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THE SHARP BOUND OF THE THIRD HANKEL
DETERMINANT FOR SOME CLASSES OF
ANALYTIC FUNCTIONS

BocumitA KOWALCZYK, ADAM LECKO, MILLENIA LECKO, AND YOUNG JAE SIM

ABSTRACT. In the present paper, we have proved the sharp inequality
|H3,1(f)] < 4 and |H3,1(f)| < 1 for analytic functions f with a, :=
FM™()/n!, n €N, such that

Re&>o¢7 ze€D:={z€C:|z| <1}
z

for =0 and a = 1/2, respectively, where

a1 a2 a3
H31(f) :==|a2 a3 a4

a3z a4 as

is the third Hankel determinant.

1. Introduction

Let H be the class of analytic functions in D := {z € C: |z| < 1} and let A
be its subclass normalized by f(0) =0, f/(0) = 1, i.e., functions of the form

(1.1) flz)= Zanz”, ap =1, zeD.
n=1

For ¢,n € N, the Hankel determinants H, ,(f) of functions f € A of the
form (1.1) are defined by

Qp ap+1 " Un+q—1
Ap+1 Qp+2 An+q
Hq,n(f) =
Antq—1 Qntq " QAn42(g—1)

Computing the upper bound of H,, over subfamilies of 4 is an interesting
problem to study. Recently many authors have examined the Hankel deter-
minant Hys(f) = asas — a3 of order 2 (see e.g., [4,5,9,13,19]). Note also
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that Ha1(f) = a3 — a3 is the well-known coefficient functional which for S was
estimated in 1916 by Bieberbach (see e.g., [8, Vol. I, p. 35]). To find the upper
bound of the Hankel determinant

a; ai; as
(12) H371(f) = |a2 asz aq| = a3(a2a4 — ag) — a4(a4 — a2a3) + a5(a3 — a%)
as a4 G5

of order 3, is more difficult if we expect to get a sharp estimate. Results
in this direction, however not sharp, were obtained by various authors, e.g.,
[1,2,4,5,21,23,25,29,30]). If a subclass F of A has a representation involving
the Carathéodory class P, i.e., the class of functions p € H of the form

(1.3) p(z) =1+ Z 2", z €D,
n=1

having a positive real part in D, the coefficients of functions in F have a suitable
representation expressed by coefficients of functions in P. Therefore, to get the
upper bound of Hs; over F, the authors based their computing on the well-
known formulas on coefficient co (e.g., [20, p. 166]) and the formula c3 due to
Libera and Zlotkiewicz [14,15]. The formula for ¢4 which was recently found
in [12] allows to reach sharpness of bound of Hs ;. It was done in [10] and [11]
for convex functions and starlike functions of order 1/2.
Given a € [0,1), let T () be the class of f € A such that

(1.4) Re@ >a, zeD.

Let 7 := 7(0). In this paper, we found the sharp bound of Hs; over the
classes T and 7T (1/2), namely, we proved that |Hs1(f)| < 4 for f € T and
|Hz1(f)| < 1for feT(1/2).

The families 7 and 7 (1/2) play important roles in the theory of univalent
functions although their elements are functions which are not necessarily uni-
valent. One of the significant results belongs to Marx [17] and Strohhécker [27].
They proved that

(1.5) S°C §*(1/2) € T(1/2)

(see also [18, Theorem 2.6a, p. 57]), where S¢ is the class of convex functions
introduced by Study [28], i.e., the family of all univalent functions in A which
map D onto convex domains, and $*(1/2) is the class of starlike functions of
order 1/2. An idea of starlikeness of order a (« € [0,1)) belongs to Robertson
[24]. By the well known result due to Study ([28], see also [6, p. 42]) a function
f is in &8¢ if and only if

2f"(2)
f'(z)

Re{1+ }>0, 2 eD,
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and a function f is in §*(1/2) ([24], see also [8, Vol. I, p. 138)) if and only if

2f'(z) _ 1
Re >—, zeD.
fz) — 2
What is interesting, a function
z
1. - _° D
(1.6) )=, zeD,

is extremal for many computational problems in these three classes, i.e., in
8¢, 8%(1/2) and T(1/2). The class 7 plays a fundamental role in the theory
of semigroups of analytic functions as a generator of one-parameter continues
semigroups studied by Berkson, Porta, Shoikhet, Elin and others (e.g., [26],
[7]). For other classical results concerning the classes 7 and T(1/2) see e.g.,
[16,22].

