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NONLOCAL BOUNDARY VALUE PROBLEMS FOR HILFER
FRACTIONAL DIFFERENTIAL EQUATIONS

SUPHAWAT ASAWASAMRIT, ATTHAPOL KIJJATHANAKORN, SOTIRIS K. NTOUYAS,
AND JESSADA TARIBOON

ABSTRACT. In this paper, we initiate the study of boundary value prob-
lems involving Hilfer fractional derivatives. Several new existence and
uniqueness results are obtained by using a variety of fixed point theo-
rems. Examples illustrating our results are also presented.

1. Introduction

The theory of fractional differential equations received in recent years con-
siderable interest both in pure mathematics and applications. In the literature,
there exist several different definitions of fractional integrals and derivatives,
for example, the most popular of them are fractional derivatives in the sense of
Riemann-Liouville and Caputo. Other less-known definitions are the Hadamard
fractional derivative, the Erdeyl-Kober fractional derivative and so on. We refer
the interested in fractional calculus reader to the classical reference texts such
as [2,9,11-14,16]. A generalization of derivatives of both Riemann-Liouville
and Caputo was given by R. Hilfer in [6] when he studied fractional time evo-
lution in physical phenomena. He named it as generalized fractional derivative
of order o € (0,1) and a type § € [0, 1] which can be reduced to the Riemann-
Liouville and Caputo fractional derivatives when 8 = 0 and 8 = 1, respectively
(See Definition 2.4). Many authors call it the Hilfer fractional derivative. Such
derivative interpolates between the Riemann-Liouville and Caputo derivative
in some sense (cf. Remark 2.5). Some properties and applications of the Hilfer
derivative are given in [7], [8] and references cited therein.

Initial value problems involving Hilfer fractional derivatives were studied by
several authors. In year 2012 Furati, Kassim and Tatar [3] considered the initial
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value problem involving Hilfer fractional derivative

(1 1) HDa’ﬁI(t):f(tax(t))7 te(avoo)7 O<a<17 OSBSL
’ I'z(a™) =z, y=a+pB-ap,

where # D8 is the generalized Riemann-Liouville fractional derivative opera-
tor introduced by Hilfer and I'~7 is the Riemann-Liouville fractional integral
of order 1 — ~. They proved existence and uniqueness of global solutions in
the space of weighted continuous functions and also analyzed stability of the
solution for a weighted Cauchy-type problem. In year 2015, Gu and Trujillo
[5] investigated existence of mild solution for evolution equation with Hilfer
fractional derivative of the form

(1.2) HD*Py(t) = Ax(t) + f(t,x(t)), te€ (0,b],

’ I(l—a)(l—ﬂ)m(o) = 20,

where 0 < o < 1, 0 < 8 < 1, A is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators in Banach space. In the same
year Wang and Zhang [15] discussed the existence of solutions to nonlocal initial
value problem for differential equations with Hilfer fractional derivative

HD*Pa(t) = f(t,x(t), te€(ab], 0<a<l, 0<B<],

m
(1.3) I'7z(a™) = Z Xiz(ri), y=a+B—ab, 7 € (a,b].
i=1
Using Krasnoselskii and Schauder fixed point theorems, they proved the exis-
tence of problem (1.3). However, to the best of our knowledge, there is no work
on boundary value problems with Hilfer fractional derivatives in the literature.
The objective of the present work is to introduce a new class of boundary
value problems of Hilfer-type fractional differential equations with nonlocal
integral boundary conditions, and develop the existence and uniqueness criteria
for the solutions of such problems. In precise terms, we consider the nonlocal
boundary value problem

(1.4) HpebBy(t)y = f(t,z(t), te€(a,d), 1<a<2, 0<B<I,
(1.5) 2(a) =0, x(b) =Y _6:I%x(&), @i >0, 6 €R, & € [a,b],
=1

where 7 D*# is the Hilfer fractional derivative of order o, 1 < o < 2 and
parameter 5, 0 < g < 1, I¥¢ is the Riemann-Liouville fractional integral of
order v; > 0,&; € [a,b,a>0and 6; eR,i=1,...,m.

