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QUANTITATIVE WEIGHTED BOUNDS FOR THE
VECTOR-VALUED SINGULAR INTEGRAL OPERATORS
WITH NONSMOOTH KERNELS

GUOEN Hu

ABSTRACT. Let T be the singular integral operator with nonsmooth ker-
nel which was introduced by Duong and McIntosh, and T, (¢ € (1, o0))

be the vector-valued operator defined by Ty f(z) = (332, T fi(z)|? )l/q.
In this paper, by proving certain weak type endpoint estimate of L log L
type for the grand maximal operator of T', the author establishes some
quantitative weighted bounds for Ty and the corresponding vector-valued
maximal singular integral operator.

1. Introduction

We will work on R, n > 1. Let A,(R™) (p € [1, 00)) be the weight func-
tions class of Muckenhoupt, that is, w € A,(R™) if w is nonnegative, locally
integrable and the A,(R™) constant [w]4, is finite, where

wla, = oup (g7, wioria) (s f, o oria) ™ e 0, 0)

the supremum is taken over all cubes in R™, and

For properties of A,(R™), we refer the reader to the monograph [8]. In the last
several years, there has been significant progress in the study of sharp weighted
bounds with A, weights for the classical operators in Harmonic Analysis. The
study was begun by Buckley [1], who proved that if p € (1, co) and w € A,(R™),
then the Hardy-Littlewood maximal operator M satisfies

(L1) IM fllzogn, ) Sop 015, 17| o@n, )
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Moreover, the estimate (1.1) is sharp since the exponent 1/(p — 1) can not be
replaced by a smaller one. Hyténen and Pérez [13] improved the estimate (1.1),
and showed that

=

(12) M fllmr@nw) Snp ([wla, [ 7T]a)

where and in the following, for a weight u € A (R") = Up>1A4,(R™), [u]a_ is
the A, constant of u, defined by

I £1le (Rn, w)s

1
. = g0 sy [ M)
see [25]. It is obvious that (1.2) is more subtle than (1.1).

The sharp dependence of the weighted estimates of singular integral opera-
tors in terms of the A,(R™) constant was first considered by Petermichl [22,23],
who solved this question for Hilbert transform and Riesz transform. Hytoénen
[11] proved that for a Calderén-Zygmund operator T' and w € A3(R™),

(1.3) 1T fll2@®n,w) Snlw]a,llfllL2@n, w)-

This solved the so-called Ay conjecture. Combining the estimate (1.3) and the
extrapolation theorem in [5], we know that for a Calderén-Zygmund operator
T,pe (1, o00) and w € A,(R"),

max{1, ﬁ}

(1.4) 1T f e ®n,w) Snop [W]a, 1f Il ®n, w)-

In [17], Lerner gave a very simple proof of (1.4) by controlling the Calderén-
Zygmund operator using sparse operators. For other recent works about the
quantitative weighted bounds for singular integral operators, see [9,12-14, 18]
and the related references therein.

Let T be an L?(R"™) bounded linear operator with kernel K in the sense that
for all f € L?(R™) with compact support and a.e. x € R™\supp f,

(15) Tf@) = [ Kl )y
where K is a locally integrable function on R™ x R™"\{(z, y) : = = y}. To
obtain a weak (1, 1) estimate for certain Riesz transforms, and L” boundedness
with p € (1, 00) of holomorphic functional calculi of linear elliptic operators
on irregular domains, Duong and McIntosh [6] introduced singular integral
operators with nonsmooth kernels via the following generalized approximation
to the identity.

Definition 1.1. Let h be a positive, bounded and decreasing function such
that for some constant n > 0,

(1.6) lim r"*"h(r) =0,

r—00
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{at}+>0 be a family of functions in R™ x R™ such that for all z, y € R™ and
t >0,

sy (T =
(1.7) lac(z, y)| < he(z, y) =t n/Sh(' e )a

where s > 0 is a constant. The family of operators {A;};¢ is said to be an
approximation to the identity, if for every ¢ > 0, A; can be represented by the
kernel a; in the sense that

Apu(z) = /n a(z, y)uly)dy

for every function u € Up>1LP(R™) and almost everywhere z € R”.

