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STABILITY PROPERTIES IN IMPULSIVE DIFFERENTIAL
SYSTEMS OF NON-INTEGER ORDER

BowoN KANG AND NaMJip Koo

ABSTRACT. In this paper we establish some new explicit solutions for
impulsive linear fractional differential equations with impulses at fixed
times, which provides a handy tool in deriving singular integral-sum in-
equalities and an impulsive fractional comparison principle. Thus we
study the Mittag-Leffler stability of impulsive differential equations with
the Caputo fractional derivative by using the impulsive fractional compar-
ison principle and piecewise continuous functions of Lyapunov’s method.
Also, we give some examples to illustrate our results.

1. Introduction

The impulsive differential equations are suitable mathematical models for
the description of evolution processes characterized by the combination of a
continuous and jump change of their states. It is now being recognized that
the theory of impulsive differential equations is not only richer than the cor-
responding theory of differential equations but also represents a more natural
framework for mathematical modelling of many real world phenomena. The
qualitative theory of differential equations with impulse effect has been devel-
oped by a large number of mathematicians due to the wide applications of these
systems to the control theory, biology, electronics, etc. For a detailed theory
about impulsive inequalities and some basic concepts of impulsive differential
equations, we refer the reader to [1,2,18].

Simeonov and Bainov [27] investigated the exponential stability of the solu-
tions for impulsive differential equations by using the comparison method and
piecewise continuous auxiliary functions which are analogues to Lyapunov’s
functions. Also, Kulev and Bainvo [16] introduced the notions of various types
of uniform Lipschitz stability for impulsive differential systems and obtained
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128 B. KANG AND N. KOO

sufficient conditions for these notions and their relations. Moreover, Choi et
al. [11,12] studied h-stability for the linear impulsive differential equations us-
ing the notions of similarity, ¢.,-similarity, and impulsive integral inequalities.
Many authors [1,2,11,16,18,27,28] have studied the various types of stability
of solutions for impulsive differential equations. Choi and Koo [8] showed that
the associated variational impulsive system inherits the property of h-stability
from the original nonlinear impulsive differential systems. Also, they [10] ob-
tained a converse h-stability theorem for the nonlinear impulsive systems by
employing the notion of f..-similarity of the associated impulsive variational
systems and relations.

Lakshmikantham et al. [17,20] have investigated the basic theory of initial
value problems for fractional differential equations involving Riemann-Liouville
differential operators of order 0 < ¢ < 1. They followed the classical approach
of the theory of differential equations of integer order, in order to compare and
contrast the differences as well as the intricacies that might result in develop-
ment [19, Vol. I]. Li et al. [23] obtained some results about stability of solutions
for fractional-order dynamic systems using fractional Lyapunov direct method
and fractional comparison principle. Choi and Koo [7] improved on the mono-
tone property of [20, Lemma 1.7.3] for the case g(¢,u) = Au with a nonnegative
real number \. They also investigated Mittag-Leffler stability of solutions of
fractional differential equations by using the fractional comparison principle.

Stamova and Stamov [31] investigated the stability for impulsive fractional
differential equations by using the comparison principle and the Lyapunov func-
tion method. Stamova [28-30] studied the various types of global stability and
Mittag-Leffler stability of impulsive fractional differential equations with im-
pulse effect at fixed moments of time by using piecewise continuous functions
of the type of Lyapunov’s functions and a new fractional comparison principle.

In this paper we present the exact solution of homogeneous linear impul-
sive fractional differential equations by the help of the Mittag-Leffler functions.
Then we develop an impulsive fractional differential inequality and the impul-
sive fractional comparison principle. Thus we study Mittag-Leffler stability of
solutions of impulsive Caputo fractional differential equations via an impulsive
fractional integral-sum inequality and piecewise continuous auxiliary functions.
Also, we apply the impulsive fractional inequality to study the data dependence
of the solution on the initial condition to a certain impulsive Caputo fractional
differential equation. Furthermore, we give some examples to illustrate our
results.

2. Preliminary notes and definitions

In this section we introduce definitions and preliminary facts which are used
throughout this paper. For the basic notions and results concerning fractional
calculus, we mainly refer to some books [15,20,25, 26].
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We recall the notions of Mittag-Leffler functions which was originally in-
troduced by G. M. Mittag-Leffler in 1902 [24] and is a generalization of the
exponential function. A function frequently used in the solutions of fractional
differential systems is the Mittag-Leffler function defined as

2.1 E,(z) = —— a>0,z€C,

(2.1) () kZ:oF(kcH—l) @

where I' is the Gamma function. The Mittag-Leffler function with two param-
eters appears most frequently and has the following form

2.2 Eoglz) =y —
(22) 6=

where a > 0 and 8 > 0. For 8 =1, we have E,(z) = Eq4,1(2) and Ey 1(2) = €*
[22,25].

Let tg € Ry = [0,00) and J(tg) = [tg, 00).

We recall some basic definitions and properties of the fractional calculus
theory which are used further in this paper.

Definition 2.1 ([15,25]). The Riemann-Liouville fractional integral of order
a > 0 with the lower limit ¢ for a function g : J(tg) — R is defined as

I8 g(t) = ﬁ/ (t— )7 Lg(s)ds, t >t

to

provided that the right-hand side is pointwisely defined on J(to).

Definition 2.2 ([15,25]). The Riemann-Liouville fractional derivative of order
a > 0 with the lower limit ¢ for a function g : J(t9) — R is defined by

L (At
Dg)g(t):m (dt” /to(t— s g(s)ds) , t>tg,n—1<a<n,neN.
If 0 < a < 1, then the Riemann-Liouville fractional derivative of order « of
g reduces to
Do) = e [ (6=9)g(e)a

; = —— —5)"%g(s)ds.

