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S-SHAPED CONNECTED COMPONENT FOR A
NONLINEAR DIRICHLET PROBLEM INVOLVING MEAN
CURVATURE OPERATOR IN ONE-DIMENSION
MINKOWSKI SPACE

RuyuN MA AND MAN XU

ABSTRACT. In this paper, we investigate the existence of an S-shaped
connected component in the set of positive solutions of the Dirichlet prob-
lem of the one-dimension Minkowski-curvature equation

(ﬁ)' Fa(@)f(u) =0, € (0,1),
u(0) = u(l) =0,

where X is a positive parameter, f € C[0,00), a € C|0,1]. The proofs of
main results are based upon the bifurcation techniques.

1. Introduction

Hypersurfaces of prescribed mean curvature in flat Minkowski space LY 1 =
{(z,t) : z € RNt € R}, with the Lorentzian metric Zszl dz? — dt?, where
(z,t) = (x1,22,...,2N,t), are of interest in differential geometry and in gen-
eral relativity. It is well-known that the study of spacelike submanifolds of
codimension one in LV*! with prescribed mean extrinsic curvature leads to
Dirichlet problems of the type

Vu

V1—1|Vul|?

u =0 on 0%,

1) - div( ) = f(z,u) in Q,

where 2 is a bounded domain in R™ and the nonlinearity f : @ x R — R is
continuous, see [1,2].

The existence, multiplicity and qualitative properties of solutions of (1.1)
have been extensively studied by many authors in recent years, see Coelho
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et al. [9], Treibergs [27], Cano-Casanova et al. [6], Pan et al. [23], Lépez [17],
Corsato et al. [10,11], Korman [14] as well as Ma et al. [20,22], and the references
therein. It is worth pointing out that the starting point of this type of problems
is the seminal paper [7], and from Bartnik and Simon [2] as well as Bereanu and
Mawhin [5], we know (1.1) has a solution whatever f is. This can be seen as a
universal existence result for the above problem. However, in our study problem
(1.1) generally admits the null solution, it may be interesting to investigate the
existence of non-trivial solutions, especially the positive solutions. However,
there are few works on positive solutions of (1.1), see Coelho et al. [§], Bereanu
et al. [3,4], Ma et al. [21] and Dai [12].

Specifically, depending on the behaviour of f = f(z,s) near s = 0, Coelho
et al. [8] discussed the existence of either one, or two, or three, or infinitely
many positive solutions of the quasilinear two-point boundary value problem

!/

(ﬁ)/ + f(z,u)) =0, = € (0,1),

u(0) =u(1) =0,

where f is LP-Carathéodory function, and the proof of main results are based
upon the variational and topological methods. Bereanu et al. [3,4] obtained
some important existence, nonexistence and multiplicity results for the positive
radial solutions of problem (1.1) in a ball by using Leray-Schauder degree ar-
gument and critical point theory. Recently, Ma et al. [21] concerned the global
structure of radial positive solutions for the problem (1.1) in a ball by using
global bifurcation techniques, and extended the results of [3,4] to more general
cases, all results, depending on the behavior of nonlinear term f near 0. Dai
[12] investigated the intervals of the parameter A in which the problem (1.1)
has zero, one or two positive radial solutions corresponding to sublinear, lin-
ear, and superlinear nonlinearities f at zero, respectively. However, [12,21] only
give a full description of the set of radial positive solutions of (1.1) for certain
classes of nonlinearities f, and give no any information about the directions of
a bifurcation.

In 2015, Sim and Tanaka [26] proved the existence of S-shaped connected
component in the set of positive solutions for the one-dimensional p-Laplacian
problem with sign-changing weight

o (/[P=2Y -+ () f(w) =0, € (0,1),
(1.2) u(0) =u(l) =0,
where p > 1, m € CI0,1], f € C[0,00) and p is a positive parameter. They
obtained the following result by bifurcation techniques.