Assumption 1.2. There exists an approximation to the identity { A;}+>0 such
that the composite operator T'A; has an associated kernel K; in the sense of
(1.5), and there exists a positive constant ¢; such that for all y € R™ and ¢t > 0,

/| VK — Kl gl £ 1
r—y|>cits

An L?(R™) bounded linear operator with kernel K satisfying Assumption 1.2
is called a singular integral operator with nonsmooth kernel, since K does not
enjoy smoothness in space variables. Duong and McIntosh [6] proved that if T
is an L?(R™) bounded linear operator with kernel K, and satisfies Assumption
1.2, then T is bounded from L!(R") to L!'*°(R"). To consider the weighted
boundedness with A, (R™) for singular integral operators with nonsmooth ker-
nels, Martell [19] introduced the following assumptions.

Assumption 1.3. There exists an approximation to the identity { D}~ such
that the composite operator D;T has an associated kernel K* in the sense of
(1.5), and there exist positive constants ¢z and a € (0, 1], such that for all
t>0and z, y € R" with |z — y| > cot+,

afs
K (. y) — Kt(z, y)| S —

P a—

T o -yl
Assumption 1.4. There exists an approximation to the identity {A;}¢~o such
that the composite operator T'A; has an associated kernel K; in the sense of
(1.5), and there exists a positive constant ¢; and some « € (0, 1], such that for

all t > 0 with |z — y| > ¢1t+,
ta/s
_ <
|K(£L’, y) Kt(wv y)l ~ ‘.I‘—y|n+o"

Martell [19] proved that if T' is an L?(R™) bounded linear operator, satisfies
Assumption 1.2 and Assumption 1.3, then for any p € (1, co) and w € A,(R™),
T is bounded on LP(R™, w). Moreover, if T satisfies Assumption 1.3 and
Assumption (1.4), then for w € A;(R"), T is bounded from L'(R", w) to
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LY °°(R™, w). Hu and Yang [10] considered the weighted estimates with gen-
eral weights for T" and the corresponding maximal operator T* defined by

T f(z) = sup [T f(2)],
e>0
with

i@ = [ K s

Now let ¢ € (1, ), and define the vector-valued singular integral operator
with nonsmooth kernel by

1/q
b

7,1 = 7@, = (3 Tl
k=1

with f = {fx}. Also, we define the vector-valued maximal singular integral
operator T by

* - * 1/a
Ty (@) = (YT fe@)r)
k=1
Mo and Lu [20] proved that for all p, ¢ € (1, 00),

HquHLP(IR”) S H|f|qHL1’(]Rn)-

Le [16] considered the weighted boundedness for T, and T, proved that for all
p € (1, 00) and w € A,(R™),

ITaflon,wy + 175 fllze@e, wy S [1Flall Lo g
and for w € 4;(R™),

sw)?

1T f L2 ®n,wy S N flallzr@e, w)-
The main purpose of this paper is to establish the quantitative weighted bounds

for T, and T; . Our main results can be stated as follows.

Theorem 1.5. Let T be an L2(R™) bounded linear operator with kernel K in
the sense of (1.5). Suppose that T satisfies Assumption 1.3 and Assumption
1.4. Then for p, g € (1, 00) and w € Ap(R™),

1

1 EY 1
(1'8) ||qu||LP(R",w) A<m,p,q [w}ﬁp([w]:}m + [U]ZW)[J]AOO |||f|qHLp(]Rn7w)'

Here and in the following, for p € (1, 00) and w € A,(R™), p' = p/(p — 1),
o= w . Moreover, if the kernels {K'}i~o in Assumption 1.3 satisfy that
for allt >0 and z, y € R™ with |x — y| < Cots,

(1.9) K, )| St7%,
then (1.8) holds true for T}
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Theorem 1.6. Let T be an L?(R"™) bounded linear operator with kernel K in
the sense of (1.5). Suppose that T satisfies Assumption 1.3 and Assumption
1.4. Then for w € A1(R™) and q € (1, 00),
(1.10) Ty fllps oo @n,w) Sna [w]ay [w]a. log?(e + [wla ) flal o g, w),
and
(1.11) w({z e R™: T, f(z) > A})
T T
S/ﬂ,q [w]Al 10g2<e+ [w]AW> /n |f(>\)|q IOg (€+ |f()\)|q)1U($)d.fL'

Moreover, if the kernels {K'}i~o in Assumption 1.3 satisfy (1.9), then the
estimate (1.11) also holds for Ty .