W T T ey dt ), g
Remark 2.3. The Riemann-Liouville fractional derivatives have singularity at
zero and the fractional differential equations in the Riemann-Liouville sense
require initial conditions at some point different from zg = to. To overcome
this issue, Caputo [4, 1967] defined the fractional derivative in the following
way.

Definition 2.4 ([15,25]). The Caputo fractional derivative of order a > 0 with
the lower limit ¢y for a function g : J(t9) — R is defined by

@ L ! n—a— d"
“Dpg(t) = m/t (t=9) 1dLTnQ(S)dS, n € N.
0
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When 0 < a < 1, then the Caputo fractional derivative of order « of g

reduces to .
1 g'(s)
C na _
Dtog(t) = Ta- ) /to = S)st.

Remark 2.5 ([20]). The main advantage of the Caputo derivative is that the
initial conditions for fractional differential equations are the same form as that
of ordinary differential equations with integer derivatives. Another difference is

that the Caputo derivative for a constant c is zero, while the Riemann-Liouville
fractional derivative for a constant c is not zero but equals to Df} ¢ = %
We need to mention that there exists a link between Riemnann-Liouville

and Caputo fractional derivative of order . When 0 < a < 1, we have
“Dg g(t) = Di [9(t) — g(to)]

g(to) _
=Dyg(t) — =———(t —ty)™“
tog( ) F(]. o a)( 0)
In particular, if g(tg) = 0, then we have
“Dg g(t) = D g(1).

Hence, we can see that the Caputo derivative is defined for functions for
which the Riemann-Liouville derivative exists. Also, we note that the Mittag-
Leffler functions E, () and E, o(z) satisfy the more general differential relation

“Df Ea(A(t —t0)*) = AEo(A(t — t0)*),
D ((t = t0)* " Eaa(A(t = t0)®)) = At — t0)* ' Eaa(A(t —t)*), AR,
respectively.

Remark 2.6 ([15,25]). For «, 8 > 0 and suitable functions ¢, ¥, we have the
following properties:
(i) ffgffi (t) = I Po(t) = T I o(8);
(i) If (o (t) + (1) = Ige(t) + I (t);
(iii) I%CD% (t) = (t) — p(to) and “Dg I o(t) = ¢(t), 0 < o < 1;
(iv) “Dgp(t) = Iy “De(t) = I, ¢/ (1), 0<a<l.

3. Impulsive fractional comparison principle

Throughout this paper, let R™ be the n-dimensional Euclidean space with
a convenient vector norm | - |, and  be an open subset of R" containing the
origin, and 0 < ¢ < 1. We consider the following impulsive Caputo fractional
differential system with impulses at fixed times

D x(t) = ft, (1), t € J(to), t # ty,
(31) Al‘(tk) = Ik(l‘(tk)), ke N,
z(to) = o,
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where CD,?O is the Caputo fractional derivative of order ¢ € (0,1) with the
lower limit zero and g € 2. Assume that the following basic conditions hold:
(A1) A sequence {tx} is unbounded increasing satisfying 0 <t < t; <tz <
- and limy_yoo t, = 00.
(A2) The function f : Ry x @ — R”™ is continuous in (tx_1,tx] X Q, k =
1,2,...,and f(¢,0) =0 for each t € R,.
(A3) For any = € Q and any k = 1,2,..., the function f has finite limits as
(t,y) — (tk,x), t > 1.
(A4) Each function I : © — R™ is continuous in € and there exist nonneg-
ative constants [, such that

i (r) — I(y)| < lklz —yl, k€ N,2,y € Q,

and I;(0) =0, k= 1,2, .. ..

(A5) The solution z(t,tg,z¢) of Eq. (3.1) which satisfies the initial condi-
tion z(tf,t0,70) = w0 is defined in the interval (¢,00), and is left
continuous.

(A6) At the moments t; the following relations hold

z(ty) = x(ty), Ax(ty) =z(t)) —z(t,), k€N,
where x(t;) = lim. o+ (t; +¢) and z(t; ) = lim._,o- x(¢) + €) repre-
sent the right and left limits of x(¢) at ¢ = ty, respectively.
Then it follows from the condition (A5) that the solution (¢, ty, zg) of Eq. (3.1)
with the initial value (tg,zq) is described as the following result.

Lemma 3.1 ([32]). A functionx € PC(J(tg),R"™) is a solution of the fractional
integral equation

w(to) + 1y o, (t = $)T7 (s, 2(s))ds, t € [to, 1],

z(t) = $(to)+ifi($(t;))+p(1® fti(t—s)q’lf(s,:ﬁ(s))ds, te (ty, tiy1], kEN,

if and only if x is a solution of Eq. (3.1).

Let G = {(t,2) e Ry x Q:tp1 <t < txh,k=1,2,...and G = U2, Gr.
In the further considerations, we shall use piecewise continuous auxiliary func-
tions.

Definition 3.2 ([18,27]). We say that a function V : Ry x © — R belongs to
the class vg if
(i) V is continuous in Gy, for each k € N and V' (¢,0) = 0 for each t € Ry;
(ii) V is locally Lipschitz continuous with respect to its second variable on
each of the sets G and for any k € N and x € Q) there exist the finite
limits

V(t,, )= lim V(ty), V{tf,z)= lim V(ty)

(t,y) = (tg, @) (t,y) = (tg )
t<tp t>ty
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and the equality V (¢, ,x) = V(tx, ) holds.

We note that if ¢ # t, then V (¢, z) equals V (¢, z).
For the extension of the fractional comparison principle, we need the follow-
ing result which improves Lemma 1.7.5 in [20].

