J. Korean Math. Soc. 56 (2019), No. 1, pp. 183-195
https://doi.org/10.4134/JKMS.j180130
pISSN: 0304-9914 / eISSN: 2234-3008

ON SOME TYPE ELEMENTS OF ZERO-SYMMETRIC
NEAR-RING OF POLYNOMIALS

EBRAHIM HASHEMI AND FATEMEH SHOKUHIFAR

ABSTRACT. Let R be a commutative ring with unity. In this paper, we
characterize the unit elements, the regular elements, the m-regular ele-
ments and the clean elements of zero-symmetric near-ring of polynomials
Ro[z], when nil(R)? = 0. Moreover, it is shown that the set of 7-regular
elements of Ro[z] forms a semigroup. These results are somewhat sur-
prising since, in contrast to the polynomial ring case, the near-ring of
polynomials has substitution for its “multiplication” operation.

1. Introduction and preliminary definitions

Through this paper, all rings are commutative with unity and all near-
rings are abelian left near-ring with unity. A set N together with two binary
operations “+” and “-” is called left near-ring if (N, +) is a group, (N, ) is a
semigroup and a- (b+c¢) =a-b+a-cfor each a,b,c € N. If (N,+) is abelian,
then we call N abelian.

For a near-ring N, Ny = {a € N | 0-a = 0} is called the zero-symmetric
part of N, N. ={a € N | 0-a = a} is called the constant part of N. A near-
ring N is called zero-symmetric if N = Ny. A near-ring N is called constant
near-ring if N, = N. Also, a subgroup M of a near-ring N with MM C M
is called a subnear-ring of N. Thus Ny and N, are subnear-rings of N. The
most general class of examples of zero-symmetric near-rings comes from the
following construction: Let (G,+) be a not necessarily abelian group. Then
the set My(G) of all functions f : G — G with f(0) = 0 under pointwise
addition + and function composition o determines a zero-symmetric near-ring
(My(G),+,0). Evidently, also each ring is a zero-symmetric (left) near-ring
and so we may view near-rings as generalized rings. For basic definitions and
comprehensive discussion on near-rings, we refer the reader to [11].
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Recall that, a near-ring N is a near-field, if every nonzero element a € N
has multiplicatively inverse a~'. Thus the nonzero elements of N form a group
under multiplication.

A subgroup M of (N,+) is called N-subgroup, ift MN C M. It is proved
that N is a zero-symmetric near-ring if and only if each right ideal of IV is an
N-subgroup of N by [11, Proposition 1.34]. A zero-symmetric near-ring N is
called local if L = {k € N | kN # N} is an N-subgroup. Near-fields are local
near-rings with L = 0. Maxson in [9, Theorem 4.2], proved that if N is a local
near-ring, then N contains no idempotent other than 0 and 1. A near-ring N
is called integral, if N has no nonzero zero divisor.

For a near-ring N, nil(N), idem(N) and U(N) denote the set of all nilpotent
elements of N, the set of all idempotent elements of N and the set of all units
of N, respectively. Given a ring or near-ring N, we say that it is reduced if it
has no nonzero nilpotent element. Also, we write Z;(N), Z.(N) and Z(N) for
the set of all left zero divisors of IV, the set of all right zero divisors and the
set Zy(N) U Z.(N), respectively.

An element a of a near-ring N is called regular if there exists b € N such that
a = aba. The set of all regular elements of N is denoted by vnr(N). A near-ring
N is called regular, whenever vnr(N) = N. For example, every constant near-
ring is regular. Further, Beidleman in [2], proved that the near-rings M(QG)
and My(G) are regular. Also, he showed that a regular near-ring with identity
contains no nonzero nil N-subgroup. In [4], Chao proved that if N is a reduced
zero-symmetric near-ring with unity, then N is regular if and only if aNV is a
direct summand of N for each a € N. According to [11, p. 347], a regular
near-ring with identity is integral if and only if it is a near-field. Properties of
regular near-rings have been studied by Ghoudhari, Goyal, Heatherly, Hongan,
Ligh, Mason and Murty. Their main results are suggested in the book [11].

A near-ring N is said to be m-regular if for each element a € N, there exists
a positive integer n such that a™ is a regular element, that is, a™ = a™ba™ for
some b € N. Such an element a is called m-regular. The set of all w-regular
elements of N is denoted by m — r(N). Clearly every regular near-ring is -
regular, but Cho in [5] gives an example of a m-regular near-ring which is not
regular. As in [10] for a ring, we say that an element @ of a near-ring N is clean
if a is the sum of a unit and an idempotent of R. The set of all clean elements
of N is denoted by cln(N). Moreover, N is said to be a clean near-ring if
cln(N) = N.