Several existence and uniqueness results are proved by using a variety of fixed
point theorems. We make use of Banach’s fixed point theorem, Hélder’s in-
equality and Boyd and Wong fixed point theorem for nonlinear contractions [1]
to obtain the uniqueness results, while nonlinear alternative of Leray-Schauder
type [4] and Krasnoselskii’s fixed point theorem [10] are applied to obtain the
existence results for the problem (1.4)-(1.5).
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The paper is organized as follows: We present our main work in Section
3, while Section 2 contains some preliminary concepts related to our problem.
Examples are constructed in every section to illustrate the main results.

2. Preliminaries

In this section, we introduce some notations and definitions of fractional
calculus [9,13].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a
continuous function is defined by

1 t
I*u(t) = m/ﬂ (t—s)*tu(s)ds, n—1<a<n,
where n = [a] + 1 denotes the integer part of real number «, provided the

right-hand side is point-wise defined on (a, c0).

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 of
a continuous function is defined by

RLDy(t) := D" 1™ “u(t)

n t
= ﬁ <:i:lt> /a (t — S)nfa*lu(s)ds, n—1l<ax< n,

where n = [a] + 1 denotes the integer part of real number «, provided the
right-hand side is point-wise defined on (a, ).

Definition 2.3. The Caputo fractional derivative of order o > 0 of a contin-
uous function is defined by

CDu(t) ;= I""*D"u(t)

1 ! n—a—1 d "
m/{l(t—s) <d$> U(S)dS, n—1<06<7’l,

where n = [a] + 1 denotes the integer part of real number «, provided the
right-hand side is point-wise defined on (a, o).

In [6] (see also [8]) another new definition of the fractional derivative was
suggested. The generalized Riemann-Liouville fractional derivative defined as:

Definition 2.4. The generalized Riemann-Liouville fractional derivative or
Hilfer fractional derivative of order o and parameter 8 of a function is defined
by

Hpaby(t) = 1= prp=Rln=aly, i),

wheren71<a<n,0§6§1,t>a,D:%,
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Remark 2.5. Observe that if 8 =0, (1.4) is reduced to the Riemann-Liouville
fractional differential equation of the form:

(21) RLDax(t) - f(t,ﬂ](t)), te [a7b]a
and if 8 =1, (1.4) is also reduced to the Caputo fractional differential equation
(22) CDax(t) = f(tvaj(t))v te [aa b]a

where 2 D and © D are respectively the Riemann-Liouville and Caputo frac-
tional differential operators of order a.

Lemma 2.6 ([9, Lemma 2.5]). Let 1 < a < 2. Then

11—« a 2—a a
T (RLDaf) (t) _ f(t) _ (I F((.f))( )(t _ a)a—l _ (-[F(a {)i))(t _ a)a—Q.

3. Main results

The following lemma deals with a linear variant of the boundary value prob-
lem (1.4)-(1.5).
Lemma 3.1. Let
—a) 7+so1—1 (b— a)v—l

;&
(3.1) A= Z Mhte) Ty 70

wi>0,&€lab,a>0,6€eR i=1....ml<a<2, y=a+28—af
and h € C([a,b],R). Then the function x is a solution of the boundary value

(3.2) Hpeba(ty =h(t), telab), 1<a<2 0<B<I,
(3:3) 2(a) =0, 2(b) = &I%x(&), i >0, §; €R, & € [a,b],
=1

if and only if

(34) @) == )J ' < Z(s ot >+I°‘h()

)
Proof. The equation (3.2) can be written as
(3.5) 10(=0) 2 1A= 2=) g4y = (1),

Applying the Riemann-Liouville fractional integral of order « to the both sides
of the equation (3.5), we obtain

Indeed
[o78C=e) p2[=A)2=0) gy = [TD2[2Vg(t) = I7 (*EDV2) (8),

and therefore
17 (RED7Vz) (t) = I*h(t).
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By using Lemma 2.6 and setting (I?7%z) (a) = c1, (I'7°%) (a) = c2, we
obtain

