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Weapon Systems Using Mixed Integer Linear Programming
Heekun Roh', Young-Jae Oh? Min-Jea Tahk’ and Young-Ran Jung®

Korea Advanced Institute of Science and Technology'*’, Agency for Defense Development*

ABSTRACT

In this paper, a Mixed Integer Linear Programming(MILP) approach for solving optimal
Weapon-Target Assignment(WTA) problem of multiple dissimilar Closed-In Weapon Systems
(CIWS) is proposed. Generally, WTA problems are formulated in nonlinear mixed integer
optimization form, which often requires impractical exhaustive search to optimize. However,
transforming the problem into a structured MILP problem enables global optimization with an
acceptable computational load. The problem of interest considers defense against several threats
approaching the asset from various directions, with different time of arrival. Moreover, we
consider multiple dissimilar CIWSs defending the asset. We derive a MILP form of the given
nonlinear WTA problem. The formulated MILP problem is implemented with a commercial
optimizer, and the optimization result is proposed.

= =

2 =2odlAe v olF A W] AlZEl(Closed-In Weapon System, CIWS)©| 2 7% &
TAE AN, ol EFAH 5P A Y (Mixed Integer Linear Programming, MILP)S. 2 ¥ 3 3
Azt 7IHS At gukdd B @9 Al A4S s Ao 5 nEs)orsty] W
Zoll A4t AlZke] 7etg Ao g Frbeke AU At stAR Fo X ZAE MILPSE 22 &%
A7 Az EAZ Wdgstd AN el A9 A E Fs F Aok B =FodAE o5 9
ol 74zt g2 Al o2 oA Wo] zAbS FAE A4S 1ETY. =3, Alde] thE
o4 CIWSE BA &85t A$E F7I2 183t B =AM s o9 &2 &4 A% v
q EFAFAEY EAZ A, o5 MILPE HEst= 7IHES AA AT =3, o] 48
HAAg z2aPow FP HH s AFAAT

Key Words : Weapon-Target Assignment(+7 &%), Optimization(3 2 3}), Mixed Integer Linear
Programming(& 378 T4 A & 1)

* Received : June 3, 2019 Revised : October 12, 2019 Accepted : October 28, 2019
1 Graduate Student, > Graduate Student, > Professor, * Researcher

1 Corresponding author, E-mail : heekunroh@kaist.ac.kr, ORCID 0000-0002-8860-2318

© 2019 The Korean Society for Aeronautical and Space Sciences



- guA - RGeS

rok

12882 F8Bx]

[

788 34 - 294
.M &

A Agol WA BPANASE, 34 Azdw
ohuel wol Azd Ed wHe ARHL Ut 5
3 G 2o WX B TE o] AiHL
gl olF, AFoz AAL wolsta gt o]t
7o sk wlol /\]/\EJ]O durzlo g wolg oFA
WARIE o83 FAA dHL Hm} o)}

ofvz}, <A ol A /\E“(Closedl
71HE A 2Hlo] %‘ﬂ AES e A= ¢
. CIWSE A olA
el WojstA ddh
SHA|RE o]} Zro] ThFgh
oel Yol sAledl FAsA ol AFstr] ofH
o 71Ed e §5 7IHY AR o g F= A
FA351717F oAH gtk AN HZoll=
r 71, /18 5 71Y 59 T o
g o e A i ¥4 7bsAdel FUtst
I ATH1,2].
Aol A&EHor A Wojo do|vr) A
ol wet 71 wd wel 7]Ek o] AL o4

HOLo1 }\] 2~ Hl o]

sl ehe

1 itk gebd gAE go] Aoz Hael
of A5g Wy 9l ol Akl T Azt £A

o] FaAol dFHL Uk oo A EAE FHA
77 @ ZA(Weapon-Target Assignment, WTA)
o Anp] A wY ew BA BEs do 2
dol BolH Aot 2AE VEAUAE Hzel ko
o2 HA Wo] AHNE de WHE e Aojth

