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STABILITY OF AN n-DIMENSIONAL QUADRATIC

FUNCTIONAL EQUATION

Sun-Sook Jin* and Yang-Hi Lee**

Abstract. In this paper, we investigate the generalized Hyers-
Ulam stability of the functional equation

f

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

f(xi − xj)− n

n∑
i=1

f(xi) = 0

for integer values of n such that n ≥ 2, where f is a mapping from
a vector space V to a Banach space Y .

1. Introduction

A stability problem of the functional equation was formulated by S.
M. Ulam in 1940 [20]. In the following year, D. H. Hyers [5] gave a
partial solution of Ulam’s problem for the case of approximate additive
functions. Subsequently, during the last seven decades, Hyers’ theorem
was generalized by several mathematicians worldwide [1, 2, 3, 4, 11, 12,
13, 14, 15, 18, 19].

Throughout this paper, assuming that n ≥ 2 is an integer, V and W
are real vector spaces, X is a normed space, and that Y is a Banach
space, we consider the n-dimensional quadratic functional equation

(1.1) f

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

f(xi − xj)− n

n∑
i=1

f(xi) = 0

whose solutions are quadratic mappings.

Received May 03, 2018; Accepted September 19, 2018.
2010 Mathematics Subject Classification: Primary 65J15; Secondary 65D15,

39B82.
Key words and phrases: stability of functional equation, n-dimensional quadratic

functional equation, quadratic mapping.
Correspondence should be addressed to Yang-Hi Lee, yanghi2@hanmail.net.
This work was supported by Gongju National University of Education Grant 2017.



398 Sun-Sook Jin and Yang-Hi Lee

In this paper, we investigate a general stability problem for the n-
dimensional quadratic functional equation (1.1).

2. Stability of an n-dimensional quadratic functional equa-
tion (1.1)

For convenience, we use the following abbreviations for a given map-
ping f : V → W :

Df(x1, x2, . . . , xn) := f

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

f(xi − xj)− n

n∑
i=1

f(xi),

Qf(x, y) := f(x+ y) + f(x− y)− 2f(x)− 2f(y),

x̄ :=

n−th︷ ︸︸ ︷
x, x, . . . , x

for all x, y, x1, x2, . . . , xn ∈ V , where n is a fixed integer greater than 2.

If f is a solution of the functional equation Qf(x, y) = 0 for all
x, y ∈ V , then f is called a quadratic mapping. The authors have shown
several results about the stability problem of various kind of quadratic
functional equations [6, 7, 8, 9, 10].

Lemma 2.1. A mapping f : V → W is a solution of (1.1) if and only
if f is a quadratic mapping.

Proof. Let f : V → W satisfy Df(x1, x2, . . . , xn) = 0. Since f(0) =
2Df(0,0,...,0)

2−n2−n
= 0 and f(−x) = Df(0, x, 0, . . . , 0) + f(x) = f(x), we get

Qf(x, y) = Df(x, y, 0, . . . , 0) = 0

for all x, y ∈ V , i.e., f is a quadratic mapping.

Conversely, assume that f is a quadratic mapping. We apply induc-
tion on j ∈ {2, . . . , n} to proveDf(x1, x2, . . . , xn) = 0 for all x1, x2, . . . , xn ∈
V . For j = 2, we have

Df(x1, x2, 0, . . . , 0) = Qf(x1, x2) = 0

for all x1, x2 ∈ V . If n > 2 and Df(x1, x2, . . . , xj , 0, . . . , 0) = 0 for
some integer j (2 ≤ j < n) and for all x1, x2, . . . , xj ∈ V , then routine
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calculation yields

Df(x1, x2, . . . , xj+1, 0, . . . , 0)

= − 1

2
Qf(x1 + · · ·+ xj+1, xj+1 − xj)

+
1

2
Df(x1, x2, . . . , xj−1, 2xj , 0, . . . , 0)

+
1

2
Df(x1, x2, . . . , xj−1, 2xj+1, 0, . . . , 0)−

1

2

j−1∑
i=1

Qf(xi − xj , xj)

− 1

2

j−1∑
i=1

Qf(xi − xj+1, xj+1) +
j

2
Qf(xj , xj) +

j

2
Qf(xj+1, xj+1)

= 0

for all x1, x2, . . . , xj , xj+1 ∈ V . Hence, we get f is a solution of (1.1).