C2 _1 1 —2
3.6 x(t) = t—a)""" + ——(t—a)" + Ih(¢
From the first boundary condition z(a) = 0, we obtain ¢; = 0. Then we get
_ €2 _ -1 «

(3.7) z(t) = e (t—a) + I%h(t),
and

(& —a)ytei—t lis
(3.5) Z(s I#4(€) _C2Zf+25 1o+

(v + i)
i=1

From x(b) = 1", 6;1%1x(&;), by using (3.8), we have

56— g)VTei—l — )t m
. (Z LB U ED) ) ()~ 308 ()

=1

from which we get

Coy — % <Iah(b) — i5i1a+¢ih(€i)> .
i=1

Substituting the value of ¢; and ¢ in (3.6), we obtain the solution (3.4). The
converse follows by direct computation. This completes the proof. (I

Let C = C([a,b],R) denotes the Banach space of all continuous functions
from [a,b] to R endowed with the norm defined by ||z = sup;c(, 4 [2(1)]. In
view of Lemma 3.1, we define an operator A : C — C by

(o)) = s (Ia Za 14 f (s, (s ))(@-))

(3.9) + 11 (s, 2(s))(1),
where the notation 1% f(s,z(s))(y) means

1 y
I?f(s,x(s))(y :—/ y— )L f(s, x(s))ds,
(s,2(5))(y) 1ﬂ((b)a( )77 (s, 2(s))
with ¢ € {a, a+p;}, y € {b,&;,t}. It should be noticed that problem (1.4)-(1.5)
has a solution if and only if the operator A has fixed points. In the following,
for the sake of convenience, we set a positive constant

(b—a)t71 a)’ ! i |0:|(& — a)*t?: (b—a)*
|A|r(7)r(a+1) |A|F Fla+¢;+1) T(a+1)

(3.10) Q=

In the following subsections we prove existence, as well as existence and
uniqueness results, for the boundary value problem (1.4)-(1.5) by using a variety
of fixed point theorems.
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3.1. Existence and uniqueness results

Our first existence and uniqueness result is based on Banach’s fixed point
theorem.

Theorem 3.2. Assume that:

(Hy) there exists a constant L > 0 such that | f(t,z) — f(t,y)| < Lz —y| for
each t € [a,b] and z,y € R.

If
(3.11) LO <1,

where Q 1is defined by (3.10), then the boundary value problem (1.4)-(1.5) has
a unique solution on [a,b].

Proof. We transform the boundary value problem (1.4)-(1.5) into a fixed point
problem, x = Az, where the operator A is defined as in (3.9). Observe that the
fixed points of the operator A are solutions of problem (1.4)-(1.5). Applying
the Banach contraction mapping principle, we shall show that A has a unique
fixed point.

To construct a neighborhood of radius r, we let sup,¢(, 4 [f(¢,0)] = M < oo,
and choose

(3.12) M

T > .

T 1-LQ
Now, we show that AB, C B,, where B, = {x € C : ||z|| < r}. For any = € B,.,
we have

|(Az)(?)]
—a y—1
S Ll <s>>|<si>+1af<s,x<s>><t>}
(b—a)!

< WI“ (If(s,2(s)) = f(s,0)[ + | f(s,0)]) ()

(b—a)" ! &

AT I (| £(s,2(8)) — f(s s _
i DA™ 0,9(0) = 5,01+ £ 06

+1%(1f (s, 2(s)) = £(s,0)| + |£(s,0)[)(b)

s<L||x||+M>{<|A|§§”) 00+ iy S B0 +170 ><b>}

(b—a)*tt )t = 10 | §i—a)?  (b—a)®
= (LT+M)<A|F(7)F(04+1) \A|F Z (@tgitl) F(a+1)>
= (Lr+M)Q<r,
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which implies that AB, C B,.
Next, we let ,y € C. Then for ¢ € [a,b], we have

|(Az)(t) — (Ay)(t)]
(b_a)’y_l « _ s s
< arey ! [f(s,2(5)) = f(s,y(s))|(b)

m Z |5i|1a+90i|f(s7$(8)) — f(s’y(s))‘(gz)

i=1
+ 17 (s,2(s)) = f(s,4(5)) (D)
R b—a)’™t N |6i|(& —a)* TP (b—a)”
ATHI@+1) | JALG) 22 Tla+w+1)  Da+1)
= LQ|jx —yl,
which implies that || Az — Ay < LQ|z —y||. As L < 1, A is a contraction.
Therefore, we deduce by the Banach’s contraction mapping principle, that A

has a fixed point which is the unique solution of the boundary value problem
(1.4)-(1.5). The proof is completed. O