Remark 1.7. Theorem 1.5 implies that

Hqu”LT’(R",w) + HT;f”L”(R",w)
(112) max{1, -1+ }+-1+
S, pa [w]Ap Y 1H|f|qHLP(R",w)'
Even for the scalar case, the weighted bounds in (1.11) and (1.12) are new.
However, we do not know if these bounds are sharp.

Remark 1.8. Let w € A1(R™). We do not know if the estimates
||qu||le°°(]R",w) Snoq (WA, 10%2(6 + [w]Am)H|f|qHL1(R",w)

is true under the hypothesis of Theorem 1.6. It should be pointed out that the
boundedness of Ty in (1.11) is new.

In what follows, C' always denotes a positive constant that is independent
of the main parameters involved but whose value may differ from line to line.
We use the symbol A < B to denote that there exists a positive constant C
such that A < CB. Specially, we use A <, , B to denote that there exists
a positive constant C' depending only on n,p such that A < C'B. Constant
with subscript such as c¢1, does not change in different occurrences. For any
set E C R™, xg denotes its characteristic function. For a cube @ C R™ and
A € (0, ), we use £(Q) (diam@) to denote the side length (diameter) of @,
and A\Q to denote the cube with the same center as () and whose side length is
A times that of Q. For z € R™ and r > 0, B(z, r) denotes the ball centered at
x and having radius r. For locally integrable function g and a cube @ C R",
(9)g denotes the mean value of g on Q, that is, (g)g = |Q|! ng(y)dy.

2. Endpoint estimates

This section is devoted to some endpoint estimates for the grand maximal
operators corresponding to 7" and 7 in Theorem 1.5. These endpoint estimates
play important roles in the proofs of the theorems and are of independent
interest. We begin with some preliminary lemmas.
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Lemma 2.1. Let q, py € (1, ), 0 € [0, 00) and S be a sublinear operator.
Suppose that

1S flallzeo @ny S NS lgllzro ey,
and for all A > 0,

toer s si@ly > 2|5 [ Hon0ge (o4 Le)as,

Then for cubes Q2 C Q1 C R™,
1
N /Q 1SUX@)@)ate S lall o 1ers

here and in the following, for f = {fi} and a cube Q, fxo = {fxxq}, and for
B €0, 00),

. 1 gy gy
1911208 1%, 0 :mf{/\>0; G QH)\HIOgB (e+ @)dyg 1}.

Proof. Lemma 2.1 is a generalization of Lemma 3.1 in [10]. Their proofs are
very similar. By homogeneity, we may assume that H\f|qHL(log Lye+t 1

)

Q2
which implies that

[ 15@ltogt e+ 1£@)a)de < [Qal.

For each fixed A > 0, set Qy = {z € R : [f(z)], > AIJ?OT?} Decompose f; as

fr(@) = fe(@)xa, () + fe(@)xema, (2) = fi(2) + f7(2).
Set
fl = {f]i}a f2 = {f;?}, f1XQ2 = {f]iXQz}? f2XQ2 = {fl?XQ2}'

po—1
It is obvious that ||| f?]g]| Lo (rn) < A %50 . A trivial computation leads to that

/1 T e € B 1S(FPx0.)(@)]g > A/2}|dA

s [ [ ir@ppdoyma
1 2
o0 (po—1)2
S [ 1@l [ A g1l
Q2 1
On the other hand,

/1 T e e R IS x0n) (@)l > A2} |dA

S /100/2 1 ()4 og? (e + | £ (x)]4)dzA~ dA

[f(z) o~
5/ |f1(x)|qlog9(c+|f1(:c)|q)/ %d)\dx

2 1
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S [ Uf@lylog™! (e +11(@)],)da

2

Combining the estimates above then yields

/00 {z € Qu: [S(fxq.)(@)lg > A}[dA
/ [{z € Qu: [S(Fx@.)(@)lg > A}|dA

+ [T e e R 18U @) @) > A2} ar

1
[l e R ISP @) > M2} dA S 1Qul
1
This completes the proof of Lemma 2.1. O

Recall that the standard dyadic grid in R™ consists of all cubes of the form
2750, ) +j), k€ Z, j €Z".

Denote the standard grid by D. For a fixed cube @, denote by D(Q) the set
of dyadic cubes with respect to @, that is, the cubes from D(Q) are formed by
repeating subdivision of () and each of descendants into 2" congruent subcubes.