Lemma 3.3 ([7, Lemma 2.4]). Let 0 < o < 1. Consider the Caputo fractional
scalar differential equation
Dy, ult) = g(t,u(h)), t > to,

where g(t,u) > 0 and tg € Ry. If the solutions exist and u(tg) > 0, then they
are nonnegative. Furthermore, if g(t,u) = Au for A > 0, then the solutions are
nondecreasing in t.

Lemma 3.4 ([7, Lemma 2.11)). Let0< a< 1. Suppose that w,ve C(J(to),Ry)
satisfy

o(t) ﬁ/t (t — 5)°Tg(s, v(s))ds < w(t) — ﬁ/t (t — 5)°~Lg(s, w(s))ds,

where g € C(J(tp) X R,Ry) and g(t,u) is monotone nondecreasing in u for
each t € J(to).
If v(to) < w(to), then we have v(t) < w(t) on J(to).

The following result is an impulsive extension of the fractional comparison
principle in [7, Lemma 2.11].

Lemma 3.5. Let 0 < o < 1. Suppose that g € PC(J(tp) x R,Ry) and
g(t,u) is monotone nondecreasing in u for each t € R. Suppose that w,v €
PC(J(t0),Ry) satisfy the following impulsive fractional inequality

(3.2) v(t) — I g(t,v) <w(t) — I g(t,w), t € [to, 1]

and

k
(3-3) u(t) = Zh(v(t{)) — It g(t,v)

k
<w(t) =Y Liw(t;)) = Ifg(t,w), t € (tr,tegal, k€N,

where I g(t,v) = ﬁ f:o (t—s)*"tg(s,v(s))ds, and each function I;,€ C(R,R,)
(k € N) is nondecreasing in x € R.

Then v(to) < w(to) implies
(3.4) v(t) <w(t), t € J(to).
Proof. Let t € (tg,t1]. Then it follows from [7, Lemma 2.11] that v(¢) < w(t),
t € (o, ).
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Suppose that the inequality (3.4) is satisfied for t € (ty_1,tx], kK > 1. We
claim that the inequality (3.4) is satisfied for ¢t € (tx, tx+1], & > 1. Assume that
the conclusion is not true. Then there exists a 7, € (tx, tx+1] such that

’U(Tk) = U)(Tk), ’U(t) < U)(t), tr <t <Tg.
It follows from (3.3) that

k k
o) < w(m) = Y0 Lwt?) = Lglnw) + Y L) + Ig(m0)
k
= w(n) — [ ((w(t;)) = L) + I (9(7i, w) — g7, )

< U)(Tk),

since each function Ij is nondecreasing and If g(tr,w) > I g(tk,v). This
contradicts the fact that w(r,) = v(7;) at t = 7%, and hence the inequality
(3.4) is valid for t € (tg, tg+1]. The proof is completed by induction. d

Remark 3.6. If we set I(z) = 0 for each k € N in assumptions of Lemma 3.3,
then Lemma 3.3 reduces to lemma 2.11 in [7].

We recall the notions of the Mittag-Leffler stability for Eq. (3.1) which are
analogous to the definitions given in [22,30].
Definition 3.7 ([7,22]). The zero solution z = 0 of Eq. (3.1) is said to be
(a) a Mittag-Leffler system if
|2(8)] < {m(@(to)) Eq(A(t — o)1)}, t > to,
where A € R, > 0,m(0) = 0,m(z) > 0, and m(z) is locally Lipschitz
on B C R™ with a Lipschitz constant mg;

(b) Mittag-Leffler stable if it is a Mittag-Leffler system with A < 0;
(¢) globally Mittag-Leffler stable if (b) holds for Q = R™.

The following result is adapted from Theorem 3.4 in [7] and Theorem 2.1 in
[21].
Theorem 3.8. Suppose that the function f in Eq. (3.1) satisfies
[f(t,2)] < g(t, |2]), t # tr,
[T (2(tk)] < J(l2(tr)]), k€N,
where g € C(J(to) x R,Ry) is monotone increasing in u for each t € J(to)

and g(t,0) = 0 for each t € J(to). We consider the following impulsive Caputo
fractional differential equation

“Diu(t) = g(t,u(t), t € J(to), t # tr,
(3.5) Au(ty) = Jp(u(ty)), k €N,

u(to) = ut,,
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where each function Ji : Ry — R, k € N, is continuous. If the zero solution
u =0 of Eq. (3.5) is a Mittag-Leffler system, then the zero solution x = 0 of
Eq. (3.1) is also a Mittag-Leffler system whenever u(ty) > |z(to)]-

Proof. Note that Eq. (3.1) is equivalent to the following fractional integral
equation:

(3.6)
olio) + ety 6= 90" 1G5 2(6))ds, 1 € [t

z(t)= (to)—&-;I( (t;)) +W fto(t—s)qflf(s,x(s))ds, te (tg, tyy1], kEN,

Then we obtain

()] < |z (to)| + T [ £ (8, 2(D)], T € [to, t1]

and
|2(t) |<tho|+Z\f i DI+ I Lf (& =(8)]
k
<la(to)l + > Jille(t;)) + I gt [=(t)]), k €N,
i=1

where I g(t,u) = ﬁ ftto (t “~lg(s,u(s))ds. Thus we have

k
(O =D Jille(t;)) — I g(t, lz()])
i=0

< |z(to)|
< u(to)

=S dult) - gt u®), ¢ > to, kEN,

where u(tg) € Ry and Jo(u) = 0 for each v € R. By Lemma 3.5, we have
|z(t)| < u(t) for all t > tg. Also we see that

|z(t)] < u(t) < {m(ulto)) Eg(A(t —to)*)}®
< {mou(to) E;(\(t — t9)9)}°
= {mod|x(to)| Eq(A(t — t0)")}’
= {rh(|z(to) N Eg(A(t = t0)")}", t > to,

where A € R, u(tg) = |z(to)|d, d > 1, and 7n(x) = modx is locally Lipschtiz
with Lipschitz constant [ = mgd. This completes the proof. ([
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Corollary 3.9. Suppose that all conditions of Theorem 3.8 hold. If the zero
solution v = 0 of Eq. (3.5) is Mittag-Leffler stable, then the zero solution x =0
of Eq. (3.1) is also Mittag-Leffler stable whenever ug > |xo].