At the end let us mention that in [10] and [11] it was shown that |Hs 1(f)]| <
4/135 for f € 8¢ and |Hs1(f)] < 1/9 for f € S*(1/2), respectively, with
sharpness of both results. In view of the inclusion (1.5) we can say that the
corresponding bounds of Hz; carry some information about the richness of
classes. Coefficient bounds does not necessarily include such a distinction,
namely, for all three classes i.e., §¢, §*(1/2) and 7 (1/2) modules of all coeffi-
cients are bounded by 1 (see [8, Theorem 7, p. 117; Theorem 2, p. 140]) with
the extremal function given by (1.6).

2. Main results

The basis for proof of the main result is the following lemma. It contains the
well-known formula for ¢y (e.g., [20, p. 166]), the formula for ¢z due to Libera
and Zlotkiewicz [14,15] and the formula for ¢4 found in [12].

Lemma 2.1. Ifp € P is of the form (1.3) with ¢c; > 0, then

(2.1) 2y = + (4 —3)¢,
(2.2) des =} + (4= cD)er¢(2— Q) +2(4 — )L = [¢[)n
and

8cy = ¢ + (4 —e])C [1(¢? =3¢+ 3) +4(]
—4(4 =)A= ¢ [er(C =D+ Cn* = (1= n?) €]
for some (,n, £ €D:={z€C:|z| <1}.
We will now estimate Hs 1 (f) for f € T.

(2.3)

Theorem 2.2.
(2.4) max{|Hz1(f)|: f€T} =4
with the extremal function
3
(2.5) f)=2r2 e

T1— 2
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Proof. Let f € T be of the form (1.1). Then by (1.4),
(2.6) f(z) = 2p(2), z¢€D,

for some function p € P of the form (1.3). Since the class P is invariant under
the rotations, by Carathéodory Theorem we may assume that ¢ := ¢; € [0, 2]
([3], see also [8, Vol. I, p. 80, Theorem 3]). Substituting the series (1.1) and
(1.3) into (2.6) and equating the coefficients we get as = ¢, a3 = ¢a, a4 = c3
and as = ¢4. Hence, and by (1.2) we have

(2.7) Hs 1(f) = 2ccacs — cg — c?,, + eq(eq — 02).

To simplify the computation, let ¢ := 4 — ¢2. By using the equalities (2.1)-(2.3)
we have

cg = %< 2 +1C), 3= % (¢ + 2¢t¢ — ct¢® + 2t(1 = [¢[*)n)
(2:8) ¢, = é [c* 4+ 3¢%t¢+ (4 — 3+ +44(1 — [C[?) (en — e — Cn?)

441 = [¢*) (1 = |nl*)€] -

Hence by straightforward algebraic computation we have

1
2ccocy = — [4c6 + 126 ¢ — 4t + 822 ¢? — 423

16
8¢ (1 — [¢*)n + 8et*(1 — [¢[*)¢n]
1
3 6 4 2,42 2 3,3
¢y, = — |2¢” + 6¢7tC + 6¢7°t + 2t ,
(2.9) 27 16 [ ¢ ¢ ¢’]
1
¢ = 1g [ +4cMC = 26U + 4P — 4P C +