As usual, by a general dyadic grid Z, we mean a collection of cubes with the
following properties: (i) for any cube Q € 2, its side length £(Q) is of the form
2% for some k € Z; (ii) for any cubes Q1, Q2 € 2, Q1 N Q2 € {Q1, Q2, B}; (iii)
for each k € Z, the cubes of side length 2* in Zform a partition of R™. By the
one-third trick, (see [12, Lemma 2.5]), there exist dyadic grids 2, ..., %3,
such that for each cube @ C R", there exists a cube I € Z; for some j, Q C I
and £(Q) ~ £(1).

Let {D;}:~0 be an approximation to the identity. Associated with {D;}¢>o,
define the sharp maximal operator Mlﬁ) by

M, g(x) = sup \Q|/ 9(y) = Digg(w)ldy, g€ | J LP(R™),

PE([L, 0]

here, tg = {4(Q)}*, ¢(Q) is the side length of @ and s is the constant ap-
peared in (1.7), the supremum is taken over all cubes in R™. This operator was
introduced by Martell [19] and plays an important role in the weighted esti-
mates for singular integral operators with nonsmooth kernels. Let ¢ € (1, 00),
f={frx} C LP°(R™) for some py € [1, o], define the sharp maximal function
of f by

M o) = s 0 [ 176) = Dig Sl

see [20].
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Lemma 2.2. Let ® be an increasing function on [0, 00) satisfying that
O(2t) < CP(t), t €0, 00).
{D:}t=0 be an approxzimation to the identity as in Definition 1.1. Let f = {fi}

be a sequence of functions such that for any R > 0,

sup S|z € R™ : M(|f])(@) > A} < ox.
0<A<R
Then

sup ®(V)|{x € B+ M(|fl,)(2) > M| £ sup (Wl € B : b, (£)(x) > A}l

Proof. Let A > 0, {fx} C L'(R") with compact supports, @ C R" be a cube
such that there exists 2o € Q with M(|f|,)(z0) < A. It was proved in [16] that,
for every ¢ € (0, 1), we can find v > 0 (independent of X, Q, f, zo), such that

[z € Q: M(Ifl))(x) > AN, M}, ,(f)(x) < 7A} < ¢IQ,

where A > 1 is a fixed constant which only depends on the approximation
to the identity {D;}¢~o. This, via the argument used in the proof of the
Fefferman-Stein inequality (see [8, pp. 150-151]), leads to our desired conclusion
immediately. (]

Lemma 2.3. Let T be an L?(R") bounded linear operator with kernel K in the
sense of (1.5). Suppose that T satisfies Assumption 1.3 and Assumption 1.4.
Then for any q € (1, 00) and A > 0,

{o € R [Tf(2)lg > M S A I flgllze @n)-

For the proof of Lemma 2.3, see [20, Theorem 2.3].
For 3 € [0, 00), let M, (1o¢ 1,5 be the maximal operator defined by

ML(logL)ﬂg(x) = Sup HgHL(log L5, Q-
Q3

For simplicity, we denote M, (1o 1)1 by Mp10g 1. It is well known (see [21]) that
for any A > 0,

(21)  Hz eR™: Mpgogrysg(z) > A} 5/ wbgﬁ (e+ M)dx‘

A

Lemma 2.4. Let T be the singular integral operator in Theorem 1.6. Then for
each N € N and functions f = {fx}_, C LP°(R"™) for some py € [1, 00),

M}, (TF)(@) S MpiogL(Iflg)(@).

Proof. Without loss of generality, we may assume that co = 2. Let x € R", B
be a ball containing « and tp = r%. Write

n

1
5 / ITfe(y) — Doy Tfi(y)lgdy < Er + Eo + Es,
B
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with

1
Bi- 1 /B T(Fras)®)lody,

1
Ba= o [ 1D T(Pxam))ld
1Bl Jp
and
1
B = g [ T am)(6) = Doy T am) )y
Recall that T is bounded on L(R™). Thus by Lemma 2.1 and Lemma 2.3,
Eq 5 H‘fquLlogL,zLB 5 MLlogL(|f|q)($)~
On the other hand, it follows from Minkowski’s inequality that
DeaT(Fxan)la 5 [ Vhan 0 2IIT(Fran) ()l
Let
Fo= [ oo 0 2T (Fram) ()l
16B
and for j € N,