We say that a subset S of a ring or near-ring is locally nilpotent if for any finite
subset {s1,$2,...,5,} C S, there exists an integer k such that any product of
k elements from {s1, 82,...,$,} is zero. In other words, S is locally nilpotent
if any subring without identity generated by a finite number of elements in S
is nilpotent.

Let R be a ring. Since R[] is an abelian near-ring under addition and sub-
stitution, it is natural to investigate the near-ring of polynomials (R[z],+,0).
The binary operation of substitution, denoted by “o”, of one polynomial into
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another is both natural and important in the theory of polynomials. We adopt
the convention that for polynomials (z)f = >"1", a;z" and (z)g € R[z],

2f =Y ail(@)g)
i=0

For example, (ag + a1z) o 22 = (ag + a17)? = a3 + (apa; + a1ap)x + a3z>.
However, the operation o, left distributes but does not right distribute over
addition. Thus (R[z], +,0) forms a left near-ring but not a ring. We use R[z]
to denote the left near-ring (R[z],+, o) with coefficients from R and Ry[z] =
{(z)f | (x)f has zero constant term} is the zero-symmetric left near-ring of
polynomials with coefficients in R. Also, for each (z)f = > /" a;z" and (z)g =
> i—obja’ € Rlz], we write (z)f(z)g = Z:)n(ziﬂ.:k aibj)zk.

In this paper, we characterize all of the unit elements, the regular elements,
the m-regular elements and the clean elements of the zero-symmetric near-
ring Ry[r], when R is a commutative ring with nil(R)? = 0. Also, we prove
that vor(Rp[z]) is a subnear-ring of Rg[x] if and only if vor(R) is a subring
of R. Moreover, it is shown that the set of m-regular elements of Rg[z] is
multiplicatively closed. These results are somewhat surprising since, in contrast
to the polynomial ring case, the near-ring of polynomials has substitution for
its “multiplication” operation.

2

2. Regular elements

In this section we investigate regular elements of the near-ring Ry[z], when
R is a commutative ring with nil(R)? = 0.

Theorem 2.1. Let N be a near-ring with central idempotents.

(1) Let a € N. If aba = a for some b € N, then ab = ba is an idempotent

of N.

) vor(N) is multiplicatively closed.

) var(N) Nnil(N) = {0}.

) UN)UIdem(N) C var(N) CU(N)UZ(N).

) var(N) = U(N) U {0} if and only if Idem(N) = {0,1}. In particular,
var(N) = U(N)U {0} if N is either integral or local.

(6) vor(N) contains a nonzero nonunit if and only if Idem(N) # {0,1}.

Proof. (1) Let a € var(N). Then a = aba for some b € N. Hence ab = (ab)? =
abab = a(ba)b = (ba)ab = b(ab)a = (ba)? = ba, since ab and ba are central
idempotents.

(2) Let a,a’ € vor(N). Then a = aba and @’ = a’ca’ for some b, c € R. Since
idempotent elements of N are central, it follows that aa’ = (aba)(a’ca’) =
aa’(cb)aa’ by (1).

By a similar argument one can prove the other statements. (I

Proposition 2.2. Let N be a near-ring which whose idempotents are central.
If a € var(N), then there exists a unique b € N with aba = a and bab = b.
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Proof. Suppose that a € vor(N). Then a = aca for some ¢ € N. Let b = cac,
hence ca = ac € Idem(N) by Theorem 2.1. Thus aba = a and bab = b. Now
assume that there exists by € N such that abja = a and byaby = b;. Thus
bia = ab; € Idem(N) by Theorem 2.1. So we have by = byab; = by(aba)by =
b1 (abia)b = byab = by (aba)b = babyab = b. Therefore b is unique. O

Since every idempotent is central in each commutative ring, then by [7,
Lemma 2.1], we have the following result.

Lemma 2.3. Let R be a commutative ring and (x)f € Ro[z]. Then (x)f is
an idempotent element of the near-ring Ro|x] if and only if (x)f = eyx, where
e1 is an idempotent of R. In particular, the idempotent elements of Ry[x] are
central.

For each (z)f € Ry[z] and positive integer n, we write

(@) /) = (@)f o (z)fo---0(x)f.

n

Lemma 2.4. Let R be a reduced commutative ring and (z)f = Y v, a;z’,
(x)g = Z?:l bjz! € Ro[z]. If (x)go (z)f = cx, then a1by = ¢ and a;b; = 0 for
i+ #£2.

Proof. Let n = 1. Then (z)go (z)f = a1(b1z) + -+ + am(byz)™ = cx. Hence
a1by = c and a;b;y =0 for i = 2,...,m, since aibi1 = 0 and R is reduced. Now
assume that n > 1. Then we have

(21)  (2)go (2)f = a1(()g) + az((2)g)> + -+ + am((z)g)™ = cx,

which implies that a;1b; = ¢ and a,,b])" = 0, since it is the leading coeflicient of
Eq. (2.1). Thus amb, = bpa,;, = 0, since R is reduced. By multiplying b, to
Eq. (2.1), we obtain

(2.2) bnay ((2)g) + bpaz((2)g)? + -+ + bpam_1((x)g)™ ! = byca.