_l

(>

webd, HA 2 g BAs (1) of| o] A4k
%,Q)ﬁﬂ EAZ, (3) o= YFolA FAEAES

AAsts 2A7E H= Aotk shAINt o] =9 A
2 3} (Combinatorial Optimization) A& NP &A|
of stu=E, figel ol weh Algt AlZko]l )8l
Hor Frtete SASE Q8| AAZA WEtsts
Ry 3?}75‘01] vtz Agetrlol= FEvk Atk

g3 Ao AL B= EAE 2

29 n} Fok 7Sl AAED k. YuroEs
=% H23 LA FosY SHANE ME AT
Wl AN WS de) AFHD Aok AP
A4l FEzEb], A SAle FEEs

T4 2% ME ANRYL, A%k SEE ol g
A% 74 99 PHILE ATHL Aok £F 2

3} 9|7 ntEZ AAA10] TS o)L &
Heo HA FA I J|HE AkEH T Q. o,
o] g} %}o Fe2g He 4% she A (Quality) S
A & gla, Ao AY HAMNE 1A 3
the D}w ot

HEo HAN =

P =3 HAs EAE WY H3FH
PR 7)-10] E7Vsstth AT H A3 A7

N

w2 7

—_

QT otz Fx2E 7 AF vlaE wmE AR
ol #2371 7hsdtol <A Aok ol¢t 2 &
Aol EA 47t &3 A+ ¥ HH 3 (Mixed-
Integer Linear Programming, MILP) A o|tH11,12].
MILP &A= Ee 524 35 9 A o] A7
ojfFA, Ui Wt A ®ed EFAE EIHh
MILP ZAel& Simplex 7] X Interior Point 7]

S 9& At AF HHE e A8E
AL, F7t=2 718ted 54 & 583 Cutting Plane,
Branch and Bound 7|¥ §& &&£% 4+ AtH11,12].
oA BAE =9 ZAE MILPE s w7

AY HAH3 st 7ol oy HopolA AFE
At MILP W& 7IHe dA4 A2 A3, A
g, T @3F14,15] 59 A dE §&HL
AT}

HE =FidAes dd ZFH Wo Al2"H MILPE
o] &3t HZ FA T JIH[15]S EUE, A8 I
o] 2H wWo] A2HElS zk: A HAH T I

5 5 Q) uFA o]