F, = / C hy @ DT xas) ()ldz.
245 B\2/+4 B

By the estimate (1.7) and Lemma 2.1, we know that

Fo < H|f|qHLlogL,4B’

and
1 _ ey
F; < 7h(2j)/v ‘T(fX4B)(Z)|qu S2 6J|||f|<1HL10 L.4B"
|B| 2i+5 B 8%
This, in turn gives us that
Ez S H‘f|q||LlogL,4B'
Finally, another application of Minkowski’s inequality yields
ITf(xrr\aB)(Y) — DipT(fXrm\aB(Y)lq

< [ I 2 - K D)l (e
R"\4B
This, via Assumption 1.3, tells us that for each y € B,
’T(fXRn\sz)(y) - DtBT(fX]R"'\4B(y)|q S M(|f|q)(ﬂ3)7

which implies that
Es S M(|f]g)().

Combining the estimates for Eq, Es and E3 then leads to our desired conclusion.
O
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Let 2 be a dyadic grid. Associated with &, define the maximal operator
M@ by

Mgg(z) = sup (|g])q-
Q3z,QED

Also, we define the sharp maximal function M Ej as

Mﬂ@g(x) = sup inf(lg—¢|).
QSI,QE@CGC

For ¢ € (0, 1), let

Mg, s9(x) = [Ma(1g|®) ()] " and M, s9(x) = [ME(lg)°) ()]

Repeating the argument in [24, p. 153], we can verify that if ® is an increasing
function on [0, co) which satisfies that

B(2t) < CB(L), t € [0, o),

1/6

then

(2.2) sup@(N){z € R" : |g(x)| > A}| S sup @(N)|{z € R" : M, 59(x) > A},
A>0 A>0

provided that sup,s o ®(A\)[{z € R" : Mg, sg(x) > A}| < 0.

Lemma 2.5. Under the assumption of Theorem 1.6, for bounded functions
f=A{fr} with compact supports and each \ > 0,

[{z eR": |MTf(x)\q>A}’5/R” A

0 g,

log (e + \

Proof. By the well known one-third trick (see [12, Lemma 2.5]), we only need
to prove that, for each dyadic grid 2, the inequality

23) e eR":Ma@H@l, > ]S [ 15@lilog (1+1f@))da

for bounded functions f = {fx}1<k<n (N € N) with compact supports. As
in the proof of Lemma 8.1 in [4], we can verify that for each cube Q € 2,
de(0,1),

wt (1 [ 10 ')’ = (5 [ IMathra)wlian)’

ceC \|Q| Q ! ~ Q) Q !

S (Ifxeldes
where in the last inequality, we invoked the fact that for each A > 0,

(o € R™ - |Mf(x)]g > A} S A / (@) gd;

R™

see [7]. This, in turn, implies that

(2.4) M, 5(IMaflg)(x) S Mg (1f]4) ().
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Now let ®(t) = tlog™'(e4t~1). It follows from (2.2), (2.4), Lemma 2.2, Lemma
2.4 and (2.1) that

[{z € R": [MoTf(x)l, > 1|

S igg@(t)\{x eR™: Mf, 5(IMoTfly)(x) > t}]
< igg@(t)‘{x eR™: M(|Tflq)(x) > A}
S sup &(t){z € R™: M5 (Tf)(x) > t}]
S jgg‘b(t)\{w €R™: Mpiogr(|flo)(z) > t}]
S [ 17@lglog(e + |f(@)l)da.
This establishes (2.3) and completes the proof of Lemma 2.5. g

We are now ready to establish the main result in this section. As in [17], for
a sublinear operator U, we define the associated grand maximal operator My
by
Muyg(x) = sup ess sup [U(gxrm\3q) (€],
Q3z §eQ
where the supremum is taken over all cubes Q C R™ containing x.

Theorem 2.6. Let q € (1, 00), T be an L*(R™) bounded linear operator with
kernel K as in (1.5). Suppose that T satisfies Assumption 1.3 and Assumption
1.4. Then for each f = {fi} and each X\ > 0,

A

If we further assume that the kernels {K'};~o in Assumption 1.8 also satisfy
(1.9), then (2.5) is also true for T*.

(2.5) {z eR™: IMpf(z)lg > A S /R @m (e+ M)d:c.