Theorem A ([26, Thoerem 1.1]). Assume

(H1) there exist x1, 29 € [0,1] such that x1 < xa,m(z) > 0 on (x1,x2) and
m(z) <0 on [0,1]\[x1, z2],

(F1) there exist a > 0, fo > 0 and f1 > 0 such that lim % =—f1,

s—0t
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(F2) fo := lim L& =0,

p—1
§—00 S

(F3’) there exists so > 0 such that

o), o =1)( 7y

s€lso.2s0] SP7L T pymo  \xa — a1

where py > 0 is the first eigenvalue of the linear problem associated to (1.2),
and

2m ) (@)
Tp i = —V——~ mo = min mix).
p (T 1o T 2
psm(;) w6[3114+12,11+43”2]

Then there exist p. € (0, 42) and p* > 22 such that
(i) (1.2) has at least one positive solution if @ = pui;
(ii) (1.2) has at least two positive solutions if . < pr < %;

(ili) (1.2) has at least three positive solutions if &L < p < p*;

(iv) (1.2) has at least two positive solutions if p = p*;

(v) (1.2) has at least one positive solution if p > p*.

Of course, the natural question is whether or not the similar result can be

established for the prescribed mean curvature problem (1.1)?

The purpose of this paper is to show the existence of the S-shaped connected
component in the set of positive solutions for nonlinear Dirichlet problem with

mean curvature operator in one-dimension Minkowski space

/

(ﬁ)l + Xa(x) f(u) =0, = € (0,1),

u(0) =u(l) =0,

(1.3)

where A is a positive parameter, a € C[0,1] and f : [0,00) — [0,00) is a
continuous function. This is the special case of the one-dimensional version of
(1.1). To the best of our knowledge, for problem (1.3), such bifurcation curve
is completely new and has not been practically described before.

Let us set
s

§) = ——, s €R.
o) V1 —s2
It is obvious that ¢ : (—=1,1) — R is an odd, increasing homeomorphism
and ¢(0) = 0. We say that a function u € C1[0,1] is a solution of (1.3) if

m[%>§]|u’(x)| <1, gou' € C[0,1], and satisfies (1.3). Let X = C[0,1] with the
x€|0,

norm ||ul|eo 1= m{%}i]|u(x)|. Let E = {u € C'[0,1] : u(0) = u(1) = 0} with the
x€|0,

norm [ful] = |[t/]j.
Let A\ be the k-th eigenvalue of the eigenvalue problem

{u”(:c) + Aa(z)u(xz) =0, z€(0,1),

(1.4) u(0) =u(l) =0,
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and ¢y be the eigenfunction corresponding to A\;. It is well-known that

D<M << <A<, lim Ay =
k—o0

and that ¢y has exactly k — 1 zeros in (0,1), see [28].

Assume that:

(Al) a:[0,1] — [0,00) is a continuous function and a(x) > 0 in (0, 1);

(F1) f € C([0,00),[0,00)) with f(s) > 0 for s > 0;

(F2) there exist fo € (0,00), § € (0,35) and g € C([0,00),[0,00)) with
g(s) > 0 for s € (0, ] such that

f(s) = fos—g(s) for se€]0,0],

where lim g(:) =0;
s—0t+ °

(F3) there exists so : so € (35, 75), such that
2
min I(s ) h_ 2m)?,
s€[so,4s0] S 5\f)\1a0
where ap = min a(s).
0= )
The main result of this paper is the following.
Theorem 1.1. Assume that (A1) and (F1)-(F3) hold. Then there exist \. €
(0, ;\f—;) and \* > ’\—; such that

i) (1.3) has at least one positive solution if X = A;
ii) (1.3) has at least two positive solutions if A < A <

(i
(
(iii) (1.3) has at least three positive solutions zf >‘1 <A < )\*
(iv) (1.3) has at least two positive solutions if /\ )\*
(v) (1.3) has at least one positive solution if X > \*;
(vi) hm Hu||oo =1 and lim [jul| = 1.

A—00
Remark 1.1. Let (A, u) be a solution of (1.3), then it follows from |u/(z)| < 1
that

1
llloo < 5.

This leads to the bifurcation diagrams mainly depend on the behavior of f =
f(s) near s = 0. This is a significant difference between the one-dimension
Minkowski-curvature problems and the p-Laplacian problems.

Remark 1.2. In the special case p = 2, (F1’) reduces to
(1.5) f(s) = fos — f1s**® for s€0,%],

where x > 0 is a sufficient small constant. It is easy to see that condition (F2)
is weaker than (1.5), in fact f1s'*% is a special case of g(s).

The main result is obtained by reducing the problem (1.3) to an equivalent
non-singular problem and use the Rabinowitz global bifurcation techniques
[24]. Indeed, under (F1) and (F2) we get an unbounded connected component
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which is bifurcating from (%, 0), and condition (F2) pushes the bifurcation to
the right near v = 0. Condition (F3) leads the bifurcation curve to the left at
some point, and finally to the right near A = oc.