Hence b,a,;,—1(b,)™ ! = 0, since it is the leading coefficient of Eq. (2.2).
Therefore b,a,;m,—1 = @m-1b, = 0, since R is reduced. Inductively, we have
bpa; = a;b, =0 for i =1,...,m. Hence from Eq. (2.1) we have (Z?;ll bjzl) o
(>, a;z*) = cz. Continuing this process, one can prove that bja; = a;b; =0
for i+ j # 2. O

It is well known that if R is a commutative ring, then (z)f = > -

=0 aixi
is a unit element of the polynomial ring Rx] if and only if agp € U(R) and
ai,...,an, € nil(R). In the next theorem, we determine unit elements of the

near-ring Ro[x], when R is a commutative ring with nil(R)? = 0.

Theorem 2.5. Let R be a commutative ring with nil(R)? = 0. Then (z)f =
Yot aizt € U(Rolz]) if and only if a1 € U(R) and aa, . .., ay, € nil(R).
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Proof. Suppose that (z)f € U(Rp[z]). Then (x)f o (x)g = (x)go (z)f = x for
some (x)g = E?Zl bjz? € Ro[z]. Since nil(R) is an ideal of R, it follows that
R = R/nil(R) is reduced and so (x)fo (z)g = (z)go (z)f = 1z = (1 +nil(R))z,
where (z)f = 31" (a;+nil(R))2" and (z)g = > iy (bj+nil(R))2’. By Lemma
2.4, @by =bia; =1 and bya; =0 for i = 2,...,m, which implies that @; = 0
fori=2,...,m. Since nil(R) C J(R), it follows that a; € U(R) and a; € nil(R)
fori=2,...,m.

Conversely, let (z)f = apz + a12% + -+ + a,2" ™1, where ag € U(R) and
ai,az,...,a, € nil(R). We show that (z)f has right and left inverse. Since R
is commutative, then (z)f1 = ap + a1z + -+ + a,z™ is a unit element of the
polynomial ring R[z]. Thus there exists (x)g = bp+b1z+- - -+b 2™ of R[z] such
that (z)fi1(x)g = (z)g(x)fi = 1. Hence by € U(R) and by,...,b, € nil(R).
Since nil(R[z]) = nil(R)[z], it follows that (z)g1 = biz+- - -+b,, 2™ is anilpotent
element of the polynomial ring R[z] and so there is a non-negative integer k such
that ((x)g1)* = 0, which implies that deg[((z)g)!] < (k — 1)m for each t > k.
Put 7 = (k—1)m. We have to find (z)h = hyz +hex® + -+ h, 12" € Rylx]
such that (x)f o (z)h = z. Then we have

(@)fo(x)h =2
& hi((@)f) +ha((@))* + -+ hega (@) /) =2
& [h 4+ ha((@)f) + -+ hepa (@) ) N2) f = 2
< [h+ho((2)f) 4+ + B ((2) ) (@) fr = 1
& [h +ho((@)f) + - + kg ((2) )] = (2)g
& [haz((z)f1) + - + hepr2" ((2) f1)"] = (¥)g —
& [hox + -+ hepra"((2) 1) (@) f1) = (2)g —
& [haw + -+ hepa”((2) /1)1 = ((2)g — ha)(2)g
& [haa®((2) f1)+- - +hepaa" () f1) = ((2)9)? —hi ((2)g) — hox
& [hga? +- -+ hepra () 1) 2((@) f1) = ((2)9)* = ha ((2)g) — how
& [haa®+- -+ hp iz () f1) 72 = ((2)9)° —hi ((2)g9)? —haw(()g)

& ((2)9)"" = ha((@)g)" = = hea" " (@)g = hygra” =0
< hy = by, ho = boby, h3=b%b2+b0b%, ceey
hepr = Y biobig —he Y by b — = Dby,
Q14 i1 =1 i1+ Fin=r

where b;; € {bo,b1,...,by} for j =1,...,7+ 1. Hence (x)h is a right inverse
for (z)f.
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Since by € U(R) and {by,...,b,} C nil(R), hence h; € U(R) and {ho,...,
hr41} C nil(R). Thus with a similar argument as used in the previous para-
graph, one can find (x)k € Rg[z] such that (z)h o (z)k = x. Hence (x)h €
U(Rplz]), which implies that (z)f € U(Ry[z]). O

Corollary 2.6. Let R be a commutative ring with nil(R)? = 0. Then U(Ry|x])
= U(R)x + nil(Ry[z]). In particular, if R is reduced, then U(Rp[z]) = {uzx |
u e U(R)}.