Proof. As it was proved in [9], the maximal operator M 1o, 1, satisfies that

Hx cR" - ‘MLlogLf(x”q > )\H 5/Rn |f(/3\3)‘q log (e+ |f(§)|q)d$

Thus, by Lemma 2.5, our proof is now reduced to proving that the inequalities

(2.6) Mrg(x) S MTg(z) + MpiogL9(z),
and
(2.7) Mr-g(r) S MTg(x) + Mpiog9()

hold. Without loss of generality, we assume that co > 1.

Let @ C R™ be a cube and z, £ € Q. Set tg = (ﬁﬁ(@))s and write

T(gxrm\30)(§) = D, Tg(&) — Di, T(9x30) (&)
+ (T(QXRH\?)Q)(S) - DtQT(gXR"\3Q)(€))'
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A trivial computation involving (1.6) leads to that

€ =yl
1D To(€)] < QI 12/ (B o)y
2intd <|é—y|<2i+ints tQ
vQlt [ iTgtldy
|€—yl<2nt§
1€ — yl

< |Q1j§_jl/

o
21_1nt5<\z—y|§2ﬂ+2nts 2tQ

QI / .
lz—y[<3nts
S MTg().

On the other hand, it follows from Lemma 2.1 that

D, T axsaQ 5 < E
‘ tq ( X3 )( )| ~ ‘Q” = Lj 1

1 1 (
“Intd <|lz—y|<29F2nt s Qt

Q! /
|z—y|<3nts

1
3
S Mg log Lg(x)'

Finally, Assumption 1.3 tells us that

T(gxm30)©) ~ DiaTloxams) O] S [ K (& 1) = K'(6 v)lgtw)ldy

)ITg(w)ldy

Tg(y)|dy

)T (gx30) (w)ldy

1T (9x3¢)(y)|dy

R7\3Q
o 1

<t / )y
@ re\3Q 1§ — "t

S Mg(x).

Combining the estimates above leads to (2.6).

It remains to prove (2.7). Let x, £ € Q. Observe that suppxrm\3q0 C {¥ :
ly —z| > £(Q)} and

(2.8) T*(gxrm\30)(§) < T (g9xrm30) ()] + sup | Te(gxrm\30) (§)]-

Now let € > £(Q)). Write
Te(9xrm\3Q)(§) = Die/es)=T9(€) = Die/ea)=T(9x30)(€)
+ (Tulgxam30)(€) = Dee T(gxamae)(€) )-

Invoking the argument for My, we can verify that

|D(e/cz)STg(£)| SJ MTg(J?)
and
ID(c/en) T(9x3Q) (§)| S MLiog Lg(%).
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As in [6, p. 249], write
Te(gxrm\3Q) (&) — DesT(gxmm\30) (&)

_ /5 i} K€" (¢, y)g(y) xam o (y)dy

[ ) - K (6 )gw)enso(w)d.
|€—y[>e
The fact that K(¢/¢2)" satisfies the size condition (1.9), implies that

‘/lgyKEK(e/cQ)s(ﬁ, y)g(y)dy‘ < e*"/ l9()ldy < Mg(x).

|€—yl<e
On the other hand, by Assumption 1.3, we obtain that

‘/E ‘ (K& y) = K7 y)g(y)xamse(y)dy| S Mg(z).
—y|>€
Therefore,

i?(p ITe(9xrm\30)(§)] S MTg(x) + MLiog L9(),

which, via the estimates (2.6) and (2.8), shows that
Mrsg(z) S MTg(x) + Mriog L9(2).
This completes the proof of Theorem 2.6. O

3. Proof of theorems

Let n € (0,1) and S be a family of cubes. We say that S is n-sparse, if
for each fixed @ € S, there exists a measurable subset Fg C @, such that
|Eq| > n|Q| and Eq’s are pairwise disjoint. Associated with the sparse family
S and constant 3 € [0, co), we define the sparse operator As, 1,10 )5 DYy

ASLIogL s f(x Z ||f||L10gL6 QXQ( ).
QeS

We denote As, 1,(10g 1)t by As, LiogL-
To prove Theorem 1.5 and Theorem 1.6, we will employ the following lem-
mas.