+

Remark 3.3. We would like point out that the condition L) < 1 can be deleted
if we use the well-known Bielecki’s renorming method.

Now, we give some special cases of the above theorem by setting constants
Qo and Qq with §=0and 8 =1, respectively, as

(b—a)** - f: |0:/(& —a)**er  (b—a)®

(3.13) Qo:= [Ao[T()T (e + 1) |A0|F Tatptl) Tatl)
i (TAZT)Zl'?ifl;‘?ii?%?;?iy
where

P

Thus, we have the follovvlng corollaries.

Corollary 3.4. Suppose that the condition (Hy) holds. If LQy < 1, where Qg
is defined by (3.13), then the problem (2.1)-(1.5) has a unique solution on [a, b].

Corollary 3.5. Assume that the condition (Hy) is satisfied. If Ly < 1, where
Q4 is defined by (3.14), then the problem (2.2)-(1.5) has a unique solution on
[a, b].
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Our second existence and uniqueness result is proved by using Banach’s fixed
point theorem together with Holder inequality.

Theorem 3.6. Suppose that f : [a,b] x R = R is a continuous function satis-
fying the following assumption:

(Hz) |f(t,x) = f(t,y)] < O@)|x —y| for t € [a,b], z,y €R and
0 € L' ([a,b],RT), o € (0,1).

Denote |10 = (f; |9(s)|1/‘7d3>0 and

o (blé)(;;;)_ 1 (;:D

(b—a) ' {~10i (& —a)rteie 1-0 \'7°
ARG & et e (s7e=7)
(b—a)*° (1-0c\""
i ') (a - O’) '
If

(3.17) 16]|w < 1,

then the boundary value problem (1.4)-(1.5) has a unique solution on [a,b].

Proof. For z,y € C and for each t € [a, b], by Holder’s inequality, we have
|(Az)(t) — (Ay)(t)]

(b_s)’Yil o
< WI £ (s,2(s)) = f(s,5(5))1(b)

i (bA|r D 812 (5, 2()) = (5,96

+ 17 (s, (s )) —f(s,y( )I®)

—a y—1 b
- f(\bIF())F(a)/ (b—5)*7"0(s)|x(s) — y(s)lds
& &
A|F27) Z r a|5+| ©i) / (& — )T 710(s)|x(s) — y(s)|ds
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_ c
" </a5 <0(S);ds)a> Iz =yl + ﬁ (/ab ((b—s)*1)™" ds>
x (/ <e<s>>i> T
(b—a)rte=o=1 /1 g\'7°
AT () () (a _ U)
a)’ ™t On[0i] (& —a)*TET -5 -0
\A|F Z (o + i) <a+%_0_>

: %523“ (=)

<1161l

[l =yl = 10]|wllz =yl

It follows, by (3.17), that A is a contraction mapping. Hence Banach’s fixed
point theorem implies that A has a unique fixed point, which is the unique
solution of the boundary value problem (1.4)-(1.5) on [a,b]. This completes
the proof. O

The next two special cases are established by setting constants as

e (=) ()

)* 1 & |5\gl—aa+vr<f 1-0 \'77
3.18 :

o g et ()
. (b—a)o‘_"“'1 1-o 1_U+ (b—a)a_" P

YT N0 @) \a—o Ta) \a-o
(b—a) & |<z-<&-a)“*““( o >
3.19 + .
(3.19) |A1] Z Tla+ p) a+p;—o

i=1
Corollary 3.7. Suppose that the condition (Hsz) holds. If ||0]|wo < 1, where wq
is define by (3.18), then the problem (2.1)-(1.5) has a unique solution on [a,b).