For other results concerning the existence of an S-shaped connected compo-
nent in the set of solutions for diverse boundary value problems, see [13,16,25,
30] for the semilinear boundary value problems, and [29] for the p-Laplacian
boundary value problems.

The rest of the paper is organized as follows. In Section 2, we give an
equivalent formulation of problem (1.3) and some preliminary results to show
the change of direction of a bifurcation. Section 3 is devoted to proving the
main result. Finally in Section 4, we shall give a further result in the case that
fo = oo.

2. Some preliminary results
2.1. An equivalent formulation

Let us define a function f: R — R by setting

f(s), 0<s<3,

~ linear, Les<i,
(2'1) f(s) = 0, 522 1,
—f(—s), s < 0.

Notice that, within the context of positive solutions, problem (1.3) is equivalent
to the same problem with f replaced by f In the sequel, we shall replace f
with ]?7 however, for the sake of simplicity, the modified function fwill still be
denoted by f. Next, let us define h as follows

— S / S
22) h<s>={“0 Tt

Now, we state one lemma which similar to the step 1 of [8, Theorem 2.3].
For completeness and later references, let us recall and prove the lemma.

Lemma 2.1. A function u € C[0,1] is a positive solution of (1.3) if and only
if it is a positive solution of the problem

03 — " = Xa(z) f(u)h(u'), x€(0,1),
(2:3) u(0) = u(1) = 0.

Proof. 1t is clear that a positive solution u € C'[0,1] of (1.3) is a positive
solution of (2.3). Conversely, assume that u € C'[0,1] is a positive solution
of (2.3). We aim to show that ||u’||c < 1. Assume on the contrary that this
is not true. Then we can easily find an interval [c,d] C [0, 1] such that, either
u'(c) =0,0 < |u/(z)| < 1lin (¢,d) and |u/(d)| =1, or |u/(c)] = 1,0 < |u/(z)| < 1
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n (¢,d) and u/(d) = 0. Assume the former case occurs. The function u satisfies
the equation

(6(u) + Aa(z) f(u) =0

in [¢,d]. For each z € (¢, d), integrating over the interval [c, x], we obtain

|_A‘/ Ndt| < ¢

for some constant C; > 0 and hence

[/ ()] < ¢7H(Ch)

for every = € [c,d]. Since ¢~1(C;) < 1, taking the limit as z — d~ we obtain
the contradiction |u/(d)| < 1. Therefore ||u||s < 1 and, as a consequence, u is
a positive solution of (1.3). O

Lemma 2.2. Assume that (A1) and (F1) hold. Let u be a positive solution of
(2.3). Then
1 3}
4’4
Proof. Since v’ = —Aa(z) f(u)h(u'), condition (Al), (F1) and (2.2) imply that
u ( ) is decreasmg on (0,1). Combining the fact u(0) = u(1) = 0 and u(z) > 0
)

)-
n (0,1), we have uv/(0) > 0 and «/(1) < 0. Therefore, u is concave on (0,1).
Let us denote

1
(2.4) ltlloe < u(@) < Jlullosy @€ |7,

1
u(T) = Trél[%ﬁ]u(x) z=3.
If 7 € (0, 7], then
(2.5) u(z) > 2u(@)z, x€]0,7]
Since u is concave on [r, 1], it follows that
s Lulloo
> — .
u@) =557

Combining this fact with (2.5), we have
u(z) > zl|ulleo, = €[0,7].
It deduces that (2.4) holds for z € [}, 7).
If 7 € (z,1), then

u(zx) >

Notice that (2.4) is valid for € [, Z] again.
By the same argument, we may deduce that (2.4) is also valid in [Z, %] (]

[lulloo

T

x> z||lullo, = €]0,7].

Next, we give some property of concave functions.
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Lemma 2.3. Let v € (0,1) and By € (0,45%) be given. Let I, p, := [

1-— %} Then
1

5 € I%Bov

and
W'(s)| <1—v, VYueA Vsel,g,

where

1897

4Bo

1-v’

A:={u € E|u is concave in [0,1], u'(0) < 1, (1) > =1, ||u|lec < 4Bo}.

Proof. Set 1 —v =« and & = %. Then the condition can be rewritten as

1), and I :=1,5, =[§,1—&].