sy
Lo
:(I)g

ol

2
o
"
o N

¥ € rjg r? Jo X o o 2

J

ik d

oo {, o 1o ru

of

F'E: At
O

! f“

—r

2

ofl

-
o

Fin
o 4 o

2 0o it 2
b e
ol

[T
ol >
N X i
_ygo‘*;mlmoﬁ

)
mlmér}
éioﬁl
> o
gﬂ:‘oz?*:'!\-)—brb

K
o
T

> ol
o]N’ L
o

2.1 CIwse| 7z &g

211 715 &9

A - KL PN
I ol Apare] A4
J 7} o) Apatel HArl 4 Tbe 8%
J <K Vi
K 9@ As



789

Hc]—o‘] X]—/\].gl
-y 16{1,4,_71}

JS
d 47 # M 11 3, 2019. 11

oy el
ﬂ@mmﬂﬂﬂ
V,A,A UT.I —
ol nJmeLum : = F S
ﬁaﬂmeﬁa@Z w ofn ~ o o \I
R MW; s 3% w F MR
i ._IVHJ. & W e Jlﬂ_rﬂ D
EME@&@% ? i T umw{ o - S dr
‘L!,mu_l“w o5 ‘m—r‘_ Iyl ~ ! _N_&_*OT ~ ,7|_|X.._ 3
__oAﬁ@Wmoﬁﬂ T — ~ \“/ mﬂﬂﬁﬂq < 1A ) Mt o
&rﬁ_._/n_ﬁur?ﬁ B ° 1 ) ~ BN e = Mo N
% Ho X _ W% r ! c3 p § & ¥ w7 ¥ .
! ~ gyl ©° 2 R pad < > ~ Q L Mo T2 %
3l WD < Mo < & o © e - H T 5 b
__dﬂﬂyl ol & o w5 o > > E] < <0 S N 8 Xk & T - T
T D B N Y . .z 5 o] %d’Lmﬂ ] & N Al
= ENY K o=V & < "y LoD kg 2 <[ Sl — =
N S S T o oy R =3 L S mI oy A
IE S 3 D A | S
ol .ﬁdn.ﬂmﬂ WAy o v = = 12.,11 ]H._Aq_oé % = - i
B I T A = Sl ) TR O = = w5 =
PED4H TR Ao R A ORR N S coas ko -
zmw#@ﬁ%_z#ﬂ % < AN I S LS SRR WH% :
K —_ 0 e N - = 3
2y 7o "o TN Mﬁ = B 7t Sl W __uﬂ_ 5 v = Wuumdm Vi zuv1 Y2\ = LE s
% %\hm}m; T — -~ B ~ - R = T3 L « erz.,VL olJ = <L
= W_m of o= op o IT _LS oF BN < £ o) B ry olJ X + pu = S — N X T of-
SLAEEgERS Sk < by 5 OF R S v
SIFH S N & o BT o3 SHNC SR o K N 1 ol
= ® o = %m_mﬂ, ge %3 chﬂ 13 %wrw ¥ % (s
£ ®7AM <AL L oo eT e T
N T = MR O 4 M
N — _
z erw o T %
M o i ~ ~
of Jo B =
- . 17.!1_ .A,.# —~ M_N_ ‘Olﬂﬁr ‘_._wﬂ st _ZT
Y r Mg N o™ %omﬂw ) = oz .
HE o <) T —_ 0 f
S W@ﬁﬂwﬁ M ol T 1>i_ofl gy oF = ,LOM mnﬂ%@o_a
= NS ! = © o e o M T Jlﬂr@u
U = — = on_ﬂu T 1 _ T e Jo e . T ) :
= = ~ &S u el H o Ho o~ T e T oy %o oF
) N B X L N - ° e N T X o B o o) ne m_ﬁ.‘._ = 9
o I T x R o ﬂmVﬁZ_ﬁ oo b ® P w3 3! ok
I COCI X F R < E < ° < =~ R
1o % &Lﬁﬁ %x%wr 2T A 30l S o= ) oy o b
T F g rx PEE T B T O = F KN ook X oy X 3 mm o WM%W@
Ly .& cAR~a R ol T ol ..rovﬁ I .I.aMﬂﬂE N & A RS _ H o o 5 7o B
do O T T o e ECACe do T m R 5 2 T = &7
e wgmozz]zr = x@eﬂ.%%ﬂﬂm KR e Sx "o = & oo MO
S A AN 5 T L F X fﬂﬂﬂ% o= N = N
X NN R Mmﬂu_,aum_.aumw mokXMﬂTuwmﬂaaﬂQE%Mn%ﬁW oA R S)ﬁﬁld_"mﬂ\m
A 2 o%@o%ﬂ#ﬁ_@%ﬂhwkqmam;;rmsﬂm SR %miw%w
ol _ g Al
Mo . . B & .zkﬂﬂ_vwﬂv‘_ﬂﬂao@nn BN 17rLL_L 3 K V@\ﬂﬂlvﬂil
Rl s anwy B . TR e ® S 9 E oF Nwor % FE N0
. 5 WTTM T kTM - ) N H oF ™ < - ‘WLAT_A‘_% & < T i .1_._A|1_1ro
SESIIS L N AR Kl Ty
_ W s i ny . < )
. SN o ﬂﬂuu,_ﬂu
< . . ol i U
N = % = |mr_oé_1~mu
' ~ g ) . 3 ]mﬂﬂﬁﬂ
= & RS ZﬁHAPﬁmJ
w .EU — 21_..:1_;01_
o }]ﬂy‘a
;Oq@mﬂﬂ



790 e s B R e B - A oA ST oK
BF (Bol At if F FFol 3 AF) B F Hrh S, fe AR A 2150 X, =1&
o4zl Aef 0] E5(Infeasible)o] Al Bt 2 ()&  AsH M=l =-M, Ty =1, > T, ] Q-T'—/ Xk
2 =9, F7F o] AHsA F= A At = —go gysa 0=1, =0, T,JL-Q-]l[>l > T, —M
e R e B A o 98 499 . wekd ars (7,07 390
—o]o [
7 Aok x1el E],»o o= ek = ATk whEkA ] lijkzﬂjk)gjk-qclf% RAST 2o dya e o
A7), ) 2 XX, =10 49T Aol = T A & 4 Ao
A