Corollary 3.8. Assume that the condition (Hs) is satisfied. If ||0]lw1 < 1,
where wy is define by (3.19), then the problem (2.2)-(1.5) has a unique solution
on [a,b].

Now we give our third existence and uniqueness result via nonlinear con-
tractions. Some preliminary facts are necessary.

Definition 3.9. Let F be a Banach space and let A: E — E be a mapping. A
is said to be a nonlinear contraction if there exists a continuous nondecreasing
function ¥ : R — R* such that ¥(0) = 0 and ¥(e) < ¢ for all € > 0 with the
property:

Az — Ayll < W(Jz —yl),  Va,y € E.
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Lemma 3.10 (Boyd and Wong [1]). Let E be a Banach space and let A : E —
E be a nonlinear contraction. Then A has a unique fized point in E.

Theorem 3.11. Let f : [a,b] Xx R = R be a continuous function satisfying the
assumption:
(Hy) 1£(t.2) ~ F(t9)] < b 2
T H Atz —y
h: [a,b] = RT is a continuous function and the positive constant H*
1s defined by
(b—a)~!
AT (y)

fort € [a,b],z,y € R, where

el (b_a’)vil - ot ) «a
ren)+ O S s ) + 170)

=1

H* =

Then the boundary value problem (1.4)-(1.5) has a unique solution on [a,b].

Proof. We define the operator A : C — C as in (3.9) and the continuous non-
decreasing function ¥ : Rt — RT by

H*e
T(e) —
(0= s,
Note that the function ¥ satisfies ¥(0) = 0 and ¥(e) < € for all € > 0.
For any z,y € C and for each t € [a, b], we have

Ve > 0.

[(Az)(t) — (Ay)(t)] < mmﬂw(s)) Koy
i (bIAF_ Z |03 702 f (5, 2(s)) — f(5,5(s)) (&)

+ 1% f (s, x(s )) — f(s,9()I(t)

(bia’)’Yil « S |z7y‘
< mw<>1 O“>H«+m_y0<@

|A\F — ilé |+ < )M) (&)
+1I* <h( )|"3_y|> ()

H* + |z — y|

W(lle = yl) (G-a)"
i (Mrw>1h“>

IN

_1 m

IA\F Z|5 [ 1o+ h( —|—I°‘h(b)>
L (]l —yll)-

This implies that || Az — Ay|| < ¥(||z —y||). Therefore A is a nonlinear contrac-
tion. Hence, by Lemma 3.10 the operator A has a unique fixed point which is
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the unique solution of the boundary value problem (1.4)-(1.5). This completes
the proof. O

In the special cases we set constants as

(b_a)a—l a 1 m
3.20 Hj = ——2—1T%(b) + 5 IM%ip(&) + I°h(b),

(321) Hp = (bAl )[“

)+ I%h(b).
Corollary 3.12. Suppose that the condition (Hs) holds with H* replaced by
H. Then the problem (2.1)-(1.5) has a unique solution on |a,b].

Corollary 3.13. Assume that the condition (H3) is satisfied with H* replaced
by Hy. Then the problem (2.2)-(1.5) has a unique solution on [a,b].

Example 3.14. Consider the nonlocal boundary value problem with Hilfer
fractional differential equation

51 1 22 (t) + 2|z (t)| 3
Hp3:s — 1/2
) = 53502 ( L+ [2(0)] >+2’ tell/2,9]
(8.22) 1 3 N 7 9
3 5 4
(2> y=1 x(2)+513x<2)+31 :1:<5>
Here  =3/2, 8=1/3,y=5/3,a=1/2,b=5,6; =1, 3 = 3/5, 63 = 7/3,

w1 = 3/4, w2 = 5/3, ¢3 = 4/5, & = 2, & = 7/2 and & = 9/5. Since
|f(t,2) — f(t,y)| < (1/16)]|x — y|, then (Hy) is satisfied with L = 1/16. By
direct computation, we have 2 = 15.20692499.