0<a<1,§€(0,2

Since u € C'0,1] and u is concave in [0,1], @/ is decreasing. If there exists
s € I such that |u/(s)] > 1—v = a, then v/(s) > aor v/(s) < —a. Ifu/(s) > a,
then M = 4/ (t) for some t € (0,s). Hence “f) > u/(s) > a. Therefore

u(s) > as > a€ = 46y > ||ulleo- It is a contradiction. Similarly, we have a

contradiction for other case.

If we let v = % and By = i € (0, %) Then we have the following:

Corollary 2.1. For any concave function v € E with

1
W(0) <1, d(1)>-1, |lulle < 5’
we have 5 L3
wsd o<
W<z, welp]

2.2. The direction of bifurcation
For every p € X, it is well-known that the solution u of problem

—u"(z) = a(z)p(u(z)), = €(0,1),
u(0) =u(l) =0

can be expressed by
1
uw) = [ Glas)als)p(uts))ds = L),

where the Green’s function G(z, s) is explicitly given by

o z(l—s), 0<zx<s<l,
(@,5) = s(l—z), 0<s<z<l.

O

It is easy to check that £ : X — E is completely continuous and (1.4) is

equivalent to
u = AL(u),
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so that the eigenvalues of (1.4) are the characteristic values of L.
If (F2) holds, then lierLj) = fo. This fact together with (F1), we have
5s—0 h

£ = (fo - L),

s
where ¢(s) is a continuous function and
(2.6) im 28 g,
s—0 S8
Let us set, for convenience, k(y) = h(y) — 1 for y € R. We have
k
(2.7) lim *W) _
y—0 vy
Define the operator H : R x E — E by

H(\u) = /\,L‘(((fo - #)k(u’) - @)u)

Clearly, H is completely continuous and, by (2.6) and (2.7), we have
A
Ol

lull=0 [l

0

uniformly with respect to A varying in bounded intervals. Observe that, for
any A, (A\,u) € R x E, with u > 0, is a solution of the equation

(2.8) w = MoL(u) + HO\ u),

if and only if u is a positive solution of (2.3). Denote by S the closure in
R x E of the set of all non-trivial solutions (A, u) of (2.8) with A > 0. Let
P={ue€FE :ulx) >0z € [0,1}. Then P is a positive cone of F and
intP # (.
Notice that

Wloe <1, (Au) €S,

which implies that
1
[[ul]oo < X (A u) €S.

Hence, by Theorem 1.3 in [24] or Theorem 2.3 in [8], we have the following
result.

Lemma 2.4. Assume that (Al), (F1) and (F2) hold. Then there exists an
unbounded connected component C in S which is bifurcating from (%, 0) such
that C C ((]0, +00) x intP) U {(%, 0)}). Moreover, C joins (%, 0) with infinity
i A direction.

Lemma 2.5. Assume that (Al), (F1) and (F2) hold. Let {(An,un)} be a
sequence of positive solutions of (2.8) which satisfies ||uy| — 0 and A\, — %
Let ¢1(x) be the first eigenfunction of (1.4) which satisfies |¢1|| = 1. Then there
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Un

exists a subsequence of {uy,}, again denoted by {u,}, such that Tl converges

uniformly to ¢1 on [0,1].
Proof. Let vn := =g, Then lvnll = |[vhllee = 1, consequently, ||v,|loo is
bounded. By the Ascoli-Arzela theorem, there exists a subsequence of v,, which

uniformly converges to v € X. We again denote the subsequence by v,. For
any (A, uy), we have

(2.9) up () = )\n/ G(x,s)a(s) f(un(s))h(u,(s))ds.

Multiplying both sides of (2.9) by ||un|| L we have

(s)) /
)= / G(z ) ———~a(s)h(u,(s))vn(s)ds.

Since ||uy|| — 0 implies ||up|lcoc — 0. From (F2) and (2.2), we conclude that
%((;))) — fo and h(u,(s)) — 1 as n — oo uniformly for s € [0,1]. By
Lebesgue’s dominated convergence theorem we know that

_ﬁ 1 x,S als)v(s)as
=2 [ caanatnsa

which means that v is a nontrivial solution of (1.4) with A = Ay, and hence
V=@, (]

Lemma 2.6. Assume that (A1), (F1) and (F2) hold. Let C be as in Lemma
2.4. Then there exists o > 0 such that (A\,u) € C and |\ — %| +||ul] < o imply

A
A> 5

Proof. By (F1) and (F2), there exists a sufficiently small 6 > 0 such that
0< f(s) < fos for s€]0,4].
This fact together with the definition of h, we have

fs)

(2.10) 0< =2 h<fy in (0,0).