+4¢ (1 — [¢1*)n + 8et? (1 — [¢[*)¢n — 4et* (1 — [¢*)¢Pn
+4£2(1 = [¢1)*n°]
and

ca(ca —c?) = 1i6 [—c —2c*¢ — (4 — 3c) Pt + 32 — M¢P
+ (4= 3¢ 4 3¢ — 41— [¢[*)(en — end = )
+4t% (1~ [¢*)(eCn — e¢Pn — [¢[*n?)
(= + 1) (1~ [¢1) (A~ [n*)e] -

Substituting the above expressions with ¢t = 4 — ¢? to (2.7) by elementary
but tedious computation we get

Hy 1 (f) = 7 (4= [~AC+4e(1-[CP)on+(~4+ ¢ + 0 (1= )
e + (4= 1- A m)E]

(2.10)
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Let z :=|(] € [0,1] and y := |n| € [0, 1]. Taking into account that || < 1, from
(2.10) we obtain

(211) [Hs ()] < F (e, ),
where
F(e,a,y) = (4—c*) [2(2 = A1 — ) (1 — 2)y? + 4e(1 — 2?)zy
+(P+ (4= A)z)(1 - 2°) + 42°] .
We will show that for ¢ € [0,2], = € [0,1] and y € [0, 1],

(2.12) F(c,z,y) < 16.
I. For ¢ = v/2 we have
F
(2.13) G (VE20) =8VE(L= %2 20, ay € (1)
For ¢ # /2 we have
oF

o 44-A1 -2 [2-A)Q—2)y+cz] =0
only for

YT -w)
which holds for ¢ € (v/2,2).
Let ¢ € (v/2,2). For x € (0,1) we have

a—F(c,:myo) =4-c [—2(2 —A)(Br +1)(1 — 2)yd

Ox
+4e(1 = 32%)yo 4+ 122° + (4 — *)(1 — 32%) — 2¢%z] =0

=Y € (O, 1),

if and only if

2¢%(3x + 1)2? 4c*(1 — 32%)x 5 5 5 9
@A -2 @-A1-x = O CTTITEh
which is equivalent to
(2.14) —3c¢*2? — 24—z +(A-A)(2-c) =0.

Since A := 8c¢*(4 — ¢2)(5 — 2¢?) < 0 for ¢ € (1/5/2,2), so then the equation
(2.14) has no solution. Because all coeflicients of (2.14) are negative from
Vieta’s formulae it follows that for ¢ € (v/2,/5/2) both solutions of (2.14) are
negative. Clearly, the equation (2.14) has no solution for ¢ = m Thus the
equation (2.14) has no solution and therefore taking into account (2.13) the
function F has no critical point in (0,2) x (0,1) x (0, 1).

II. We consider all faces. On the face ¢ = 0,

ql(xay) = F(O,l’,y) =16 ((1 - zz)(l - I)yz +£L‘) , T,y € (03 1)
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Since ¢ is an increasing function of y € (0,1), so it has no critical point in
(0,1) x (0,1).

On the face ¢ = 2,

F(2,z,y) =0, z,y€(0,1).

On the face x = 0,

g2(c,y) == F(c,0,y) = (4 — 02) [2(2 - 62)y2 + 62] , c€(0,2), ye(0,1).
Since

%—q; =44 -A)2-Ay=0, c€(0,2), ye(0,1),

only for ¢ = V2 and

9q>
% (Vo) =
$0 ¢o has no critical point in (0,2) x (0,1).
On the face z = 1, F(c, 1,y) has no critical point for ¢ € (0,2), y € (0,1),
obviously.
On the face y = 0,
gs(c,x) := F(c,z,0)

=@l-A)(C+{d-F)z -2+ P2%), c€(0,2), z€(0,1).