Corollary 2.7. Let R be a commutative ring with nil(R)?> = 0 and (z)f €
Rolz]. If (x)f has right or left inverse, then (x)f is invertible in Rg[z].

Proof. Tt follows from the proof of Theorem 2.5. O

Let R be a commutative ring and a € R. Anderson and Badawi [1, Theorem
2.2], proved that a € vnr(R) if and only if a = ue for some u € U(R) and
e € Idem(R). In the next proposition, we extend this result to the near-ring
R() [:17]

Proposition 2.8. Let R be a commutative ring and (z)f € Rolz]. Then the
following statements are equivalent:
(1) (2)f € vor(Rolz]).

(2) (#)f = (x)f o (x)uo (x)f for some (x)u € U(Rolz]).
(3) (x)f = (z)uo (x)h for some (x)h € Idem(Ry[z]) and (x)u € U(Ry[z]).

Proof. (1) = (2) Let (x)f € vnr(Rplz]). Then (2)f = (x)f o (z)g o (x)f for
some (z)g € Roplz] and so we have (z)f o (z)g = (z)g o (z)f € Idem(Ry[x])
by Theorem 2.1. Thus (z)f o (z)g = ex for some e € Idem(R) by Lemma 2.3.

Clearly, 1 — e is an idempotent of R. Let (2)u = ex o (z)g+ (1 — e)z. Then by
using Lemma 2.3, we have

(@)uol(x)f + (1 —e)x]
= (@uo (2)f + (r)uc (1 —e)x

[exo(x)g+ (1 —e)x]oexo(x)f + [exo(x)g+ (1 —e)x]o (1 —e)x

=exolero(r)g+ (1 —e)z]o(x)f +[exo(x)g+ (1 —e)a]o(l—e)x
=exo(x)go(z)f+(1—e)x
=ex+(l—e)x

and so (z)u is invertible in Ry[x] by Corollary 2.7. Further, (1 —e)z o (z)f =
(#)f o (1— ez = (2)f — (2)f o ex = ()f — (2)f o (x)g 0 (2)f = 0 by Lemma
2.3 Hence (2)f o (z)uo (x)f = (x)f o e o (2)g + (1 — e)o)] o (x)f = [((x) o
ex)o(z)g+ (z)fo(l—e)z]o(a)f = (z)fo(z)go(z)f = ()]

(2) = (3) Assume that () f = (x)f o (x)vo (x)f for some (x)v € U(Rglx])
and let u(z) = (x)v=! € U(R 0[33]) Since (z)h = (z)v o (x)f € Idem(Ry[x]), it
follows that (z)uo (z)h = (z)v=to (x)vo (z)f = (x)f.
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(3) = (1) Suppose that (z)f = (z)u o (z)h, where (x)u € U(Rp[z]) and
(x)h € Idem(Rg[z]). Hence by Lemma 2.3, (z)h = ex for some e € Idem(R). So
(x)f = (z)uoex = exo(x)u, since ex is central. Therefore (z)fo(x)u=to(z)f =
(exo(z)u)o(z)u=to(z)f = exo(x)f = ero(x)uoexr = (z)f, since idempotents
of Ry[z] are central. O

Now we give a characterization of regular elements of Rylz], when R is a
commutative ring with nil(R)? = 0.

Theorem 2.9. Let R be a commutative ring with nil(R)? = 0. Then
var(Ro[z]) = { Y7, aix’ € Rolz] | n > 1, a1 = ue and a; € e(nil(R)) for each
i > 2, where u € U(R) and e € Idem(R)}.

Proof. 1t follows directly from Proposition 2.8, Theorem 2.5 and Lemma 2.3.
O

Corollary 2.10. Let R be a commutative ring with nil(R)?> = 0. If R is
reduced, then vor(Ro[z]) = (vor(R))z. In particular, if var(R) is a subring of
R, then var(Ry[z]) = (vor(R))x.

Proof. If nil(R) = 0, then vnr(Rp[z]) = (vor(R))z by Theorem 2.9. Now,
assume that vor(R) be a subring of R. Then by [1, Theorem 2.9], R is reduced
and so the result follows. O

Theorem 2.11. Let R be a commutative ring with nil(R)? = 0. If var(Ro[z])
is a subnear-ring of Ro[x], then R is reduced and vnr(Ry[z]) = (var(R))x.

Proof. Let (x)f be a nilpotent element of Ry[z]. Then by Theorem 2.5, z +
(x)f € U(Rp[z]) C var(Rp[z]). Since vnr(Rp[z]) is a subnear-ring of R[],
we have (z)f = —z + (v + (2)f) € vnr(Rp[z]), which implies that (z)f €
vor(Rp[z]) Nnil(Ry[z]) = {0} by Theorem 2.1. Therefore nil(Ry[z]) = {0} and
R is reduced by [3, Proposition 3.1]. Also, var(Ry[z]) = (vnr(R))x by Corollary
2.10. U

Let R be a commutative ring. Anderson and Badawi [1, Theorem 2.1],
proved that the set of regular elements of R, is multiplicatively closed. Thus
we have the following result.