Thus LQ = 0.95043281 < 1. Hence, by Theorem 3.2, the boundary value
problem (3.22) has a unique solution on [1/2, 5].

Example 3.15. Consider the nonlocal boundary value problem with Hilfer
fractional differential equation
(3.23)

HD5:82(t) = ( 3 + 1) (M) + %, te[1,15/2],

15 1 3 2 5 1 s 7 4 9
z (1) =0, x<2> —3[21“(2) +I3m<2) +214x<2>+515x<2).

Here a = 4/3, B =5/6, v = 17/9, a = 1, b= 15/2, &, = 3, 6 = 1, 03 = 1/2,
04 =5, p1=1/2, 02 =2/3, p3 =3/4, o4 =4/5, & =3/2, & =5/2, {3 =T/2
and & = 9/2. We choose h(t) = Vt3 4+ 1 and find that

(b—a)! b—a) ! &

( »
H =Y epm)+ 8;| T2 h(&;)+T*h(b) = 103.5822234.
AT PO+ Ry 2 T E) IR )

-
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Clearly,

[f(t,x) = f(ty)

- (vFT) ( 105(| — y]) >
1052 + 105|z| + 105]y| + |z||y| /

< |z~ yl

~ 103.5822234 + |z — y|

Hence, by Theorem 3.11, the boundary value problem (3.23) has a unique
solution on [1,15/2].

3.2. Existence results

In this subsection we present some existence results. The first existence
result is based on the well-known Krasnoselskii’s fixed point theorem.

Lemma 3.16 (Krasnoselskii’s fixed point theorem). Let M be a closed, bound-
ed, convex and nonempty subset of a Banach space X. Let A, B be the oper-
ators such that (a) Az + By € M whenever x,y € M; (b) A is compact and
continuous; (¢) B is a contraction mapping. Then there exists z € M such that
z=Az+ Bz.

Theorem 3.17. Let f : [a,b] x R = R be a continuous function satisfying
(Hy). In addition we assume that:

(Hy) If(t,2)| < o(t), VY(t,x) € [a,b] xR, and ¢ € C([a,b],RT).

Then the boundary value problem (1.4)-(1.5) has at least one solution on [a,b]
provided

(3.24) Ly <1,
where

(b— a)a+’v—1 7 1 m |5 | & —a a+w
3.25 = .
(3.25) AT D) |A|r 2 Tlate D)

Proof. Setting sup,c,4) #(t) = [|¢[| and choosing
(3.26) p 2 el

(where € is defined by (3.10)), we consider B, = {z € C : ||z|| < p}. We define
the operators A;, Az on B, by

Alx(t) = Iaf(svx(s))(t)a te [a7b]a
and

E=—a) ™t o s
R AR OUC

(t —a)! Ui

ARGy LGN @), el

Azx(t) =
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For any z,y € B,, we have

|[(Arz)(t) + (A2y)(t)]
*f(s,x(s M “If(s,y(s
= ti}?f’b]{f s wle Dl = |AIL () Flrte,s(I®)

71 m

‘Alr ZM |Ioz+801

b—a)*  (b—a) ! )"t = [6i|(& — a)
< el + Z
F(a+1) |AT(H)(a+ 1) |A|F (a+¢;+1)
< el < p.
This shows that Az + Asy € B,. Therefore, the condition (a) in Lemma 3.16
is satisfied. It is easy to see, using (3.24), that As is a contraction mapping.

Continuity of f implies that the operator 4; is continuous. Also, A; is
uniformly bounded on B, as

(8))I(§i)}

Al < sl

Now we prove the compactness of the operator Aj.
We define sup(; o)cjasx 5, |f(t, 2)| = f < o0, and consequently we have

1

|(Ar2)(t2) — (Arz)(t1)| = (o)

/ "t = )1 = (b — )7 f (s, 2(s))ds

+/t 2(t2 — )1 f(s,2(s))ds

<1

~ T(a+1)
which is independent of x and tend to zero as to —t; — 0. Thus, A; is equicon-
tinuous. So A; is relatively compact on B,. Hence, by the Arzeld-Ascoli
theorem, A; is compact on B,. Thus all the assumptions of Lemma 3.16 are
satisfied. So the conclusion of Lemma 3.16 implies that the boundary value
problem (1.4)-(1.5) has at least one solution on [a, b]. O

