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ABSTRACT. In this article, we introduce a new integral operator involving normalized
Bessel functions of the first kind and we obtain a set of sufficient conditions for univalence.
Our results contain some interesting corollaries as special cases. Further, as particular
cases, we improve some of the univalence conditions proved in [2].

1. Introduction and Preliminaries

Let U = {z € C: |z| < 1} be an open unit disk and let A be the class of
functions f of the form

(1.1) f(z) :z—i—Zanz”,

which are analytic in U and satisfying the normalization condition f(0) = f'(0)—1 =
0. Let 8 be the subclass of A consisting of all univalent functions f in U. Further,
by P we denote the class of analytic functions p in U with p(0) = 1 and Rep(z) > 0
for all z € U.
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The Bessel function of the first kind of order x (k € R) is given by

_1\n 5 2n+k
(1.2) w(z) = Jo(z) = 3 M(ij)ﬁl) (2) , zeC.

n>0

We consider the normalized Bessel function of the first kind ¢, : W — C defined
by

(_1)n Zn+1
CESBRCEIO)

o0
1.3 W(2) = 2°T 1)z =52 g, (212 =
(1.3)  wx(2) (k+1)2 (=79) Z+;4nn!

where £ # —1,-2,.... It is easy to verify that ¢ /5(2) = /2 siny/z and p_; 5(2) =
zcosy/zZ. Recently, R. Szész and P. A. Kupan [16] and A. Baricz [1] have studied
the univalence of the normalized Bessel function of the first kind ¢, (z).

Very recently several authors studied the problem of integral operators which
preserve the class 8. For example, H. M. Srivastava et al. [10] and D. Breaz
et al. [4] extended univalence conditions for a family of integral operators. L.
F. Stanciu et al. [14] obtained some sufficient conditions for certain families of
integral operators. H. M. Srivastava et al. [12] gave a set of sufficient conditions
for the univalence, starlikeness and convexity of a certain newly-defined general
family of integral operators in the open unit disk. E. Deniz et al. [5] gave sufficient
conditions for certain families of integral operators, which are defined by means of
the normalized Bessel functions, to be univalent in the open unit disk. For recent
investigations on normalized Bessel functions of first kind and on the univalence of
integral operators we refer to [3, 6, 11, 13, 17].

We now introduce an integral operator Fi, . .. a1....,0m,8,p1,ipm - & — C,
involving normalized Bessel functions of the first kind, defined by
(1.4)

z 51 n g0%'('5) 1/a; m 1/8
F(2) = Fay ooy mny ooy s 801000, pm(z):{ﬁ/ot H(T) Hpj(t)dt} :
i=1

j=1

where a;, 3 are nonzero complex numbers, x; € R for all i = 1,2,...,n, p;(z) € P
for all j = 1,2,...,m and n, m are positive integers. We remark here that
if p1(z) = p2(2) = -+ = pm(z) = 1, then we obtain the integral operator

Far\o o kin,anss an, g(2) defined in [2].

As remarked, the integral operator F'(z) in (1.4) generalizes the integral operator
defined in [2]. The objective of defining this new integral operator is to find out
whether the univalence is preserved by the operator if the integrand is multiplied
by a finite product of analytic functions p(z) € P. As a consequence, we obtain
some sufficient conditions for the integral operator F(z), defined by the equation
(1.4), to be in the class 8. In this article, our aim is to improve the results of A.
Baricz and B.A. Frasin from [2] by giving sufficient conditions for the parameters
of the integral operator F(z) to be univalent in the open unit disk. To prove our
results we need the following lemmas.
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Lemma 1.1.([8]) Let v be a complex number such that Rev > 0 and let h € A. If
1— |Z|2 Rewv
Rew

zh'(2)

Wi |t

for all z € U, then for any complex number w with Rew > Rewv the function
z 1/w
F.(2) = {w/ t‘“—lh’(t)dt}
0

Lemma 1.2.([9]) Let w be a complex number with Rew > 0 and ¢ be a complex
number such that |c| <1, c¢# —1. If h € A satisfies the inequality

s in the class 8.

zh"(z
wh'(z)

~—

<1

c|z|2w + (1 — |z|2w)

for all z € U, then the function
z 1/w
F,(z) = {w/ t“71h! (2) dt}
0

Lemma 1.3.(Miller-Mocanu, [7]) Let w(z) = 1+ anz™ + ... be analytic in U with
w(z) Z 1. If Rew(z) # 0, z € U, then there is a point zy € U, and there are two
real numbers x,y € R such that

1s in the class 8.

(i) w(zo) =iz,

. _ (502-1-1)
(i) zow'(20) =y < =5~

)

(iii) Rezgw”(20) + 20w’ (20) <0

The following results are crucial facts in the proofs of our main results.