Lemma 3.1. Let g € (1, 00) and 8 € [0, 00), U be a sublinear operator and
My the corresponding grand mazimal operator. Suppose that U is bounded on
L(R™), and satisfies the endpoint estimate that, for any X > 0,

o ers Musly > A} 5 [ T 0g? (o4 L),

Then for N € N and bounded functions f = {fk}1<k<N with compact supports,
there exists a 5==-sparse family S such that for a.e. x € R™,

371.
|Uf(T/)|q ~ AS,L(logL)ﬂ (|f\q)($)~
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For the proof of Lemma 3.1, see [9].

Lemma 3.2. Let 8 € [0, 00), S be a sparse family and 8 € [0, 00), As, (1og )8
be the associated sparse operator. Then for p € (1, 00) and w € A,(R™),

S =

1 e
||As,L(logL)ﬂgHLp(Rn,w) N [w},ip([wlzm + [G]Am)[a]im HgHLP(R",w)~

Proof. Lemma 3.2 was indicated by Lemma 2.1 in [9], and can be proved by
the argument used in the proof of Theorem 2.1 in [3]. In fact, by the one-third
trick, we may assume that S C Z for some dyadic grid . As it was pointed
out in the proof of Theorem 2.1 in [3], for each cube Q C 2,

(3.1) 9o llLog )2, @ S [U]im (oM ,9)0,
here, o = (1 +p)/2, Mfg is the maximal operator defined by

M7 g(x) = L (%1) /1 \g(y)l%(y)dy)%.

On the other hand, it follows from Theorem 2.3 in [15] that for p € (1, c0) and
w € A,(R™),

(32 || Y dvlodexe]
Qes

Combining the inequalities (3.1) and (3.2) leads to that

([w]

S lwls, ([l + 1014 ) 0)a_lgller@n, o),

since M (? o is bounded on LP(R", o) with bound independent of o. This com-
pletes the proof of Lemma 3.2. O

1 E 1
[w] 3, ([w]A, + [o]5 ) Ivlle@n, o)

<
Lr(Rmw) ™

1
+ (015 ) 03 1MZ ,gll Lo &m0

®

I As, Log £)5 (99) | Lo (e w) S [w]h .

=

Lemma 3.3. Let 8 € [0, 00), S be a sparse family and Ag pogr)s be the
corresponding sparse operator. Then for p € (1, 00), € € (0, 1] and weight u,
12
I 4s. gog 2y 9ll o ) S 2P (2) 7 N9l Lo, 3, oy g1
Moreover, for any A > 0,
u({z € R" : As Logr)p9(x) > A})

1 lg@)| s |9(2)]
N 4B /R" Tlog (e+ T>ML(1OgL)eu(x)dx.

Lemma 3.3 is a combination of Lemma 4.1 and Lemma 4.2 in [9].
Let u be a weight, € € (0, 1) and T be the operator in Theorem 1.5. By
Theorem 2.6, Lemma 3.1 and Lemma 3.3, we know that for each p € (1, c0),

1Ty fllze@n,w) + 1Ty flle@n, v

(3.3)

1,1
< p?p? (E) v |||f‘q||LP(R"7 M (1o pyp—1+e )"
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Proof of Theorem 1.5. Let g € (1, o0). Under the hypothesis of Theorem 1.5,
we know that 7" and T* are bounded on L7(R™), see [6]. The conclusion
of Theorem 1.5 now follows from Theorem 2.6, Lemma 3.1 and Lemma 3.2
directly. O

Proof of Theorem 1.6. By Theorem 2.6, Lemma 3.1 and Lemma 3.3, we know
that for each weight w and € € (0, 1),

w({z e R": Tyf(x) > A\}) + w({z e R™: T f(z) > A})
(3.4) L[ f@) £ (2)lq

<
i N A
The estimate (1.11) now follows if we apply the argument used in the proof of
[14, Corollary 1.4], see also the proof [18, Corollay 1.3].
We now prove (1.10). As in the proof of [14, Corollary 1.4], it suffices to

show that for each weight w and € € (0, 1),
1
35 wla€R: i) > M) S 5z [ @)l Mronsyrselalde.