X
Z T Xijre =

A:1
K K

ZDk ijk ZDkXi,j+1,k (7)
k=1

Z ijk zgk
Wo,i k=1

+TL +p”+1+TF+TC’

Vi,j s.t. EX”Hk—l

%
0 EDkXi.Lk
k=1

K
+TL,+p,+ TF,+TC, Vi st. 3, X, ,=1
k=1

DT K = 0+ —
k=1 0,

®)

A3} BEE 7,2 Hosistel
e AYd Fuss ol

maximize : 7, 9

© (18 24) & =&olAM agshs HH3 d
Te o 2o ulg, oA Wsolth (Y WSS
o AgHe FE)

Lijp> Tisto Ligio Mo Py Tijp iy = 0 (10)
Xijro 5,5 10,1} (11)
22 7% €Y EHMof MEst
22.1 Mef =zdo de3

(el Wkl F4 &)

217004 AAT 3 g8 A= HAdE HAH s
wAlolth AW x, b o7 WieE 24 B
st v FEe EF AY AY 2dom WH¥
g 5 o

- TX,8 A9

]L[‘X;] >l1]k’ _M‘X;]k§11jk
Ly = Ty — M(1—X) (12)
luk = T;Jk+ﬂl(1 ‘X;jk)

Aok 2L w4 Fo A= X7 0 EBe 19
o]l Wooly] WEe] sbsd Aolh s1Ee] w4
—O]-?—- f/ﬂ)(uk% )(”k:l?—i]_ Eq] Z]k’ )(zﬂf_OOé Eq:l 00]

CT X, DX = ©13
olth. ARt o] W 7T, DE AFolng AP}
g a3t et

EAA# )

mpAEte 2 o] Ak 2ES Y% 3 ARk
et Adig Feie A¥slyr Besith ok
o] : o9} e Ak = FH= CIWS7E +180°F
Ensl= 492 wEex &=t A CIWse A
5 71% 7Fs 990 +150° A== A= o} 360°3]
AstA] et

1 | & .
- w ZDk z71s ZDIs z]+lL 0 Z‘]EI
0 | k=1
1 K K
mi,,j+1 =+ w, (kEle ijk )sZID i,j+1, k)
. (13)
mi,j+l = 0 (k LJk ZDL 1J+11<)
N =1
1 i
m; =+ 00— DX 1k
Wo; \ T k=1
(14)
1 K
My, == w, b0~ kz]Dka 1k)
52 =1

ol o ﬂol a3 ¥ 4,
& By

m; ]+1 = ZDk 7;L Zle:)(i,j-%-Lk:

(=4 Zﬂ?l- FH)

4 089 =A% A T 4% At zdow
Hasol RE A4S MILPE ¥ + Utk oy
AE AN ARE ol Wt § VT S8
3 AT 5 Atk

A ()2 o= 59, 271 o] AYEA e A
- FHe] 00] HA e &EAIVF EAgt sHA
oRMs & Helel MFs ol F W wE ol