Lemma 1.4.([15]) Let & > x* ~ —0.7745..., and let ¢, (z) be the normalized
Bessel function of the first kind defined by (1.3). If z € U, then we have

sl®) | el
ox(2) 1’“ on(D)

and the result is sharp.

Lemma 1.5.([15]) The mapping u : (=1, 00) — R defined by u(x) = 1 —
©l.(1)/@i(1) is strictly decreasing.



510 K. A. Selvakumaran and R. Szasz

Remark 1.6. In [2] A. Baricz and B.A. Frasin proved the following result:
Let & > (—5++/5)/4 and consider the normalized Bessel function of the first kind
¢+ W — C defined by (1.3). If z € U then we have

z € U.

z2p(2) ‘< K+ 2

©0i(2) T 4k2 4+ 10k + 5’

This result and Lemma 1.4 imply that

o) _ 42
(1) — 462+ 106+ 5’

1— provided k> k" ~ —0.7745--- .

2. Main Results

Theorem 2.1. Let § € R with § > 0, let k1,..., ky > K ~ —0.7745... and
k= min{ki,..., kn}. Also, let a; € C\ {0} fori=1,...,n and let M; > 0 and
pj €P forj=1,...,m. If

zp;(2) 4 . o

(2.1) ) <M;, Vij=1,...,m (z€lW)
AN IR .

(2.2) and (1 @K(1)> ; o] —&—;Mg <4,

then for every complex number 8 with Re > § > 0, the function F(z) defined by
(1.4) is univalent in U.

Proof. Let us consider the function
s n 1/a; m
Pr: (1)
f(2) =/ 1T () [ it de.
0 =1 i j=1

Clearly f(z) € A, since ¢, € Aforalli=1,...,nand h; € Pforallj=1,..., m.
Then we have

f(z) = ﬁ (‘PH;(Z))I/M ﬁpj(z) and

i=1 j=1

2f"(2) x~ 1 (2¢(2) o~ 2 pj5(2)
(2.3) ) _Za_( 1)+Z o
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m

Using (2.1) and (2.3) along with Lemma 1.4 and Lemma 1.5 we obtain
ER e VI

" _ 26 [ 1
zf"(z) < 1—1z| Z 1
5 Li=1 ‘a7f| gO'ﬁ

)
<1_<|SZ|26§:;|(1 o 1)> > }

-i=1

1— |22
1)

&l

j=1
1—IZ|2‘S'( @’(1)) - . }
<—F|1-F
d L ex(1) Zl |041| Z:
and by (2.2) we have
—12?° 2" (2)
<1 Vzel
R ICE
Consequently, in view of Lemma 1.1, we obtain that F'(z) is in the class 8. a

By taking m = 1 in Theorem 2.1 we obtain the following result.

Corollary 2.2. Let 6 € R withd >0, M >0, p € P, kKi,..., kp > K* and
k= min{k1,..., kn}. Also, let ; € C\ {0} fori=1,...,n . If

zp/(2)
p(2)

AN S
and (1 (1));|a1| + M <,

then for every complex number B with Re 8 > §, the integral operator
(2.4)

2 n (,Oﬁ(t) 1/ 1/8
Fuommsonansin® =8 [ TL(252) e} e
0 i=1

is in the class 8.

<M, (zel),

By choosing n =1 in Theorem 2.1 we have the following.

Corollary 2.3. Let § € R with 6 > 0, K > k™ and let o be a nonzero complex
number. Also, let M; >0 and p; € P forj=1,...,m. If

o2

<M;, Vj=1,..
p;j(2) !

Lm (zel)

(1)
<
and (1 1>|a|+ZM 5
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then for every complexr number B with Re 8 > §, the integral operator
z 1/aa m 1/B8
_ k(T
25 Fopmern@ = {8 [0 (2D Vo e} . cew
j=1
is in the class §.

Putting p;(z) =1, M; =0for j=1,...,mand oy =g = --- = @, = é in
Theorem 2.1 we have

Corollary 2.4. Let § € R with § > 0, let Ki,..., Kk, > K" and Kk =
min{ki,..., kn}. If « € C with Rea > 0 and

(-2 ei=

then for every complex number 8 with Re 8 > §, the function

p n ORI
Frr,oo i 8(2) = o <M> dt} |
s = {2 [0 (%

is univalent in U.

The following corollary gives a better result than Theorem 2 of [2]. Replacing
B by 1+ na in Corollary 2.4 we have

Corollary 2.5. Letn € N, k1,..., kp, > k" and kK = min{k1,..., kn}. If a € C
with Rea > 0 and ,
1 1
(1 A ))|o<| < —Rea,
er(1) n

then the function

n 1/(na+1)

Fa o on(z) = {(na+ v [ (mt))“dt} |

i=1
is univalent in U.