Remark 3.10. Suppose that all conditions of Theorem 3.8 hold. The asymptotic
stability of Eq. (3.5) implies the corresponding asymptotic stability of Eq. (3.1).

Lemma 3.11. If a function x € C(J(to),R) satisfies the linear Caputo frac-
tional scalar differential equation

cna ..
57 Dz =Xz + h(t), t € J(ty),
x(to) = x,,

where A € R and h € C(J(t9),R). Then a function x also satisfies the fractional
integral equation

(3.8) x(t) = z(to) + ! / (t —s)7 (\x(s) + h(s))ds, t > tg

L(q) Ji,
and vice versa. Then we get the unique solution of (3.8) as

2(t) = 2(to) By (At — o)) + / (t— )17 By g (At — 5)7)h(5)ds

to
= 2(to) E,(\(t — to)) + h(t) * t7 L E, ,(At7), t > to,
where h(t) # 97 E, o(\t9) = [} (t — $)7 1By o(\(t — 5)7)h(s)ds.
Consider the following impulsive Caputo fractional differential equation
“Diu=Mu-+d, teJ(t), t#t,
(3.9) Au(ty) = Brultr), k €N,
u(to) = g,
where A, d and [, are constants.

Lemma 3.12 ([20]). A function u € C(J(to),R) is a solution of the following
linear Caputo fractional differential equation with initial condition
D} u(t) = Au(t), t to), AER
(3.10) tou( ) u( )7 € J( O)’ € ’
u(to) = uy,,
if and only if the solution u of Eq. (3.10) is given by
u(t) = ’U,(tU)Eq()\(t — to)q), t Z to.

Lemma 3.13 ([32]). A function u € C(J(to),R) is a solution of the fractional
integral equation

= glsa(sNds + s [ =gt ut)as,

ult) = ta - @ to ['(q) to
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if and only if a function u is a solution of the following Caputo fractional
differential equation with initial condition

Dl u=g(t,u(t)), t € J(t),
(3.11) {u(a) = Uy, a > tg.

We can obtain the following result on an exact solution of homogeneous
linear impulsive fractional differential equations by the help of the Mittag-
Leffler functions.

Theorem 3.14 (]9, Theorem 2.4]). If we set d = 0 in Eq. (3.9), then the
solution u(t) of Eq. (3.9) is given by

(3.12)
(to)Eq()\(t — to) ) te [to,tl]

k
H L+ BiE,(\(t; — t0) ) Ey(\(t — t0)?), t € (tg, thy1), k €N,

Proof. Let t € [to,t1]. Then we have
U(t) = u(to)E ()\(t — to)q)7 te [to,tl].
Suppose that (3.12) holds for some k € N. Then we have

L /(t—s)q_l)\u(s)ds

k
_utogl—i—ﬁl -—to)))—f—@to

E?r

1 + ﬁl t — to) ))Eq()\(t — to)q)), te (tk,tk+1].

Il
A

7

Let t € (tg+1,trt2]. From Lemma 3.13, we obtain

1 ften ot 1t ot
u(t) = u(tf,,) — T /to (tet1 — )T Au(s)ds + 0 /to (t—8) " du(s)ds
= (U4 Ben)ult) ~ Fs | = 9 ey

e / (t — 5)7 * hu(s)ds
k
ulto) H L+ BiEy(\(ti — t0)?))

k
+ Brrru(to) [ T+ BiBg(A(ti — t0)*) Eg(A(tk 11 — t0)?))
=1
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L t — $)9  \u(s)ds
i [ = o

k+1
1

= u(to) [J 0+ BB = 10)) + 1 [ (¢ =97 hu(s)as

k+1

= u(to) [T (1 + BiBy(A(t — t0)") Eq(A(t = t0)?), t € (thp, taral:

i=1
It follows form induction that

U(t) = ’UJ(tQ)Eq(A(t — to)q), te [to, tl]

and
k
= ulto) [ J(1+ BiBg (Mt — t0)*) Eg(A(t — t0)?), t € (tg, trsa], k € N,
i=1
This completes the proof. ([l

Consider the following impulsive Caputo fractional differential inequality of
Gronwall type
ODiu < Au+d,t#ty,t > to,
(3.13) Au(ty) < Bru(ty) + di, k € N,
u(to) = ut,,
where A, d,dy and B, k € N, are constants.

We can obtain the following impulsive Caputo fractional differential inequal-
ity of Gronwall type.

Lemma 3.15. Suppose that a function m € PC(J(ty),R) satisfies

D m(t) < Am(t), t € J(to), t # t,
(3.14) m(t}) < (1+ Br)m(ty,), k €N,
( ): Mg,

where \, Bk, k € N, are constants. Then we have

m(to)Eq(A(t — to)q), te [to,tl],

m(t) < :
m(to) [JIL + BiEy(A(t: — to) )] Eg(Mt — t0)7), t € (i, trsa], k € N.
i=1

Proof. Let t € [to,t1]. From Lemma 3.4 in [5], we have

m(t) S m(to)Eq()\(t - to)q), te [to,tl].
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Let t € (t1,t2]. There exist a nonnegative function n(t) and nonnegative con-
stants dj, satisfying

C DL m(t) = \m(t) — n(t), t £ t,

m(th) = (1+ Bk)m(t;) —dy, k € N.