Z z]+1ls x

15
kEli‘jk+mi,j+lﬁk+TLi+piﬁj+1 +TF +TC, 1)
=1

Vg #=J



H 47 2 M 11 35, 2019. 11.  EFAFHYAYHE o] 43 T o]F 23 o] A2Hl 791
us o = subject to:
EXL',;'H,JQ xS HHHoME At =4 1) o
k=1 s; =1 Vi (21)
3 el 0 =& 191 o] Wso|th wEkx] Feof A
s} 7|Ho] A& 7hEsint ti <t Vig=J (22)
ol A¥sts JgPsthr] Ao, WA tEH Zo .
HEEE 3 FHE NEE MFE Aot o]9f YN x, = (23)
22 Age AA *dﬁé Aol 21e FE=2 UE i=1=1
< o 0°] obd 3 HYUA(Nonzero Matrix Element)
o AsE 2 M:@} AR APA 470 P < T4, EZluk Vk (24)
i=1j
(Sparse Matrix)2] Al4F &5 FFe =& & "
& .. Zcﬂk‘}(i‘frl,k =
sy = 23 Xy Vg (16) = (25)
’ le‘jk"‘mz,jﬂ"‘TL;,"‘PJ,,J‘H Vg
K k=1
tjj:;l“k Vi,j (17) .
2_] v < 04m +TL+p,, (26)
N2 Ad WEse vegoz )5 AQw )
(18)3 #th o WHog (8) =3I W] 753 ty =1y Vi (27)
=3
M‘X;)k = l?]k’ M‘X;]k = luk
ti_j+1 > Si,j+1 X ll;k = 1—;]]{ ]I/[(l ‘X;;L) (28)
(t;+my 41+ TL+p, .+ TE+TC) (18) L = Tigpt M(1—X)
Vi, j#J
m7]+1 >+U} (ZDI» zgk ZD]C ZJ+1IC)
oM 5.0k F FElE (199 2ol HEE W w 29)
3’:% 7(‘]_/]6]—111 }\‘]Eﬂ‘g‘i H:]QZ_}- 0}‘1—4' g"%a‘g‘i mi,]+1 w ZDk ijk EDk i,j+ 1,k
7, 8)e] MIAY AF 21L& (27)9 AP AF = o -
7} (28, 31-33)9] Rz A ZUEZ WIHh .
m;y =+ w, (9 EDk 11k)
JMSU =1y MSU =ry 1’7 (30)
Mg == (9 ZDk u)
Ty = tz =1 +ml_] + TLZ +pij ot Wy, =
+ TF+ TC — M(1—s,)
<t ,+m,+TL +p, My = iy = Msyy < 1y
T = Vi W ruzt” \tmy+ TL +p;
+TFZ+TQ+M(1_5U) 19) + TF+TC — M(1—s,)
11 = 0+my + 7L +p,, ry <ty tmy+ TL +p,;
+TF+TC—M(1~s;,) +TF+TC+M(1~s,) (31)
r., = 0+my + 7L, +p,, 1= 0+my, + TL,+p;y
’ ! Lo +TF+TC—M(1—s,,)
+TF A+ TG+ M1 —s,;,) v = 04my + TL+pi,
Vi, g =1 +TF,+TC+M(1—s,,)
. Vi #= 1
222 £ ¥+ Md X3 EHX
218004 AR NNE 2 @Y Eals 2214 _yx )
I 2o A¥s AAHS AXA HAE HFHOE o k=1
w3 22 &5 A A% HH3 EAE HIdEn K
o]} e EAlE MILPE AQeH:s 48 &W= A ty =Dl Vi (33)
A Az el AT = dgol LAY o
maximize: o Trisio Ligro Mip Dijp Tip 15 = 0 (34)

X

ijk? Si‘je {07 1}



792 =34 -

i
rg
2

W
o
rok

IR BTN

2.3 AlE80olMd %
2.3.1 AlE8lo|M &4 78
AANE MILP &A= o3t 48 s
Abgs mEE B HAHE0F Jheetth B AFolA =
Gurobi[16] &¥ 2] python <QIE|#H o] 2 =
AL AH FE}YTE. Gurobix T
branch and bound, cutting plane, L
< o] &3 MILP EAl9 A A3
Well A2
=3k MILP 718 A5 2 A FIE 98 =

< 78‘ TE Z4 ZAb(Exhaustive Search)st=
71¥ML python 2IHER FIIHUG. AF =4
7IMe 22 A7I(A" ~1070 W, o] Ak 270
ojshe] ZAoARE FAAHA A Wl ST
StARE BE Ao +E AHsEEZ MILP 719
FeRde Aabsted Adsit

I=1, J=9, K=9 (36)
TL, =0, TF, =1, TC, =1 (sec) (37)
0o, =0 (deg), w,, =100(deg/sec) (38)
Dy, = [—50,—30,—10,+40,+ 60,
+00,+ 14,— 05,— 50] (deg) (39)
CTy,=11,4,2,3,0,3,8,0,7] (sec) (40)
TA,, = CT,,+100 (sec) V k (41)
o] A A =A 713 MILP 7oA A &3t
© dl= 42 Table 1, Table 29 2t (X, T, %