We now present some simple sufficient conditions for univalence of integral op-
erators which involve sine and cosine functions. By choosing n = 1 in Corollary 2.5
we have the following particular cases.

Corollary 2.6. Let o # 0 be complex number and let k > k*. If0 < (17 i:‘EBNa\ <
Rea, then the integral operator

1/(a+1)

(26) Foa) = {la+ ) [(eo) L ew
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sinl—cos1

is in the class 8. In particular, if 52

|a| < Rea, then the integral operator

Fisa(2) = {(a +1) /0 (Vtsin V)" dt}l/(aﬂ), (zel)

sin 1
2cosl

is in the class 8. Moreover, if || < Rea, then the integral operator

F 19 a(z) = {(a+ 1) /0 (tcos \/i)adt}l/(aﬂ), (z €W

1s in the class 8.

By using Lemma 1.2 , we now present another set of sufficient conditions for
the integral operator F'(z) to be in the class 8. This theorem improves the results
of Theorem 1 given in [2].

Theorem 2.7. Let K1,..., in > k* ~ —0.7745... and k = min{ky,..., kn}. Let
a; € C\{0}, fori=1,...,n, B €C with Re > 0. If

(2.7) 2410 <M, M;>0,p;jeP Vj=1 m (z€lU)
. pj(z) = VRl i =Y, Dj ) J PR

1 w;(1)> ~ 1 < }
2.8 d — | ({1- M| <1
29 it | (- & 2 fa] T2 M) <

then the function F(z) defined by (1.4) is univalent in U.

Proof. Consider
Z) = /Zﬁ (so’ﬂz(t
0 =1 t

Then it follows from (2.3) that

1/a; m
)) Upj(t) dt.

j=1

I
=D J

z f//

(2.9) 2P, ’ + i

P (2 =1

R
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Now, using (2.7), (2.8) and (2.9) along with Lemma 1.4 and Lemma 1.5 , we obtain

22 + (1 - o) 2D

Bf'(2)
e 2 ¢, (2) T | 2 (2)
< ) (3 ] e | 2
B L pil o 2|50
L[ S ()Y | &
w[ e
Al i\ w2
< o7 -y (1- 2 3 L 5
<[P+ (1= o) = 1.
Finally by applying Lemma 1.2 with ¢ = 1, we conclude that F'(z) € 8. O
By taking m = 1 in Theorem 2.7 we obtain the following result.
Corollary 2.8. Let ky,..., kn, > K* and kK = min{k1,..., kn}. Let a; € C\
{0}, fori=1,...,n, B €C with Ref > 0. If
zp'(2)
<M, M>0,peP, zclU
p(z)

1 ¢, (1)) ~ 1 ]
and —|(1- =& + M| <1,
05w S
then the integral operator Fi, . w. a1,..an 8.p(%) defined by (2.4) is in the class
8.

Choosing n = 1 in Theorem 2.7 we have the following.

Corollary 2.9. Let a be a nonzero complex number, € C with Re3 > 0 and let
K> r*.If

20

<M;, M;>0,p;eP, Vj=1,....m (z€lU)
| <Y Mz 0

O

then the integral operator Fi, o, 8. py.....p, (2) defined by (2.5) is in the class §.

Now by choosing n =1 and pj(z) =1, M; =0 for j =1,...,m in Theorem 2.7
we have the following results. It is interesting to note that these results improve
the conditions for univalence of the integral operators Fy (%), F1/2,q,3(2) and
F_1)3,a,8(2) given in Corollary 2 of [2].
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Corollary 2.10. Let a be a nonzero complex number, 8 € C with Re 8 > 0 and let
k> K*.If
%(1))
1- <lapl,
( Pr(1)

then the integral operator F,, o 5(z) defined by

Fooas(2) = {g/oztﬁl (‘Pz(ﬂ)l/a dt}l/ﬂ, (z € U)

is in the class 8.

In particular, if Sil-cosl

2sinl

F1/27a75(z){[3/0 19~ (‘”i”‘[\[) dt} P e

s in the class 8.

Moreover, if zségsll

. 1/8
F_1)3.a,8(2) = {ﬂ/o Pt (cosﬁ)l/a dt} , (zel

< |ap|, then the integral operator

< |aB|, then the integral operator

s in the class 8.

The following theorem shows that if the condition “f € C with Re > 07 is
replaced by a stronger one “ € (0,00)” in Theorem 2.7, then we get a much better
result.