[2(t2 —t1)* + [(t2 — @)* = (t1 — a)?[],

Remark 3.18. In the above theorem we can interchange the roles of the op-
erators A; and As to obtain a second result replacing (3.24) by the following
condition:

INa+1)
Next, we give two special cases by setting constants as
b_a2(x—1 al m (5 l—CLO(-HD’

Aol (@T(a+1) IAolF (atpit+1)’
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(b—a)* 16:](& — a) e
2 =
(3.28) pa |A1 ;

e Tla+gi+1)

Corollary 3.19. Suppose that the condition (Hy) holds. Then the problem
(2.1)-(1.5) has at least one solution on [a,b], provided Luy < 1.

Corollary 3.20. Assume that the condition (Hy) is satisfied. Then the problem
(2.2)-(1.5) has at least one solution on [a,b], provided Ly < 1.

The Leray-Schauder’s Nonlinear Alternative is used for our next existence
result.

Lemma 3.21 (Nonlinear alternative for single valued maps [4]). Let E be a
Banach space, C' a closed, convex subset of E, U an open subset of C' and
0 € U. Suppose that A: U — C is a continuous, compact (that is, A(U) is a
relatively compact subset of C) map. Then either

(i) A has a fived point in U, or
(i) there is a © € OU (the boundary of U in C) and A € (0,1) with x =
AA(z).
Theorem 3.22. Assume that:
(Hs) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00)
and a function p € C([a,b], R") such that
[f(t,w)] <p®)y(||x|l) for each (t,z) € [a,b] x R;
(Hg) there exists a constant M > 0 such that
M
P(M) |l
where § is defined by (3.10).
Then the boundary value problem (1.4)-(1.5) has at least one solution on [a, b].
Proof. Let the operator A be defined by (3.9). Firstly, we shall show that A

maps bounded sets (balls) into bounded set in C. For a number r > 0, let
B, ={x €C:||z|]| < r} be a bounded ball in C. Then for ¢ € [a,b] we have

|(Az) ()]

> 1,

— )1
< tEpr] { (t|A|r2w 15,2 ()I(e)
~y—1 M
- s (8))I(&)+I“|f(s,x(8))l(t)}
b(llz ||>( ” 1°p(s)(b)
AT()
) S 1) E) + el (o)

i=1
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a)o -1 b—a” V& 16:](& — a)otei (b —a)®
<¢(||$||)|p||<|A|F( )T (a+1) IAIT(y ; T(a+¢; +1) +F(o¢+1)>

and consequently,
Az < ¥(r)|p[

This means that A(B,) is uniformly bounded. Next we will show that A maps
bounded sets into equicontinuous sets of C. Let 71,72 € [a,b] with 71 < 75 and
z € B,. Then we have

|(Az)(72) — (Az)(m)]

(p—a) ' —(n—a)"
< ATC) I%|f(s,2(s))[(b)

I D C NI
+ ﬁ /Tl[(TQ —8)*7 = (11— 8)* (s, 2(5))ds

" /T2 (r2 = 5)* 7' f(s,2(s))ds

T1

(e —a)™" — (L —a)!

< = YT p(s)(b)
(ry —a)Y™' = (11 —a)? - ater,
v AITC) (1) 2 B2 p()(E)
oo N
+Ha| [ =t = s

4 [ s

T1

(s —a)~ — (n — )"~ (b 56 — )+
< NG ||p|w<r>{r( = Z P )}

r
P s = )" + (2~ 0)" — (1~ "]
As 75 — 11 — 0, the right-hand side of the above inequality tends to zero
independently of « € B,.. It follows that the set A(B,.) is an equicontinuous set.
Therefore, by the Arzeld-Ascoli theorem, the set A(B,) is relatively compact
which implies that the operator A : C — C is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Lemma
3.21) once we have proved the boundedness of the set of all solutions to equa-
tions x = AAx for A € (0,1).