Table 1. Optimization result using exhaustive
search

Algorithm exhaustive search

Optimal Objective (TA4) 86.95 sec

Order of Engagement (X;,) | [8, 5, 4,6, 3, 1,2, 9, 7]

[2.05, 4.7, 69, 9.2, 114,
138, 16.0, 1838, 21.05]
sec

12.95 sec

Time of Engagement (7};,)

Computation Time

Table 2. Optimization result using MILP approach

MILP
86.95 sec

8,5 4,6 31,2797
[2.05, 4.7, 69, 92, 114,

138, 16.0, 188, 21.05]
Sec

0.273 sec

Algorithm

Optimal Objective (7'4)

Order of Engagement (X ;)

Time of Engagement (7;,)

Computation Time

om] Qe FEW ®/EGh) AL A ntel®
i7-8750 Z2ZAAM % 16GB W=7} @A"Y #HFE
oA 5035 A T Ht ol AT

A3 ArHTables 124 AT & UFol, F
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S Qe Em@ a4 Adeds A4 A 1372
A AL Aol A8 WE, MILP g ol 8
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MILP o) B28h7h Suh2, A% Aze s

453S A Utk =3, IS FElayg 2
A 71W¥3 2E MILP 7S AF&EE ZAF §lo]

7N1E HAY BAG Ao HANE A 7Y F
s &AL =+ Ao
Table 3 FZ = thekdlt AUgl 2 A A

Ar).{

& At MILP 719l A%t AzE % v:me ums
Aot q Aok wol A4k A5 AS W
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(Scalability)O] M= A8 ~157] A=7HA = 10%
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Table 3. Computation time comparison, exhaustive

search versus MILP approach

Num. CIWS (1)
1 2
?‘;gét (o | EXV. | MILP | Exhtv. | MILP
3 0.0010 | 0014 | 00014 | 0022
5 0.0034 | 0048 | 0015 | 0085
7 0.140 | 0156 | 1.08 | 0264
10 1377 | 2079 | 15010 | 1245
15 N.A | 1757 | N A | 1431




M 47 # A 11 7, 2019. 11. EFASHIAIHE 0|83

Table 4. Mean Computation time, MILP approach

Num. CIWS (1)
e | 1| 2| 3|5 |0
5 0.156 | 0.264 | 0.311 | 0.504 | N. A
10 2079 | 1.245 | 1.581 | 2.206 | 2.957
15 1757 | 14.31 | 16.57 | 18.73 | 19.80
20 4153 | 407.9 | 3876 | 341.4 | 399.2

Table 5. Min/Max Computation time, MILP approach

Num. CIWS (1)
et 0 | 1| 2| 3| 8 |0
Min | 0.097 | 0.122 | 0.193 | 0.348 | N. A
> Max | 0.247 | 0.393 | 0.535 | 0.654 | N. A
Min | 0.499 | 0.606 | 0.797 | 0.972 | 2.083
0 Max | 7.290 | 1.879 | 2.916 | 4.558 | 9.062
Min | 5.675 | 3.176 | 4.831 | 5.680 | 8.683
15 Max | 143.0 | 37.71 | 96.40 | 50.63 | 39.21
Min | 23.54 | 39.36 | 33.71 | 42.31 | 41.94
20 Max | 2463 | 2142. | 2144. | 2052. | 2390.

Tables 4, 5914+ B 5 AAMSE MILP 71'He| A4t
&8 AT AFEFE S, H4 Jd) 3T & U
ALt Az D, CT, & FRAHAR npFoziy A4
3 50709 FATY EAS Zo] =AU
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T 24 71 vl g BAET A FES b
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=3 9 2 o] At JFTE BoldFE MILP
Hol At AL SHAA FEde EsArh =
g, 9 sl 1571 HezkA HAHsE EAAIZH10
= ge]) gholl A = S-S BT

B =RdAe gtae 23 B A" mdvks
AHEEFA T SHAIRE AA A &8 Alole FUHA
Ay Aok 250 EAGT ook ZE Ak =

ol 2

N rlo

B

B odAde Fyaetd 49 29(UD170001DD)S
ol st on, o AAEHUG.
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