From Lemma 3.13, we obtain

m(t) = m(r}) - 77 | :1<t1 — )1 (Am(s) — n(s))ds
+ /t:@ — )1 (Am(s) — n(s))ds
= (4 Bmie) ~di— s [ (1 — )7 (\m(s) — n(s))ds
/| :<t — 57 (Am(s) — n(s))ds
— m(to)(1+ B E,(\(t1 — t0)")) — dy
tma | :<t — )7 (m(s) — n(s))ds, t € (t1, 1]

It follows from Lemma 3.11 that
m(t) = [m(to)(1 + B1Eg(A(t1 — t0)?)) — di]Eq(A(t —t0)?)
—n(t) 1 E, (A, t € (t1,ta],

where * denotes the convolution operator of nonnegative functions n(t) and
t17 E, (A7), Since n(t) x t7 1B, ,(At?) and di E4(A\(t — t)?) are nonnegative
for each t > tg, then we have

m(t) < m(to)[1 + BrEg(A(tr — o)) Eq(A(t —t0)?), T € (t1, t2],

where A and ; are constants. From induction, we obtain

k
m(t) < m(tg) H[l + BiEg(A(t; — t0)D)]Eq(A(t —t0)9), t € (th,tgs+1], k€N,
i=1
where A and 3;,7 € N, are constants. This completes the proof. ([

We obtain the following impulsive fractional integral inequality by induction
as in Lemma 2.2 in [14].

Lemma 3.16 ([14, Lemma 2.2]). Let a function u € PC(J(to),R) satisfies the

following integral-sum inequality

(3.15) u(t) <c+ )\/t(t —8)7 tu(s)ds + Z Bru(ty,), k €N,

to to<tr<t
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where ¢, A, and B,k € N, are nonnegative constants. Then
(3.16)

cEy(T(@A(t —to)?), t € (to, 1],
k
u(t)<{ ¢ [T (4B Eq(D(@)A(ti —t0)?)) Eq(D(q)A(t—t0)?), t € (tis tisa], KEN,
i=1

7

4. Mittag-Leffler stability

In this paper we investigate the Mittag-Leffler stability of solutions of im-
pulsive Caputo fractional differential equations via a new impulsive fractional
comparison principle and piecewise continuous auxiliary functions of the type
of Lyapunov’s functions.

Theorem 4.1. Let ag € R. Suppose that there is a function V € vy such that

(4.1) aq|z|® < V(t,x) < aglz|®, (t,z) € Ry x Q,
(4.2) “DiV(t z) < as|z|® (t,x) € Gy,
(4.3) V(tf, o+ Ii(x) < V(tk,2), 2€Q, k€N,

where 8 C R™ is a domain containing the origin, ¢ € (0,1), a1, 2 and a are
arbitrary positive constants. Then the zero solution © = 0 of Eq. (3.1) is a
Mittag-Leffler system.

Proof. Let z(t) = x(t, to, z9) be any solution of Eq. (3.1). Then it follows from
(4.1) and (4.2) that

(4.4) CDLV(t,x) < aglz|®

< {Z?V(t,x), (t,x) € Gy if az >0,

T &2V(ta), (tr) € Grif ag <0,

(4.6) = \V(t,z), (t,x) € Gy,

@7 V) =V s+ Iz) < Vit ), 2 €Q, keN,

where

(4.8) A:{EJHQZQ

(4.5)

a3 if ag < 0.

a2’
Put m(t) = V(¢t,z(t)) and B, = 0, k € N, in the assumption of Lemma 3.15.
It follows from Lemma 3.15 that

V(to, z(to)) Eq(A(t — t0)?), t € [to, ta],
(49) V=) < {V(tom(to))Eq()\(t —t0)?), t € (tp,tyga), k €N

In view of (4.1), we have

l2(t)] < {j—j|x<to>|“Eq<A<t —to)?)}
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= {m(|z(to)) B4 (A(t — to) 1)} 7, t > to,

where m(z) = §2x is locally Lipschitz on  and A is given by
\ = %?, if Qg > 0,
%2, if ag < 0.

Hence the zero solution z = 0 of Eq. (3.1) is a Mittag-Leffler system. This
complete the proof. O

We obtain the following results as the special cases of Theorem 4.1.

Corollary 4.2. Suppose that all conditions of Theorem 4.1 hold and as is a
nonpositive constant. Then the zero solution x = 0 of Eq. (3.1) is Mittag-
Leffler stable. Furthermore, if as is a negative constant, then all solutions x(t)
of Eq. (3.1) tend monotonically zero as t — oo.

Proof. Let z(t) = x(t, to, z9) be any solution of Eq. (3.1). Then it follows from
Theorem 4.1 that

« o @ 1
(4.10) ()] < {2 l(to) "By (2 (= to) )}, £ 2 to.

a1 (65)
Since &2 is negative in (4.10), it follows from Lemma 5 in [6] that Eq (52 (t—%0)?)
tends monotonically zero as ¢ — co. Hence, all solutions z(t) of Eq. (3.1) tend
monotonically zero as ¢ — oo. This completes the proof. O

We also obtain the boundedness of solutions of impulsive fractional differ-
ential systems via the fractional Lyapunov method.

Remark 4.3. In addition to the assumptions of Theorem 4.1, suppose that asg
is a nonpositive constant. Then all solutions of Eq. (3.1) are bounded on R.

By using Lyapunov function method and fractional comparison principle,
Stamova [30, Theorems 4.1-4.3] studied Mittag-Leffler stability of the solutions
of impulsive differential equations of fractional order.

In order to study Mittag-Leffler stability of Eq. (3.1), we revise the assump-
tion (4.2) of [30, Theorems 4.1] to the condition (4.13) with impulse effects at
fixed times. We will apply the new impulsive fractional differential inequality
of Gronwall type to the proof of the following result.