Theorem 2.11. Let K1, ..., ky > k* ~ —0.7745 ... and k = min{k1,..., kn}. Let
a; € C\{0}, fori=1,...,n, and 8 € (0,00). If

2pj(2)
p;(2)

‘SM]', szo,ij(P,Vj:L...,m, (ZGU),

and

(2.10) a2 UZMNZM] =1

then the function F(z) defined by (1.4) is starlike-univalent in U. Further, if 8 = 1,
then the function F(z) is convex-univalent in U.

Proof. Let ¢ be the function defined by ¢(z) = Z?Eg) Then from (1.4) we get

Z¢/(Z) _ n i 2Pk, _ . ;
(2.11) P(2)B + o(2) —BJF;a <<,0m( ) g
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It is easily seen that (2.10) implies

% =1

<Pm

Thus (2.11), (2.12) and the minimum principle for harmonic functions imply that

2¢'(2)
¢(2)

If the inequality Re¢(z) > 0, z € U, does not hold, then according to the Miller-
Mocanu lemma there is a point zp € U and there are two real numbers z,y € R
such that

() olz0) =i 2
(il)  209'(20) =y < —w.
Thus we get Re ((b(zo) B+ Zo(f(z(;)o)) = Re (wc + %) = 0 and this inequality contra-

dicts (2.13) and consequently F' is starlike-univalent in U.

If 3 =1, then we get
F” 29, (2) — 215 (
1 =1 Kiq ]
- ()
2F" (2)

i=1
This equality along with (2.12) implies that 1 + 7o > 0, (z € U) and conse-
quently F' is convex when g = 1. O

(2.13) ¢(2)B +

>0, z€U.

Acknowledgement. The authors thank the referees for their valuable comments
and helpful suggestions.

References

[1] A. Baricz, Geometric properties of generalized Bessel functions, Publ. Math. Debre-
cen, 73(1-2)(2008), 155-178.

2] A. Baricz and B. A. Frasin, Univalence of integral operators involving Bessel functions,
Appl. Math. Lett., 23(4)(2010), 371-376.

3] A. Baricz and S. Ponnusamy, Starlikeness and convexity of generalized Bessel func-
tions, Integral Transforms Spec. Func., 21(9)(2010), 641-653.

[4] D. Breaz, N. Breaz and H. M. Srivastava, An extension of the univalent condition for
a family of integral operators, Appl. Math. Lett., 22(2009), no. 1, 41-44.

[5] E. Deniz, H. Orhan and H. M. Srivastava, Some sufficient conditions for univalence of
certain families of integral operators involving generalized Bessel functions, Taiwanese
J. Math., 15(2)(2011), 883-917.



[6]
[7]

(8]

[14]
[15]
[16]

[17]

Certain Geometric Properties of an Integral Operator

B. A. Frasin, Sufficient conditions for integral operator defined by Bessel functions,
J. Math. Inequal., 4(2)(2010), 301-306.

S. S. Miller and P. T. Mocanu, Differential subordinations, Monographs and Text-
books in Pure and Applied Mathematics 225, Marcel Dekker, Inc., New York, 2000.

N. N. Pascu, An improvement of Becker’s univalence criterion, Proceedings of
the Commemorative Session: Simion Stoilow (Brasov, 1987), 43-48, Univ. Brasov,
Bragov, 1987.

V. Pescar, A new generalization of Ahlfors’s and Becker’s criterion of univalence,
Bull. Malaysian Math. Soc. (2), 19(2)(1996), 53-54.

H. M. Srivastava, E. Deniz and H. Orhan, Some general univalence criteria for a
family of integral operators, Appl. Math. Comput., 215(10)(2010), 3696-3701.

H. M. Srivastava, B. A. Frasin and V. Pescar, Univalence of integral operators involv-
ing Mittag-Leffler functions, Appl. Math. Inf. Sci., 11(3)(2017), 635-641.

H. M. Srivastava, J. K. Prajapat, G. [. Oros and R. Sendrutiu, Geometric properties
of a certain general family of integral operators, Filomat, 28(4)(2014), 745-754.

H. M. Srivastava, K. A. Selvakumaran and S. D. Purohit, Inclusion properties for cer-
tain subclasses of analytic functions defined by using the generalized Bessel functions,
Malaya J. Mat., 3(3)(2015), 360-367.

L. F. Stanciu, D. Breaz and H. M. Srivastava, Some criteria for univalence of a certain
integral operator, Novi Sad J. Math., 43(2)(2013), 51-57.

R. Szész, About the starlikeness of Bessel functions, Integral Transforms Spec. Funct.,
25(9)(2014), 750-755.

R. Szasz and P. A. Kupédn, About the univalence of the Bessel functions, Stud. Univ.
Babes-Bolyai Math., 54(1) (2009), 127-132.

N. Ularu, Two integral operators defined with Bessel functions on the class N(f), J.
Basic Apll. Sci., 9(2013), 57-59.