Corollary 2.12. Let R be a commutative ring with nil(R)? 0. Then
vor(Ro[z]) is a subnear-ring of Rolz] if and only if vor(R) is a subring of

Proof. If vnr(Ry[z]) is a subnear-ring of Ro[x], then vnr(Rplz]) = (vor(R))x
by Theorem 2.11. Hence (vnr(R))x is a subgroup of (Rg[z], +), which implies
that vor(R) is a subring of R by [1, Theorem 2.1].

Conversely, assume that vnr(R) is a subring of R. Thus vnr(Rgx])
(vor(R))x by Corollary 2.10. Then vnr(Rglz]) is a subgroup of (Rp[z],+
and so the result follows from Theorem 2.1.

s

)

O
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Theorem 2.13. Let R be a commutative ring with nil(R)? = 0 and 2 € U(R).
Then every (z)f € var(Rox]) is the sum of two units of Ro[x].

Proof. Let (z)f = Y i, a;z" be a regular element of Ry[z]. Then a; = ue
and a; € e(nil(R)) for some u € U(R) and e € Idem(R) by Theorem 2.9.
Hence a; € vnr(R) by [1, Theorem 2.2]. Since 2 € U(R), it follows that
a; = u' + v for some v/, v" € U(R) by [1, Theorem 2.10]. Let (2)g = v'z and
(x)h =v'z + agax® + - -+ + apma™. Then (z)g, (x)h € U(Rp[x]) by Theorem 2.5.
Hence (z)f = (x)g + (x)h is the sum of two units of Rg[x]. O

Theorem 2.14. Let R be a commutative ring with nil(R)? = 0 and 2 € U(R).
Then the following statements are equivalent.

(1) vor(Rg[z]) is a subnear-ring of Ro[z].

(2) The sum of any four units of Ro[x] is a reqular element of Ry[x].

Proof. (1) = (2) It is clear since U(Ry[z]) C vnr(Rp[x]) by Theorem 2.1.

(2) = (1) By Theorem 2.1, vnr(Rp[z]) is multiplicatively closed. Now, let
(x)f, (z)g € vnr(Ry[z]). Hence there exist (x)uy, (x)ug, (x)v1, (z)ve € U(Ro[x])
such that (2)f = (z)u1+(x)uz and (v)g = (x)vi+(z)ve by Theorem 2.13. Thus
() f + (z)g is the sum of four units of Ry[x], which implies that (z)f + (z)g €
vnr(Rp[z]) by hypothesis. O

Corollary 2.15. Let R be a commutative ring with nil(R)? = 0 and 2 €
U(R). If the sum of any four units of Ro[x] is a reqular element of Ry[z], then

vor(Rp[z]) = (vor(R))x.
Proof. 1t follows from Theorem 2.14 and Corollaries 2.12 and 2.10. (]

3. m-regular elements and clean elements of Rg[x]

In this section, we investigate m-regular and clean elements of Rg[z] when R
is a commutative ring with nil(R)? = 0.

Theorem 3.1. Let N be a near-ring with central idempotents. Then
(1) var(N) C 7 —r(N). In particular, each regqular near-ring is w-regular
near-ring.
(2) var(N)Unil(N) C7 —r(N) CU(N)UZ(N).
(3) m—r(N)=U(N)Unil(N) if and only if Idem(N) = {0,1}. In partic-
uwlar, m — r(N) =U(N) Unil(N) if N is either integral or local.
(4) m — r(N) contains a non-nilpotent nonunit if and only if Idem(N) #

{0,1}.

Proof. By a similar way as used in the proof of [1, Theorem 4.1], one can prove
it. O

Theorem 3.2. Let R be a commutative ring and (z)f € Ro[z]. Then (z)f is
m-regular if and only if there exists (x)g € Idem(Ro|[x]) such that (x)go (x)f is
regular and (x — (z)g) o (x)f € nil(Ry[z]).
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Proof. Since (x)f is 7-regular, then ((z)f)(™ is regular for some n > 1. Hence
((x)f)™ = (z)uo (2)g for some (x)u € U(Ro[z]) and (x)g € Idem(Ro[z]) by
Proposition 2.8. By Lemma 2.3, there exists e € Idem(R) such that (z)g = ex.
First we show that ex o (z)f is regular. Since idempotents of Rg[x] are central,
we have exo (z)f o[((2) /)" o (zJu~ o ew o (x)f = [ewo () /)™ o (x)u~]o
exo(x)f = [exo(x)uoexo(x)u=toexo(z)f = [exo(x)uo(x)u=oexo(x)f =
ex o (x)f, which implies that ex o (z)f € vnr(Rg[z]). Also ((1—e)zo(z)f)™ =
(1 —e)zo((x)f)™ = (1 —e)zo(z)uoexr =0, since (1 —e)z € Idem(Ry[z]).
Hence (1 — e)x o (z)f € nil(Ro[z]).