Theorem 4.4. Suppose that there exists a function V € vy such that

(4.11) a|z|® <V (tz) < alz|®, (t,z) € Ry x Q,
(4.12) CDfOV(t,a:) < —as|z|®, (t,z) € Gy,
(4.13) V(th o+ Ix(x) < (1+ep)V(tk,z), 2 € QCR", k€N,

where each ey, k € N, is a constant with [],—, (1 + |ex|) < 00, and ¢ € (0,1),
a1, e, a3, a and b are arbitrary positive constants. Then the zero solution x = 0
of Eq. (3.1) is Mittag-Leffler stable.
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Proof. Let x(t) = x(t,t9,z0) be any solution of Eq. (3.1). From (4.11) and
(4.12) it follows that

(4.14)  “DLV(t,2) < —aslz|* < —%V(t,x), (t,7) € Gy
2

(4.15) V(5 z(th) =Vt 2+ (@) < (L +ep)V(ty,z), 2 €Q, ke N.
Putting m(t) = V (¢, 2(¢)) and application of Lemma 3.15 yield
(4.16)

V(to, 2(to)) Eq(= 33 (¢ = 10)), t € [to, 1],

g

k
V(t,2(t) < { Vito,a H1+ez (=2t = 0) By~ 32 (¢~ 10)"),

te (tk7tk+1]7 k eN
From monotonicity of Eq(—§2(t; —to)?) for each t; > to and (4.11), we have

k
O < (o)l [T+ lea) By~ 20— 10)))

< {m(|2(to) ) Eq (=t — to))} =, t > to,

o0
where A = 2 > 0 and m(z) = %H(l + |ei[)z? is locally Lipschitz on
i=1
Q. Hence the zero solution z = 0 of Eq. (3.1) is Mittag-Leffler stable. This
completes the proof. O

Remark 4.5. We obtain the following results as the special cases of Theorems
4.1 and 4.4.

(1) In case ¢ = 1 in the assumptions of Theorem 4.1, the Mittag-Leffler sta-
bility of impulsive fractional differential equations implies the exponen-
tial stability of differential equations with impulse effect in [8, Corollary
3.14].

(2) If one sets e, = 0 for each k € N in the assumptions of Theorem 4.4 ,
the assumption (4.13) of Theorem 4.4 reduces to the assumption (4.2)
of Theorem 4.1 in [30].

(3) Furthermore, if we sets V (¢, +1)(x)) = V (tx, x) for each k € N in the
assumptions of Theorem 4.4, then Theorem 4.4 reduces to Corollary
18 in [6].

Lemma 4.6 ([22]). Let a > 0, and f(t,z) be continuous on Ry x Q. Then
D2 (1, 2)l| < DRellf D), (1,2) € Ry x 0.

We obtain the following result adapted from Theorem 4.3 in [30] by using
the impulsive fractional differential inequality of Gronwall type.

Theorem 4.7. Assume that the following conditions hold.
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(1) The function f(t,x) is Lipschitz continuous with respect to x € 0 with
Lipschitz constant [ > 0.
(2) There exists a function V € vy such that

arlz]® < V(t,x) < aslz], (t,z) € Ry x Q,
Vs (t:3) < —aslal®, (L) € Gy,
V(5 o+ Ix(z) < (1+ep)V(tk,z), 2 € QCR", k€N,
where each ey, is a constant with [[pe | (1+|ex|) < 0o, and Viz.1)(t, x) = W,

and o, oo, a3 and a are arbitrary positive constants.
Then the zero solution x = 0 of Eq. (3.1) is Mittag-Leffler stable.

Proof. Let x(t) = x(t, to, zo) be any solution of Eq. (3.1). Following the same
proof as for Theorem 4.3 in [30] and the assumptions of Theorem 4.4 yield

CDLV(t,2(t)) = DI OVt a(t))
= D,V (t,2(t))
—as Dy e(t)] < 22

l
70673}‘/(@‘%)7 (t,l‘) € Gk> ke Na

IN

—a a3

D 11(t,2)] < 2 ()

<

o

where ¢ = 1 — a and D; “x(tg) = 0. From similar argument in the proof of

Lemma 3.15, we obtain
o k a
2 3
) < {—|z(t 1 i) Eg(——=(t —tg)?
(0] < {2 fatto)] T[(1+ fes) By 25 ¢ o))

i=1

o=

< {m(le(to) ) Eq(=A(t = to)")} =, > to,

where A = 2% > 0 and m(z) = ¢2 H(l—I— le;|)z is locally Lipschitz on Q. Hence

o

i=1
the zero solution = 0 of Eq. (3.1) is Mittag-Leffler stable. This completes the
proof. (]

5. An application and examples

In this section we apply our results on impulsive fractional inequality to
study the data dependence of the solution on the initial condition to a cer-
tain fractional differential equation involving the Caputo fractional derivative.
Furthermore, we give some examples to illustrate our results.

We consider the following nonlinear impulsive fractional scalar differential
equation with initial value

“Dja(t) = f(t,a(t), t € J(to), t # ti,
(51) Al‘(tk) = Ik(l‘(tk)), ke N,
z(tg) = o € R.
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Furthermore, assume that the following basic conditions hold:

(A1) The function f : J(tp) x R — R is jointly continuous. There exists a
positive constant L such that

|f(t,u) — f(t,v)| < Llu—wv| forallt € J(tp), and all u,v € R.

(A2) Each function I : R — R is continuous and there exist positive con-
stants Ki, k € N, such that

[T (t,u) — I (t,v)| < Kglu —v], u,v €R, keN,

where each constant K, is nonnegative for each k € N.