We assume that ¢; = 2. For A > 0 and f = {fx}, applying the Calderén-
Zygmund decomposition to | f|, at level A, we obtain a sequence of cubes {Q;}
with disjoint interiors, such that

1
A< — de < \
<|Ql|/Ql|f(w)quN ,

and | f(x)]q S A for a.e. € R™\ U; Q. For each fixed k, set

log (e + )ML(log pyew(z)dz.

fi(@) = fr(@)xem () (@),
@) =" Ay bi (@), fi@) = (bra(@) = Arg, i 1(2)) X, (@),
l

1
with by 1(y) = fr(@)xQi (), to, = {LQ)}". Set fi(x) = {fl(z)} with j =
1, 2, 3. By the fact that H|f1|’1||L°°(R") < A, we deduce from (3.3) that
1
wlle €R T/ Wy > A £ g5z [ 17 @ Mg el

1

(36) S A*/ |f(fE)|qML(1OgL)1+<U/(l')d$.
€ Jrn

To estimate |Tf3|,, we set Q = U;4nQ; and b'(y) = {bx,,(y)}. Obviously,
' W)lg = 1F®)laxa (v)-
For each k and x € R™\(QQ, write

TR@I <Y [ K@) - Kag, )] b
1 /R
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Applying Minkowski’s inequality twice, we obtain
7wl <3 | K@) = Kag, @bl

Therefore,

(3.7) w({z e R"\Q: |Tf*(z)]q > \/3})
<\t K(x,y) — Ka, (z,9)w(z)dz|b (y)|,d
D g 10— Ko (el )y

<A™ 12 \bl g Mw(y )dyg)\_l/n|f(x)|qu(x)dx.

It remains to estimate |T'f2|;. Let w(z) = w(x)xrm\o(x). A trivial compu-
tation shows that

(33) w®) 5 5 [ 1F@lMut)ds

For each fixed [, a straightforward computation involving Minkowski’s inequal-
ity gives us that for v = {v;},

Z ‘/ AfQ bk l ’Uk dy’ </ |q /Q thl (yv Z)|bl(z)|qd2dy

Applying the argument in [6, p. 241], we know that for some 6 € (0, 1),

/Q thl (v, z)|bl(z)|qdz S |||bl|q||L1(Rn) ziencgl h9th (y,2) S A/ heth (y,2)dz.
l

1

Therefore,

S| [ A beatwyonwids| S3 [ [ o 2ol duz
k Rm Qi /R

< /Q M(Joly)(2)dz

Recall that for each [ and ~ € [0, 00),

f M ~ ~ M7, 10e 1)+ W(Y).
ylenQ L(log L) w(y) ;53, L(log L) w(y)

It then follows that

M 1og 1y @(y)dy S D 1Qu] it M 1og 1) @(y)
—

U@y

<At A Lf(W)lgML(og )W (y)dy.



SINGULAR INTEGRAL 1807

Let py = 1+ ¢/4. For v = {v},} with |v], € L (R", (ML(logL)E/za)l—pi)7 we
have that

v ( )Athbk,l( ) dy <A M(|vly ) (2)dz=
;Z;/Rnlky y)|dy Zz:/cz (1vlq)

s A(/U {M(Jvlq) (y)}]g1 (M7, (10g L)Hea(y))l—p’l dy) g

i<
1

X (/ ML(logL)H'e{E(y)dy) "
U;Qj

p1—1

<A%

7

([ 1 Oagog 1y ()d) ™

< ([ 1 @aMrg - Twn) ™

where the last inequality follows from the fact that for any € € (0, 1) and weight
u7

21\

2] oy (B (M oy —1e/au(y)' 771 S () I Lot g 1y

see [14, p. 618-619], and the fact that for any weight wu,
M 0g £ye/2 (M (10g L)E/QU)@?) ~ M (1og Lyr+eu(),

see [2]. Therefore, we have that

/ ‘f2(x)‘51ML(logL)E/Qw(x)dxSAplil\/ |f(2)[q ML 0g L)1+ w(x)d.
R7l

Rn

This, along with the estimate (3.3), tells us that
A
(3.9) w({z e R"\Q: |Tf*(z)|, > g})

1 1 ~
< | 1P @ Myog (o)

62171 A\P1

1

S ﬁ/ | f(@)|¢ML(10g Lyr+w(z)dz.
6 Rfl

Combining the estimates (3.6)—(3.9) yields (3.5) and completes the proof of
Theorem 1.6. g

Remark 3.4. The inequalities (3.3), (3.4) and (3.5) extend and improve the
results about the weight estimates with general weight for T" and T* established
in [10].
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