Conversely, suppose that for some e € Idem(R), ex o (z)f € var(Rp[z]) and
(1 —e)z o (x)f € nil(Ry[x]). Then for some n > 1,0 = ((1 —e)xo (z)f)™ =
(1—e)zo((x)f)™ = ((z)f)™ o (1 —e)z, since (1 —e)x is a central idempotent
of Ro[z]. Hence

(3.1) (@) )" = exo ((x)f)™.

Since ex o (z)f is regular, ex o (z)f = (z)u o cx for some (z)u € U(Rp[z])
and ¢ € Idem(R) by Proposition 2.8 and Lemma 2.3. Thus (ex o (z)f)™ =
((x)uocx)™ = cx o ((z)u)™. But (ex o (z)f)™ = exo ((x)f)™ = ((x)f)™
by Eq. (3.1). Hence ((z)f)™ = cz o ((z)u)™. Let (z)g = cx o ((x)u')™.
Then ((z)f)™ o (z)g o ((2) )™ = ((2) )" o cx o ((z)u)™ o ((z) /) =
cx o ((z)u)™ = ((z) )™, since idempotents of the near-ring Ry[x] are central.
Therefore (x)f is m-regular. O

Lemma 3.3. Let R be a commutative ring and (x)f be a w-regular element of
the near-ring Ro[z]. Then for some (x)g € Idem(Rp[z]) and (x)u € U(Rox])
we have (x)go (z)f = (x)g o (z)u.

Proof. Since (x)f is m-regular, by Proposition 2.8, we have ((z)f)™ = (z)uo
(x)g for some (z)g € Idem(Ry[z]), (x)u € U(Rp[z]) and n > 1. By Lemma
2.3, (z)g = ex for some e € Idem(R). As shown in the proof of Theorem 3.2,
ex o (z)f is regular. Hence ex o (z)f = cx o (x)v for some ¢ € Idem(R) and
(x)v € U(Ry[z]) by Proposition 2.8 and Lemma 2.3. Now we show that e = c.
Since ex o (z)f = ex o (ex o (x)f) = ex o (cx o (x)v), we have ecx o (z)v =
cz o (z)v and therefore ec = c. Since ex and cx are central, (ex o (z)f)™ =
exo((z)f)™ = cxo((z)v)™. Thus exo ((z)f)™ = exo (x)u = cxo ((x)v)™,
since ((z)f)"™ = (z)u o ex. Hence ex = cx o ((z)v)™ o (z)u~'. Thus ecx =
exocr = cxo ((z)v)™ o(z)u=tocxr = cxo ((z)v)™ o (z)u"', which implies
that ec = e. Thus e = ¢, since ec = ¢. Therefore (z)go (z)f = (x)go (x)v. O

Lemma 3.4 ([8, Theorem 21.28]). Let R be a ring with unity and I a two-
sided nil ideal of R. If c+ I € Idem(R/I), then there is e € Idem(R) such that
c+I=e+IinR/I.

Let R be a commutative ring. Then nil(R) is a locally nilpotent ideal of R,
and so nil(R[z]) = nil(R)p[z] is a right ideal of the near-ring R[x] by [6, The-
orem 3 and Proposition 8]. Since nil(R[z]) = nil(Ry[z]), then nil(Rg[x]) is a
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right ideal of Ro[z]. Let (z)f = Y i~ a;z’ € nil(Ry[z]) and (z)g = > =1 b xd €
Rofa]. Hence (2)go(x) = a1 (2)9) ++—+am(()g)™ € nil(R)ofz] = 1il(Rol])
since a; € nil(R). Therefore nil(Rp[z]) is a two-sided ideal of the near-ring
Ro[z]. One can easy show that the map ¢ : Rg[x] — (R/nil(R))o[z] with
o> a;x) = Y1 a;z’, where @; = a; + nil(R) is a near-ring epimomor-
phism. Hence Ry[z]/nil(Ro[x]) = (R/nil(R))o[z].

Theorem 3.5. Let R be a commutative ring with nil(R)? = 0 and (x)f €
Rolz]. Then (z)f is m-regular if and only if (x)f + nil(Ro[x]) is regular.