(A3) The solution z(t, to, zo) of Eq. (5.1) which satisfies the initial condition
z(tg, to, o) = o is defined in the interval (tp,c0), and is left contin-
uous. Then the solution of Eq. (5.1) satisfies the fractional integral
equation:

.Z‘(f,, to, J)o)
w(to) + gy Sy, (t = 8)77 (s, 2(s))ds, t € [to, t1],
k

- x(to)—k;Ii(m(t;))—kﬁ JL(t—s)171 (s, 2(s))ds, t € (te, thga], k€N,

The existence and uniqueness of solutions of Eq. (5.1) have been investigated
in [32, Theorem 3.10]. Then we obtain the following data dependence result.

Theorem 5.1. Assume that conditions (A1)-(A3) hold. Let x,y : J(tg) — R
be the solutions of Eq. (5.1) with initial values xo and yo, respectively. Then
we have

|m(t,t0,x0) - y(t7t07y0)‘
|z0 — yol Eq(L(t — t0)?), t € (to,t1],
k
< |$0 — y()| H [1 + KiEq(L(ti — t())q)]Eq(L(t — t())q), te (tk7tk+1]> k eN,
1=1

Proof. Let t € J(tg). From conditions (A1)-(A3), we obtain
() —y(D)] < [wo —wol + D> Kila(t;) —y(t;)]
to<tp<t
L t
+ —/ (t = 8)T () — y(s)|ds, ¢ € (tn trsa], k € N,
F(q) to

Letting u(t) = |z(t) — y(¢)| in Lemma 3.16 yields

lz(t) — y(t)| < |zo — yo| Eq(L(t —t0)?), t € [to, t1]
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and

z(t) — y(t)]
k
< Jzo — yol ([ [ 1+ KiEg(L(ti — t0))] Eg(L(t — o)), t € (tk,trsa], k € N.

i=1

This completes the proof. O

We give an example to illustrate Theorem 5.1.

Example 5.2 ([3,13]). Let 0 < ¢ < 1,tp =0and t;, = &, k € N. Let J =
[0,7] C Ry. Consider the following impulsive fractional differential equation
with initial value

z(t _k
C_Dgﬁf( ) = (1%»926‘)(%7 t e (071—‘]7 t#tk =3
k lz(3)]
x(0) = zo € Ry,
where f(t7$) = W, (t,x) € R+ XR+ and Ik(ﬁr) = m, x € R+
Let z,y € Ry and t € Ry.. Then we have
1 || |yl
tx)— ft,y)| = -
|z —y|

T 1+ 99 (1 +2)(1+y)

1
|IL‘ y‘v xayeRJr'

- 100
Thus the condition (A1) holds with L = —. Also, we have
‘Ik(x) ( )|— 100‘1’. y|7 x7yeR+7 k e N.

It follows from Theorem 5.1 that
|z(¢,0,20) — y(t,0,y0)|
|z0 — yol B4 (L(1)?), t € [0, 5]
0 — ol TT[1+ K E,(L)IE(LW7), ¢ € (55, ke,

|1'0 yO‘E (100( )q) %]

€[o,
|‘TO _yO‘ H [1 + 100E (%(%)q)]E (1ootq) te (ga %]» ke N’

where z(t) and y(t) are solutions of Eq. (5.1) with initial values xzo and yo,
respectively.
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Remark 5.3. In particular, we suppose that tc =0, T =1 and t, =t = % in

assumptions of Example 5.2. Furthermore, suppose that g satisfies the following

condition

TIL(k+1)
T(g+1)

Then Eq. (5.2) has a unique solution on J = [0, 1].

2
(5.3) +EkK,<1leT(¢+1) > 99

Next, we give two examples to illustrate Theorems 4.1 and 4.4.

Example 5.4. Let A € R and t; = 0. Consider the following impulsive
fractional differential equation

DGl = Ay £ 0 1 # s

1+22(1))”
(5.4) Ax(ty) = — 35, k€N,
z(0%) = zp € R,
where I, (z(tx)) = —%, k € N. Let V(t,x) = |z| for each (t,z) € Ry xR.

Then we have

“DRV (t.x) = “Dyla(t)| = Auf(;)'(t))

< ANz(t)| = AV (t,x), (t,x) e Ry xR, t # ty
and

Vit oo+ 1u(o) = foltn) = ] < (= Tyl
< V(tg,x), ke N.

Thus the zero solution z = 0 of Eq. (5.4) is a Mittag Leffler system by
Theorem 4.1.

Example 5.5 ([28]). Consider the following impulsive fractional differential
equation

CDilz(t)] = —clz(@)|(1 + 22(t), t >0, t # ty,
(5.5) Am(tk) = ekx(tk)7 k eN,

z(07) = xg,
where 2o € R and —1 < e, < 1, k € N. Let V(t,x) = |z| for each (t,z) €
R4 x R. Then we have

DYV (t,2) = “Dyla(t)] = —c|z()|(1 + 2°(t)) < —cla(?)]
=—cV(t,x),(t,x) e Ry xR, t #ty
and
V(th x+erz) = |(1+er)z(ty)] < (1+ |ex))V (tr, (tr)), k €N,

where [[;—,(1 + |ex|) < oo. Thus the zero solution z = 0 of Eq. (5.5) is
Mittag-Leffler stable by Theorem 4.4.



146

B. KANG AND N. KOO

Acknowledgment. The authors are thankful to the anonymous referee for
his/her valuable comments to improve this paper.

[1]
2]

3]

(4]
[5]
[6]
[7]
(8]
[9]
(10]
(11]
(12]

(13]

(14]

(15]

[16]
(17]

(18]

(19]
20]

(21]

References

D. D. Bainov and P. S. Simeonov, Systems with Impulse Effect, Ellis Horwood Series:
Mathematics and its Applications, Ellis Horwood Ltd., Chichester, 1989.

