 __Inb A q"™1Inb
E T (wa,b;0;q) — = (1 — = ) eT=otna’ E Z) e Dnmal,
m! U u
m=0 n=0

After some calculations in the above equation, we obtain

m=0

y > Inb " Lo
\(¢—1na) u—Agmml

m=
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Therefore
o0 tm
D T (30,505 9) —
m!
m=0
> Inb m& m 1 tm
(u )Z<(q1)ma) 21 (j)uxqﬂm!

m=0 =0

Using the Cauchy product in the above equation and comparing the coefficient
of fn—, in the above equation yields the following theorem:

Theorem 5.5.
(39) T (usa,bXiq) = (u—1) (@_ﬁ;’ln)m i(—l)’"-ﬂ' (m) =

J

Remark 5.6. If we set A = 1, a = b = e and replace u by ™!, then we have
the following equation which was given by Srivastava et al. [32, Eq. (10.3)]:

1 l—u & j(m 1
H (u 1Q|1)=w§(—1) (j)lqiu’

where H (u_l : q\l) denotes the Euler-Barnes’ type Daehee g-Euler numbers.

Substituting (39) into (35), we derive an explicit formula for the polynomials
T (x;u;a,b; \; ) by the following corollary:

Corollary 5.7.
1 m m .
(40) I (Z‘; w; a, by A; q) = (u — 1) <nb> Z <m> [x]m j

Ina =\J

" (qq—wly é(l)” ()

v

Combining (39) with (29) and using (33) yields

w0 (25 e (M)

v=0

- zm: (Z) (na)™ ™" Hy (u0,b5%; ) Hyn s (u)

k=0

When ¢ — —1 in (19) and after some elementary calculation, we get the
following theorem:

Theorem 5.8.

(41) nf (2)m: u(lnb)v—u(ln(ab))v

m=0
m odd
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. M\
x Um | H, (usa,b;7;9) — | =) Ho (njusa,b;05q) ) .
q——1 U
Substituting @ = 1 and b = e into (41) yields the following corollary:
Corollary 5.9.

n—1 m n
A U . A
. (3) =t (- (3) st k)

m=0
m odd

6. Identities derived from differential equation for the function
Fz (t,usa,b;);q)

In this section, we give a higher-order partial differential equation of the
generating function F7 (¢, u;a,b; A; ¢). By using this equation, we derive some
new formulas including the Hurwitz—Lerch zeta function, the Apostol-Bernoulli
numbers and the Apostol-Euler numbers.

Differentiating v times both side of (31), with respect to ¢, yields, for a # 1,

(42) gtv Fr (t,u;a,b; ;5 q)
B 1\ <= /A" b\ me
(=05 0) () -

Inb Y 1 = A " 1-— qn Y Inb
- 1—= - tn] e .
(me) (-0)%0) (+5) -
Combining the binomial theorem with the above equation, we have
a’U
otv

() (DS (R e

§=0 n=0

Fz (t,u;a,b;X;q)

Hence, we get the following partial differential equation

o Inb v _ifv .
Fr(tuabhag)= ) S (=17 (") Fr (t,usa,b:7¢"3q) -
otv z(tui0,b; ) <(1—q)lna) (=1) <j> I(,u,a, 1A ,q)

Jj=0

Combining the differential equation with (31) yields

D Tmiw (0,505 9) —
m=0
- Inb ' _i (v ; tm
= —_ -1)" L (u;a,b; g7, —.
S | (ams) S0 () wabe i) |
m=0 7=0
Comparing the coefficient of % in the above equation yields the following

theorem:



IDENTITIES AND RELATIONS ON THE ¢-APOSTOL TYPE FROBENIUS-EULER 281

Theorem 6.1. Let a # 1. Then we have

Inb ' i (v .

T . ) — 1 v=J T . . v—7J. .
m+uv (u,a, b7 AvQ) <(1 _q) lna) JZ:( ) () m (U,CL, b7 Aq 7Q)
From (42) and (28), we have

av
=1y (usa,b; A1)
BT . (u; a,b; As q)

If ¢ — 1 in the above equation, then we have

FI (tau;a,b;)\;q)

U

“(na) (0)2 (o).
0 Ina U U

Combining (43) and (15) yields the following corollary:

(43)  lim 0

lim = Fr (t,u;a,b; A; q)

Corollary 6.2.

v

Ind : l,l B”"‘l(%)
-0 Ina u v+1

Fr(t,uia,bi;q)| =

(44)  lim 38

q—1 OtY

Substituting @ = b = e and u = —1 into (44) and using (17) yields the
following corollary:

Corollary 6.3.
%
lim
q—1 OtV

FI (ta_1>e7€7)‘7q) :gv (A)

t=0

7. Multiplication formula for the polynomials Z,, (z; u; a, b; A; q)

In this section, by using generating function techniques, we derive a multi-
plication formula for the polynomials Z,, (x; u; a, b; \; ). We also give a remark
and observations on this formula.

Substituting n = md 4+ k, m =0,1,...,00, k=0,...,d — 1 into (32) yields

1 oo d—1 A md+k md ik ]1 .
vt B X ) — t[md+k+z] 52
Gz(x,t,u,a,b,)\,q)—<1—u>Zz<u> e na

m=0 k=0
Using (1) in the above equation and some elementary calculation yields
Gz (z,t;u;a,b; ) q)

d d—1 k oo a\ m
) _ _u 1(1_1>Z(A) Z(Ad) Helmt =g ot
u” — u u u
k=0

m=0

By (45), we obtain the following functional equation:
Gz (z, t;uya,b; A q)

46 d_ ,d—1\ 9=1 k
e (udu1> > ()\> Gz (Tyt[d];ud;mb;)\d;qd).
u- — u

k=0
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Combining (46) with (32), we get

0 4m wd — d=1\ 0k
I (z5u50,000¢) — = | —F——— -

Z (z3uia q)m! ( ud —1 )%(u)

m=0
Zoo etk g o oya a) @A)
X mZOIm (d,u ,a,b,)\ 5 q T

m

— in the above equation yields the following

Comparing the coefficient of
theorem:

Theorem 7.1.
T (z5u3a,b; X; q)

(47) u® — 41 =R r+k 4 a
- <Ud—1> [d] Z(U) ITn (dvuvaabaA aq>

k=0
Replacing = by xd in (47), we also get the following multiplication formula
for the polynomials Z,, (z;u; a,b; A; q):
Corollary 7.2.
L (wd; us a, by A; q)

(48) u? =t e AN ko y
- <ud—1> [d] ];)(U) Im (m+d7u7aaba>‘ aQ>

Remark 7.3. Substituting a = b =¢, A =1 and ¢ — 1 into (48), we have the
following known multiplication formula (see [22, Eq. (27)]):

ud — a1\ S 1\F ko
T (vd;use,e;151) = <ud—1) d ];) <u) - <x+ rik ;6,6;1;1> :
Here, if we take u = —1 (with odd d integer) into the above equation, one has
the multiplication formula for the Euler polynomials. Thus, these polynomials
are member of the normalized polynomials which satisfy the following relations:

d-1
fo (zd) = d"! Z I (:I: + I;) ,
k=0

where f,, is a polynomial and such polynomials have many applications in the
theory of polynomials in finite fields and also the theory of Dedekind type sums
(see, for details, [5] and [22, p. 19]; see also the references cited in each of these
earlier works on the subject).
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