Fixed o = 20, then for any (A, u) € C which satisfies |\ — %| + ||ul] < g, we
known u is a positive solution of the problem

" f(u(x)) ’ _
(2.11) u(z) + Male) = ST h( (@)u(x) =0, @ € (0,1),

and

On the other hand,
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Combining this fact with (2.10) and (2.11), we have

A /01 a(x) 1 (z)u(x)dr = /01 o' (x) P (v)dx

- )\/0 a(x)f(u(m))h(u’(x))qﬁl(:v)u(x)dm

1
< /\/ a(z) fod1 (x)u(x)dx,
0
that is Ay — Afop < 0, and accordingly, A > ;\c—; O

Lemma 2.7. Assume that (A1), (F1) and (F2) hold. Let C be as in Lemma
2.4. Then there exists Ao > 0 such that ProjpC = [As, 00) C (0, 00).

Proof. Suppose on the contrary that A, = 0. Then there exists a sequence
{(ftn, un)} C C satistying u,, > 0 such that
lm (pp,u,) = (0,u") in Rx X

n—00

for some u* > 0. Then by the fact
—(¢(u, (7)) = pma(@) f(un(2)),  un(0) =un(1) =0,

after taking a subsequence and relabeling, if necessary, we have u,, — 0.
By Lemma 2.2, there exists 7 € (0,1) such that «/(7) = 0 and

80, (2) = on [ alt)f(un(t)dt for € (0.7
xr
This fact together with f(0) = 0 yield that
. ’ _
(2.12) Jim [y, [|oo = 0.
On the other hand

= Uy (2) = pma(@) f (un(2)h(uy (2)), 2 € (0,1),
un(0) = u,(1) = 0.

Let v, = m for all n. Then we have
(2.13) —vn(?) = “na(ﬂf)mh(%(@)vn(m), z € (0,1),

v, (0) = v, (1) = 0.

Similar to the proof of Lemma 2.5, by (2.12) and (2.13), it concludes that
L —> 3\0—;, which contradicts p,, — 0. O

Lemma 2.8. Assume that (Al), (F1) and (F3) hold. Let (A\,u) € C with
[|ul|loo = 480. Then X < %
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Proof. Let (A\,u) € C. Then by Lemma 2.2, we obtain

13
(2.14) so < ulx) <4dsg, z € {7, f}.
44
Fixed so = 5, then from Corollary 2.1, for any (A, u) € C with ||u[| = 4s0,
we have
2 13
0<|u/(z)| <= [7 f]
_\u(m)\_37 T € 11
Now we assume on the contrary that A > j‘c—o Then for z € E, %], by (2.14)

and (F3), we have

flu(@)h(u'(x)) | M 27fo(2m)* 5V5 _ .
u(z) =0 O 5Vhhao 2T 2"

Let v(z) = sin (27(z — 1)). Then v is a positive solution of

Aa(z)

v (z) + (2m)%v(x) =0, =€ (%, %),
1 3

o) =o(3) =0

We notice that u is a solution of

f(u(@))h(v'(z))

u(z)

v’ (x) + Aa(x) u(x) =0

o [%, %] Strum comparison theorem, implies that v has at least one zero on
se

e [15,28]. This contradicts the fact that u(z) > 0 on [1, 3]. O

Lemma 2.9. LetC be as in Lemma 2.4. Then there exists a sequence {w,} C C
such that

lim ||wy||eo =0,
— 00
implies w], — 0 in measure as n — 0o.

Proof. Since ||wy||co = wn(7), where 7 is given by Lemma 2.2, it follows that
lim wy,(7) = 0. For any v > 0, let
n—oo

ma(y) = {& € 0,7 w)(2) > 7).
Then
wy (1) = / wl (z)dx > / wl (z)dx > v meas m, (7),
0 mn ()
which implies that meas m,(y) — 0. Therefore, w/, — 0 in measure. (I

Lemma 2.10. Assume that (Al) and (F1) hold. Let C be as in Lemma 2.4.