Proof. Suppose that (z)f is m-regular and (x)f = (z)f + nil(Rp[z]). Then
() )™ = ((x) )™ o (z)go ((x)f)™ for some (z)g € Ro[z] and n > 1. Hence
((x)f)™ o (x)g € Idem(Ry[z]). Thus by Lemma 2.3, ((x)f)™ o (z)g = ex,
for some e € Idem(R). Therefore ((1 —e)z o (z)f)™ = (1 —e)zo ((z)f)™ =
(1 —e)xoexo ((x)f)™ =0, since idempotents of Ro[z] are central. Hence
[z~ ((x) /)Mo (x)glo(2)f = (1—-e)zo(x)f € nil(Ro[z]). Since z—((z)f)"™ o(z)g

is idempotent, hence we have

x)f = (x)f 0[((x)f)("_1)0($)g]0($)f
2)f = ((2)))™ o (2)g o (2)f
2)f = (@)f o (@) /)™ o (x)g
)

(
= (
= (
= (@)f o[z = () /)™ o (2)g]

z = ((2)f)"™ o (2)g] o (2)f € nil(Ro[x])

=
which implies that (z)f + nil(Rolz]) = (2)f o [((x) /)" o (x)g] o (2)f +
nil(Ro[z]). Hence (z)f is regular.
Conversely, assume that

(x)f = (x)f + nil(Ro[x])

is regular in Ro[z]/nil(Ro[z]), where (z)f = Y./*, a;z*. Then (z)f = (z)uo
(x)e for some (z)u € U(Rp[z]/nil(Ro[x])) and ¢ € Idem(Ro[z]/nil(Ry[z])) by
Proposition 2.8. Since Ry[z]/nil(Ro[z]) = (R/nil(R))o[z], we have (z)u €
U((R/nil(R))o[z]) and (z)¢ € Idem((R/nil(R))o[z]). Hence by Corollary 2.6,
(x)u = v for some v € U(R/nil(R)). Since nil(R) C J(R), (x)u = v’z for some
v’ € U(R). Furthermore, by Lemmas 2.3 and 3.4, ( r)¢ = ex = (e + nil(R))x
for some e € Idem(R). Thus (z)f = vz oex = v'éx = v'ex. Therefore
(z)f =", @x® = v'ex, which implies that a; —v'e, a; € ml(R) for each i > 2.
Then a; = v'e+b for some b € nil(R). Hence (z)w = bz +asz? +- -+ a,, 2™ €
nil(R)o[x] = nil(Ro[z]) and ay is m-regular by [1, Theorem 4.2]. Therefore
(x)f = v’z oex 4+ (x)w. By Theorem 2.5, v'z + (z)w € U(Rp|z]), hence
exo(z)f =exo(exov'z+ (z)w) = exo (v + (r)w) is regular by Proposition
2.8. Further, (1 —e)zo (z)f = (x)f — (x)foex = (VEoex + (x)w) — (v'z o
ex + (x)w) o ex = (z)w — ex o (x)w € nil(Ry[z]), since idempotents of Ry[z]
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are central and nil(Ry[z]) is an ideal of Ro[z]. Therefore (z)f is m-regular by
Theorem 3.2. O

From Theorem 3.5 we conclude that Rp[z] is not m-regular. Now we give a
characterization of m-regular elements of Ry[x], when R is a commutative ring
with nil(R)? = 0.

Theorem 3.6. Let R be a commutative ring with nil(R)? = 0 and (x)f €
Ro[x]. Then the following statements are equivalent:

(1) (2)f € m—r(Ro[x]).

(2) ((x)f)™ € var(Ro[z]) for some n > 1.

(3) ((x)f)™ = (x)uo(z)h for some (x)ucU(Ro[z]) and (x)heIdem(Ro[z]).

(4) (z)f = ()9 + (z)w for some (x)g € vor(Rp[z]) and (x)w € nil(Ro[x]).

(5) (z)f = (z)uo(z)h+(x)w for some (z)u € U(Rylz]), (z)h €ldem(Rq|x])
and (x)w € nil(Ro[z]).

(6) (z)f + nil(Rplz]) € vor(Ro[x]/nil(Rylz])).

Proof. (1
(2)

2
(1)
(4)
(6)

< (2) Tt is clear.
) and (4) < (5) It follows from Proposition 2.8.

) It follows from Theorem 3.5.

) It is clear.

) It follows from Theorem 3.5. O

)
(3
(5
(6
(1

Corollary 3.7. Let R be a commutative ring with nil(R)? = 0. Then we have:

(1) ™ —r(Rp[z]) = var(Ro[z]) 4+ nil(Ro[x]).

(2) m —r(Ro[x]) /nil(Ro[z]) = vur(Ro[z] /mil(Ro[x])).

(3) m—r(Rplz]) = var(Rp[z]) if and only if R is reduced.

(4) [f2[ ? U(R), then every (z)f € m —r(Rp[z]) is the sum of two units of
Ro xI|.

Proof. (1) This follows from the equivalence of (1) and (4) in Theorem 3.6.