, Impulsive differential equations, translated from the Bulgarian manuscript by V.
Covachev [V. Khr. Kovachev], Series on Advances in Mathematics for Applied Sciences,
28, World Scientific Publishing Co., Inc., River Edge, NJ, 1995.

M. Benchohra and B. A. Slimani, Ezistence and uniqueness of solutions to impulsive
fractional differential equations, Electron. J. Differential Equations 2009 (2009), no. 10,
11 pp.

M. Caputo, Linear models of dissipation whose Q is almost frequency independent. II,
Geophysical J. Royal Astronomical Soc. 13 (1967), no. 5, 529-539.

S. K. Choi, B. Kang, and N. Koo, Stability for fractional differential equations, Proc.
Jangjeon Math. Soc. 16 (2013), no. 2, 165-174.

_, Stability for Caputo fractional differential systems, Abstr. Appl. Anal. 2014
(2014), Art. ID 631419, 6 pp.

S. K. Choi and N. Koo, The monotonic property and stability of solutions of fractional
differential equations, Nonlinear Anal. 74 (2011), no. 17, 6530-6536.

, Variationally stable impulsive differential systems, Dyn. Syst. 30 (2015), no. 4,
435-449.

, A note on linear impulsive fractional differential equations, J. Chungcheong
Math. Soc. 28 (2015), 583-590.

, A converse theorem on h-stability via impulsive variational systems, J. Korean
Math. Soc. 53 (2016), no. 5, 1115-1131.

S. K. Choi, N. Koo, and C. Ryu, h-stability of linear impulsive differential equations
via similarity, J. Chungcheong Math. Soc. 24 (2011), 393-400.

, Stability of linear impulsive differential equations via too-similarity, J. Chung-
cheong Math. Soc. 26 (2013), 811-819.

M. Feckan, Y. Zhou, and J. Wang, On the concept and ezistence of solution for impul-
stve fractional differential equations, Commun. Nonlinear Sci. Numer. Simul. 17 (2012),
no. 7, 3050-3060.

B. Kang and N. Koo, A note on generalized singular Gronwall inequalities, J.
Chungcheong Math. Soc. 31 (2018), 161-166.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, 204, Elsevier Science B.V.,
Amsterdam, 2006.

G. K. Kulev and D. D. Bainov, Lipschitz stability of impulsive systems of differential
equations, Internat. J. Theoret. Phys. 30 (1991), no. 5, 737-756.

V. Lakshmikantham, Theory of fractional functional differential equations, Nonlinear
Anal. 69 (2008), no. 10, 3337-3343.

V. Lakshmikantham, D. D. Bainov, and P. S. Simeonov, Theory of Impulsive Differential
Equations, Series in Modern Applied Mathematics, 6, World Scientific Publishing Co.,
Inc., Teaneck, NJ, 1989.

V. Lakshmikantham and S. Leela, Differential and Integral Inequalities: Theory and
Applications. Vol. I1I, Academic Press, New York, 1969.

V. Lakshmikantham, S. Leela, and J. V. Devi, Theory of Fractional Dynamic Systems,
Cambridge Scientific Publishers Ltd., 2009.

V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations,
Nonlinear Anal. 69 (2008), no. 8, 2677-2682.




STABILITY PROPERTIES IN IMPULSIVE DIFFERENTIAL SYSTEMS 147

[22] Y. Li, Y. Chen, and I. Podlubny, Mittag-Leffler stability of fractional order nonlinear
dynamic systems, Automatica J. IFAC 45 (2009), no. 8, 1965-1969.

, Stability of fractional-order nonlinear dynamic systems: Lyapunov direct
method and generalized Mittag-Leffler stability, Comput. Math. Appl. 59 (2010), no. 5,
1810-1821.

[24] G. M. Mittag-Leffler, Sur l'intégrale de Laplace-Abel, C. R. Acad. Sci. Paris (Ser. II)
136 (1902), 937-939.

[25] I. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering,
198, Academic Press, Inc., San Diego, CA, 1999.

[26] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives,
translated from the 1987 Russian original, Gordon and Breach Science Publishers, Yver-
don, 1993.

[27] P. S. Simeonov and D. D. Bainov, Ezponential stability of the solutions of singularly
perturbed systems with impulse effect, J. Math. Anal. Appl. 151 (1990), no. 2, 462-487.

[28] I. Stamova, Global stability of impulsive fractional differential equations, Appl. Math.
Comput. 237 (2014), 605-612.

, Global Mittag-Leffler stability and synchronization of impulsive fractional-order

neural networks with time-varying delays, Nonlinear Dynam. 77 (2014), no. 4, 1251—

1260.

23]

29]

(30]

, Mittag-Leffler stability of impulsive differential equations of fractional order,
Quart. Appl. Math. 73 (2015), no. 3, 525-535.

[31] I. Stamova and G. Stamov, Stability analysis of impulsive functional systems of frac-
tional order, Commun. Nonlinear Sci. Numer. Simul. 19 (2014), no. 3, 702-709.

[32] J. Wang, Y. Zhou, and M. Fetkan, Nonlinear impulsive problems for fractional differen-
tial equations and Ulam stability, Comput. Math. Appl. 64 (2012), no. 10, 3389-3405.

BowonN KANG

DEPARTMENT OF MATHEMATICS
CHUNGNAM NATIONAL UNIVERSITY
DAEJEON 34134, KOREA

Email address: wldusbb@hanmail .net

Namiip Koo

DEPARTMENT OF MATHEMATICS
CHUNGNAM NATIONAL UNIVERSITY
DAEJEON 34134, KOREA

Email address: njkoo@cnu.ac.kr