Then lim llul| =1 and lim [lulloo = 1/2.
(Au)eC,A—o0 (AMu)eC,A—o0
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Proof. We divide the proof into four steps.

Step 1. We claim that there exists a constant By > 0 such that for every
(M u) € C, if A > By, then

lulloo > ps

for some p, > 0.

Suppose on the contrary that there exists a sequence {(pin, un)} C C satis-
fying

(tn, Up) = (00,0) in (0,4+00) x X.

Then by Lemma 2.9, we have u), converges to 0 in measure as n — oo. From
this fact and (2.13), after taking a subsequence and relabeling, if necessary, we
have v,, — v, in X for some v, € X, and,

= = ppafove, € (0,1), v.(0)=0v.(1)=0,
that is u,, — % This contradicts with the fact u, — oo. Therefore, the claim
is valid.

Step 2. Fixed € € (,7), we can show that for every (A, u) € C, if A > By,
then
. 1
(2.15) min u(x) > = p..
z€[e,T] 4
Step 3. It follows from (2.15) and (F1), there exists some constant My > 0
such that

flu(z)) > My >0 for z€ e, 1],

and accordingly,

)\lim )\/ a(t)f(u(t))dt = +oo uniformly in z € [g,7 — &1]
— 00 T
for arbitrary fixed €; € (0, 7—¢). This together with (A1), (F1) and the relation

W) =0 (1 [ alsuo)r)

imply that
(2.16) v =1 in Cle,7 —e1] as A — +o0.
Therefore, by the arbitrariness of € and €1, we get lim  |u|| =1

(A u)eC, =00
Step 4. Since

W'(z) >0, z€(0,7], —u'(x)>0, ze€]rn1].
This fact together with (2.16) imply that for (A,u) € C,
T T—E€1
lim [|u||eo = lim u(7) = lim o' (t)dt > lim u(t)dt=1—¢e1 —e.
A—o00 A—00 A—o0 Jo A—roo fo
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By the arbitrariness of ¢ and €1, we have /\lim [|u|oo > T for 7 € (0,1), and
— 00

similarly, we have Alim [lu]loo > 1 — 7 for 7 € (0,1). Therefore, it deduces that
— 00

1
2.1 li > .
(2.17) Aglgol\ulloo =

On the other hand, it follows that

u(r) = / o (t)dt <1, T€(0,1),
0
and
1
u(r) = / (—u/'(t)dt <1—7, 7€(0,1).
And accordingly,

(2.18) u(1) <

N =

Therefore, from (2.17) and (2.18), we have

li -
Jim [fuf|

2 O
3. Proof of the main result
In this section, we shall prove Theorem 1.1. We divide the proof into three
steps.
Step 1. Rightward bifurcation.

By Lemmas 2.4-2.6, there exists an unbounded connected component C in
the set of positive solutions of (1.3), which is bifurcating from (%, 0), and for

any (A, u) € C which satisfies |A — %| + ||u|| < o, where o > 0 is a sufficiently
small constant, C goes rightward. Moreover, C joins (?—;,O) with infinity in A
direction.

Step 2. Direction turn of bifurcation.

By Lemma 2.10, we have lim  |ju||=1and lim  |ul|eo = 1/2.
(AN u)eC,A—o0 (M\u)eC,A—o0

Then there exists (A, ug) € C such that ||up|lcc = 489. Lemma 2.8 implies that
C goes leftward.
Step 8. Existence of A\, and \*.

By Lemma 2.7, if (A\,u) € C, then there exists A, > 0 such that A > A.
And by Lemma 2.6, Lemma 2.8 and Lemma 2.10 again, C passes through some
points (%,vl) and (%,1@) with ||v1]lee < 480 < ||v2||0o, and there exist A and
A which satisfy 0 < A < % < A and both (i) and (ii):

(i) if X € (%75\], then there exist v and v such that (A, u), (A, v) € C and
l[ulloo < [vlloc < 4s0;
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(ii) if A € [A, ;\f—;], then there exist u and v such that (A, u), (A, v) € C and
[ulloe < 450 < [|v]|oo-

Define \* = sup{\ : X satisfies (i)} and \, = inf{) : A satisfies (ii)}. Then
by the standard argument, (1.3) has a positive solution at A = A, and A = A*,
respectively. This completes the proof. O

4. Further results and remarks

In this section, we show the existence of the S-shaped connected component
in the set of positive solutions of (1.3), when fy = co.