—8V2y2 #£0, ye(0,1),

We have
0
% —(d—A)A+AB2%—20-1) =0, ce(0,2), z € (0,1),
only for
2
CcC = =:Cy € (0 2)7

1-x)(1+ 396)
which holds for = € (0,2/3). Moreover

dq3

%(Co,x) =0

if and only if
Al —2*)(1 —2) =2(1 -2z — 2* +2°).
Since the last equation equivalently written as
32t —22% — 5 +2—-1=0, z¢€(0,2/3),

has no zero (all real zeros are x; ~ —1.18, xa ~ 1,64), so g3 has no critical
point in (0,2) x (0,1).
On the face y =1 for ¢ € (0,2) and z € (0, 1),

qa(c,x) := F(c,2,1)
=U-A)[A-c+ e+ Az —(4—c)2® + (4 —de— P)a?] .
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A numerical computation shows that the system of equations dgs/0x = 0 and
0q4/0c = 0 equivalent to

34—dc—cAr? 24 —-cA)x+4c+ 2 =0,
(=4 —4dc+32+ A2+ (de— )22+ (4+2¢— 32— )xr —de+ 2 =0,

has a unique solution ¢ =: ¢y = 0.42524 and = = x¢ ~ 0.85612, i.e., (g, x0) is
a unique critical point of g4. Since clearly,
82
ij(co,xo) = 12(1 — 23)co [(1 — @o)co — 2z0] — 16(1 — 2o)(1 — 22) — 8wg < 0
and )
9 — (A=) [6(4—4co — R)zo —2(4— )] >0
92 (co, o) = (4 — ) |6( co — ¢g)To — 2(4 — ¢5) ;
it follows that in (cg,x0) is a saddle point of g4.
III. On the edges we have:
F(c,0,0) = 4c? — c* <4, c€0,2];

)
) =162 < 16, = € [0,1];
)=F(2,z,1) =0, x € [0,1];
)=(4-c?)?2<16, ce]0,2];
z,1) =16(z® — 22 +1) <16, = € [0, 1];
,0,y) = 16y* < 16, y € [0,1];

1y) =16, y € [0, 1)

F(2,0,y)=F(2,1,y) =0, y € [0,1].

Summarizing, from the cases I-1II we state that the inequality (2.12) is true.
Thus from (2.11) it follows that |Hs 1(f)| < 4. For the function f given by (2.5)
which is in 7, we have az = a4 = 0 and ag = a5 = 2. Hence and by (1.2) we
get H31(f) = —4 which ends the proof of (2.4). O

We will now found the bound of Hs 1(f) for f € T(1/2).
Theorem 2.3.

(2.15) max{|Hz1(f)] : f € T(1/2)} =1
with the extremal function
(2.16) fz) = 1_7’:3 zeD.

Proof. Let f € T(1/2) be of the form (1.1). Then by (1.4) we have

(2.17) f(z) = 32(p(z) +1), z€D,

for some function p € P of the form (1.3). As in the proof of Theorem 2.2 we
may assume that ¢ := ¢; € [0,2]. Substituting the series (1.1) and (1.3) into
(2.17) and equating the coefficients we get as = ¢/2, a3 = ¢2/2, ay = ¢3/2 and
as = c¢4/2. Hence, and by (1.2) we have

1
(2.18) Hs1(f) = § (2ceacs — ¢ — 2¢5 + 2cac4 — CPcy)
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Using (2.8) with ¢ := 4 — 2, we get
2c9c4 — g = é [0415( +3¢22¢C% + (4 = 32 + A2t
H482 (1 [¢*) (€ — e = [¢PPm)n + 4t (1— [¢]*) (1~ [nf*)¢€] -
Substituting the above expression and (2.9) with t = 4 — ¢? to (2.18) we get

Hya(f) = 75 (4 — 20— |eP) [~ + (1 - Inf)ee]

Hence and by the fact that [¢| <1 and |¢] < 1 we have

[Hs 1 (] < 74— (1~ [6) [Inf? + 1~ P
< (- PPl <1

16
Since ag = ag = a5 = 0 and a4 = 1 for the function (2.16) which is in 7(1/2),
so Hs 1(f) = —1. This makes equality in (2.15).
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