(2) This follows from the equivalence of (1) and (6) in Theorem 3.6.

(3) Since by Theorem 2.1, nil(Rp[z]) N var(Re[z]) = {0}, the result follows
from (1).

(4) By (1), (x)f = (z)g+(x)w with (x)g € vor(Rp[z]) and (z)w € nil(Ro[z]).
Then (z ) = (z)u+(z)v for some (x)u, (x)v € U(Rp[z]) by Theorem 2.13. Thus
(x)u = (z)v+ (z)w € U(Rp[x]) by Theorem 2.5. Hence (z)f = (x)u + (z)u’ is
the sum of two units of Ry[z]. O

Proposition 3.8. If R is a commutative ring with nil(R)?> = 0, then 7 —
r(Rolz]) is multiplicatively closed.

Proof. Let () f1, (z)f2 € m—r(Ro[z]). Thus (z)f1 = wierz+(x)hy and (z)f2 =
ugesx + (x)hg for some ui,us € U(R), e1,e2 € Idem(R) and (z)hq, (z)ha €
nil(Ry[z]) by Corollary 3.7. Thus (z)w; = ugea((x)h1) and (x)we = (z)f1 0



194 E. HASHEMI AND F. SHOKUHIFAR

(x)he are nilpotent elements of Ry[z], since nil(Rp[z]) is an ideal of Rg[z].
Hence

() f10(x)fa = (urerx + (x)hy) o (ugesx + (z)hs)
= (ure1z + (x)h1) o ugeax + (urerz + (z)hy) o (x)hs
= uges(urerz + (z)h1) + (z)we
= ugesuierx + (x)wy + (z)ws.

Then by [1, Theorem 2.1], ugequie; € var(R). Also, (z)wi+(x)ws € nil(Ro[x]),
since nil(Rp[x]) is an ideal of Ry[x]. Therefore (z)f1 o (z)f2 € m — r(Ro[z]) by
Corollary 3.7. O

Theorem 3.9. Let R be a commutative ring with nil(R)> = 0. Then 7 —
r(Ro[z]) = vnr(Ro[z]) Unil(Ro[z]) if and only if either Idem(R) = {0,1} or R
1s reduced.

Proof. Suppose that m — r(Ro[z]) = vnr(Ro[z]) U nil(Rp[z]) and there ex-
ists e € Idem(R) \ {0,1}. Thus Idem(Rg[x]) # {0,2} by Lemma 2.3. Let
(x)f € nil(Ro[x]). Then ex + (x)f € vur(Rp[z]) + nil(Ro[x]) = 7 — r(Ro[z]) =
var(Ro[z]) U nil(Ry[z]) by Corollary 3.7 and hypothesis. Thus ex + (z)f €
vor(Rp[z]), since e # 0. Hence by Theorem 2.1, (z)f —exo(x)f = (1 —e)xo
()f = (1 —e)zo(ex+ (z)f) € var(Rplz]), since idempotents of Rglx] are
central. Also, (z)f —exo(x)f = (1 —e)xo(x)f € nil(Ro[z]), since nil(Ry[z])
is an ideal of Ry[z]. Hence by Theorem 2.1, (z)f —ex o (z)f = 0. By replacing
ex with (1 —e)z, a similar argument yields that ex o (x)f = 0, and so (z)f = 0.
Therefore nil(R) = {0} by [3, Proposition 3.1].

Conversely, if Idem(R) = {0, 1}, then Idem(Ry[z]) = {0,2} by Lemma 2.3.
Hence by Theorem 2.1, vor(Ro[z]) = U(Ro[z]) U {0}. Thus 7 — r(Ro[z]) =
U(Rolx]) + nil(Rp[z]) = U(Rp[z]) by Corollaries 2.6 and 3.7. Also, if nil(R) =
{0}, then nil(Rp[z]) = nil(R)o[x] = {0}. Therefore by Corollary 3.7, m —
r(Ro[x]) = var(Rg[z]). Hence m — r(Rp[x]) = vor(Ro[x]) Unil(Rg[z]). O
Theorem 3.10. Let R be a commutative ring with nil(R)? = 0. Then

(1) cln(Rp[z]) = (cIn(R))z + (nil(Rolx]))x
={Y"  az'| a1 € cln(R),a; € nil(R) for every i > 2}.
(2) Ro[z] is never a clean near-ring.
Proof. (1) By Theorem 2.5 and Lemma 2.3, we have cln(Ry[z]) = U(Ro[x]) +
Idem(Ry[z]) = { 1" ; a;z’ | ay = u + e for some u € U(R), e € Idem(R) and
a; € nil(R) for every i > 2} = { Y7, a;a’ | a1 € cIn(R), a; € nil(R) for every
i>2}.
(2) Tt follows from (1), since 2% ¢ cIn(R[x]). O
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