+
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Let = be a solution of (1.4)-(1.5). Then, for ¢ € [a,b], and following the
similar computations as in the first step, we have
[z()] < (=Dl
which leads to

sl
DI,

In view of (Hg), there exists M such that ||z|| # M. Let us set
U= o e Clla,b,R) : ol < M},

We see that the operator A : U — C is continuous and completely continuous.
From the choice of U, there is no « € U such that z = AAz for some A € (0, 1).
Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma
3.21), we deduce that A has a fixed point z € U which is a solution of the
boundary value problem (1.4)-(1.5). This completes the proof. O

Corollary 3.23. Suppose that the condition (Hs) and (Hg) holds. If
M
— >
P (M)]|pl| €20

where Qg is define by (3.13), then the problem (2.1)-(1.5) has at least one
solution on [a,b].

L,

Corollary 3.24. Assume that the condition (Hs) and (Hg) are satisfied. If
M
— Y >
P(M)|pllEh

where O is define by (3.14), then the problem (2.2)-(1.5) has at least one
solution on [a,b].

1

)

Corollary 3.25. Suppose that the continuous function f satisfies |f(t,x)| <
klz|+ M,k >0 and M > 0. Then:
(i) If k < Q7L the problem (1.4)-(1
(i) If & < Qg*, the problem (2.1)-(
(iil) If K < Qp', the problem (2.2)-(

) has at least one solution on [a,b].
) has at least one solution on [a,b].
5) has at least one solution on [a,b].

Ut Ot

1.
1.
Example 3.26. Consider the nonlocal boundary value problem with Hilfer
fractional differential equation

5 : —t g 7
HDE’E _ e Sin T ’ 4
() = g t3 t€ (3/4,8],
(8:29) 3 7 10 5 11
x (4) =0, z(8) = gfém) + Ef%x (4> + 31%(5).

Here o — 5/4, B8 — 3/7, v = 11/7, a = 3/4, b = 8, 6 = 7/3, 6, = 10/3,
63 =11/3, o1 = 4/3, 2 =7/3, 3 =8/3, {1 =1, & = 5/4 and & = 5. Since
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lf(t,z) — f(t,9)] < (1/5)|x — y|, (Hy) is satisfied with L = 1/5. By using the
given data we find that

m

(b,a)a+7*1 (b—a)’~ IZ|5|&,aa+wl

- ~ 4.648284127.
AT+ 1) | JATG P(a+ i +1)

Thus, Ly < 1. Clearly,

1 7
+

e tsine 7
~54t2 3

5+ 12 Jr3

[f(t,2)| =

Hence, by Theorem 3.17, the boundary value problem (3.29) has at least one
solution on [3/4, 8].

Example 3.27. Consider the nonlocal boundary value problem with Hilfer
fractional differential equation
(3.30)

6 11 1 1 ‘LL'|7
HpS. _ 4 tef1/2,11/2
=577 e) 3 T EE ) [1/2,11/2],

1 11 2 4
x <2> 0, (2> :;I%x <3) +§I%m (2)—1—7[;1" (;)—FGng <g> .
Here « = 6/5, 8 = 11/12, v =29/15, a = 1/2, b = 11/2, 61 = 3/2, §3 = 2/3,
(53 = 4/7, 54 = 6, Y1 = 2/37 Y2 = 4/3, Y3 = 7/3, Y4 = 8/3, 51 = 3/2, 52 = 5/2,
& =7/2 and & = 9/2. Tt is easy to verify that

_ (b—a)t ! (b—a)t <= 6|6 —a)*t¥  (b—a)®
AT (a4 1) - |A[T(v) ; Lla+e;+1)  T(a+1)

~ 11.52794978.

Clearly,

1 1
b)) < —— (= 4).
10,0 < 5 g (311 +4)

Choosing p(t) = 1/(5 + 3t + t2) and ¥(|z|) = (1/3)|z| + 4, we can show that
there exists a constant M > 39.84256810 such that

M
P (M)]|pl|€2

Hence, by Theorem 3.22, the boundary value problem (3.30) has at least one
solution on [1/2,11/2].

> 1.
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