Theorem 4.1. Assume (Al), (F1),
(F4) fo = lim £ = o0,
s—0t °

(F5) there exists mo € (0, 55) such that 0 < s < mg implies that

6
< —

f(s) = gF Mo,

where a* = max a(s),
s€[0,1]
(F6) there exists m° > mg with m® € (55, &), such that
2
min fs) > ! (2m)?
s€[m02,4m0] S 5\/5a0

Then there exist 0 < Ay < 1 and X\** > 1 such that

(i) (1.3) has at least one positive solution if 0 < A < Ay

(ii) (1.3) has at least two positive solutions if A = Aux;

(iil) (1.3) has at least three positive solutions if A < A < A*™;
(iv) (1.3) has at least two positive solutions if X\ = A**;
(v) (1.3) has at least one positive solution if X > \**;
(vi) lim [Jul|oc = 3 and lim |u] = 1.
— A—00

Proof. (Sketched) We will use the similar argument of [18] and [19] to get the
desired result. For each j € N, let us define a function fU: [0,00) — R by

f(s), s € (%,oo),

jf(%)s, s € [O,ﬂ.

Then for each j € N, fUl are continuous functions, with

(4.1) fO(s) =

(4.2) lim sup [fm(s) — f(s)] =0 uniformly for s € [0, 00),
Jj—oo
and
DN fl(s)y 1
(4.3) (f¥)o = lim === = Jf(j)-
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By the same method to prove Lemma 2.4, with obvious changes, we get that
for each j € N, the closure of the set of positive solutions for the auxiliary
problem

*UH: alx (5] u U’ T
(4.4), { Na(a) 9 (w)h(u'), =z € (0,1),

u(0) =u(l) =0
possesses a connected component C// which joins (j]?(—ll),O) to infinity in A-
A%

direction.
From (F4), it follows that
(4.5) i (f) = tim 239) o

J—o0 J—0 1/]

and accordingly,
im M
=0 f(5)
According to [18, Lemma 2.2] and [19, Lemma 2.4], the set lim sup CV! con-
tains an unbounded connected component C:
(4.6) (0,0) € € C limsupClV!

n—oo

which joins (0, 0) to infinity.

Therefore, by an argument similar to that of Theorem 1.1 together with
the following Lemma 4.1 and Lemma 4.2, we can get the results of Theorem
4.1. O

Lemma 4.1. Assume that (Al), (F1) and (F5) hold. Let (\u) € C with
[|ulloc = mg. Then X > 1.

Proof. From the property of the Green’s function G(z, s), we have

1

mo = [[ul|ec = e A | G(x,s)a(s) f(u(s))h(u'(s))ds

6 1
< /\a*—*mg/ G(s, s)ds
a 0
= AmOa
therefore, A > 1. O

Lemma 4.2. Assume that (A1), (F1), (F5) and (F6) hold. Let (A\,u) € C with
|u||oo = 4mP. Then X < 1.

Proof. Similar to Lemma 2.2 and Corollary 2.1, we have

0

1 13
m® = Jllulloe < u(@) < JJulloc = 4m°, w € [3.5]:

44
and
1 3}

2
< | < = [77
0<@|<3 o€ |3 ]
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Assume on the contrary that A > 1, similar to the proof of Lemma 2.8, we
can get a contradiction, and subsequently, A < 1. O

Remark 4.1. If we use the stronger condition
(As) a:]0,1] — [0, 00) is continuous, a(z) > 0 in (0,1), and a(z) = a(1l — )
for all z € [0, 1], and work in the smaller Banach space

E* ={uec C'0,1] : u(0) = u(1) = 0 and u(z) = u(1l — z) for all = € [0,1]},

then by using the same method to prove Theorem 1.1 and similar argument
to prove [6, Theorem 3.2], we may prove the existence of symmetric positive
solutions of (1.3), although we don’t know the symmetry of all solutions of
(1.3).

Remark 4.2. From Lemma 2.3, in the case v = é and [y = i, we have to use
the assumption (F3). By adjusting the parameters v and 3 in Lemma 2.3, we
may obtain some new conditions. For example, when v = i and By = 63—4, we
may replace (F3) by

(F3”) there exists sq : o € (55, &), such that

327 16
4
min f(S) > 6 fO . (271_)27
s€[s0,450] S 7\ﬁ)\1a0
where ap = min a(s).
s€[3.3]
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