In the following theorems, we will investigate the generalized Hyers-
Ulam stability problems of the functional equation (1.1).

Theorem 2.2. Let s = 1,−1 and let φ : V n → [0,∞) be a function
satisfying the conditions:

∞∑
j=0

n−2sjφ(nsjx1, n
sjx2, · · · , nsjxn) < ∞(2.1)

for all x1, x2, · · · , xn ∈ V . Suppose f : V → Y is a mapping such that

(2.2) ∥Df(x1, x2, . . . , xn)∥ ≤ φ(x1, x2, . . . , xn)

for all x1, x2, . . . , xn ∈ V with f(0) = 0. Then there exists a quadratic
mapping F : V → Y such that

∥f(x)− F (x)∥ ≤
∞∑
i=0

n2τ−s,iφ(nτs,ix)(2.3)

for all x ∈ V , where τs,m are the integers defined by

τs,m = s

(
m+

1

2

)
− 1

2

for s ∈ {−1, 1}, m ∈ N ∪ {0}.
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Proof. It follows from (2.2) that

∥n−2smf(nsmx)− n−2s(m+m′)f(ns(m+m′)x)∥

≤
m+m′−1∑

i=m

∥∥∥∥− n2τ−s,iDf(nτs,ix)s

∥∥∥∥(2.4)

≤
m+m′−1∑

i=m

n2τ−s,iφ(nτs,ix)

for all x1, x2, . . . , xn ∈ V and m+m′ > m ≥ 0.
By (2.1) and (2.4), we get the sequence {n−2smf(nsmx)} is a Cauchy

sequence for all x ∈ V . Since Y is complete, the sequence {n−2smf(nsmx)}
converges in Y . Hence, we can define a mapping F : V → Y by

F (x) := lim
m→∞

n−2smf(nsmx)

for all x ∈ V . Moreover, by putting m = 0 and letting m′ → ∞ in (2.4),
we get (2.3). From the definition of F , we easily have

DF (x1, x2, . . . , xn) = lim
i→∞

n−2siDf
(
nsix1, . . . , n

sixn
)
= 0

for all x1, x2, . . . , xn ∈ V , which implies that F is a quadratic mapping
by Lemma 2.1.

Now let F ′ : V → Y be another quadratic mapping satisfying the
inequality (2.3). Because F ′ is a quadratic mapping, we can easily show
that F ′(x) = n−2smF ′(nsmx) for all x ∈ V . Using this equality and
(2.3), we obtain

∥F ′(x)− n−2smf(nsmx)∥ =∥n−2smF ′(nsmx)− n−2smf(nsmx)∥

≤
∞∑

j=m

n2τ−s,iφ(nτs,ix)

→ 0, as m → ∞,

which implies that F ′(x) = limm→∞ n−2smf(nsmx) = F (x) for all x ∈
V . This proves the uniqueness of F .

Put φ(x1, x2, . . . , xn) := θ
(
∥x1∥p + ∥x2∥p + · · ·+ ∥xn∥p

)
in Theorem

2.2. Then we prove the following corollary.

Corollary 2.3. Let p ̸= 2 be a nonnegative real number. Suppose
f : X → Y is a mapping such that

(2.5) ∥Df(x1, x2, . . . , xn)∥ ≤ θ
(
∥x1∥p + ∥x2∥p + · · ·+ ∥xn∥p

)
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for all x1, x2, . . . , xn ∈ X and for some constant θ ≥ 0. Then there exists
a unique quadratic mapping F such that

∥f(x)− F (x)∥ ≤ nθ∥x∥p

|np − n2|
for all x ∈ X.

In particular, we prove the stability of the functional equation (1.1)
for the case n = 3. In other word, we prove the stability of the functional
equation

f(x+ y+ z)+ f(x− y)+ f(y− z)+ f(x− z)−3f(x)−3f(y)−3f(z) = 0

for all x, y, z ∈ V .

Lemma 2.4. If f : V → W is a mapping such that

Df(x, y, z) = 0

for all x, y, z ∈ V \{0}, then
Df(x, y, z) = 0

for all x, y, z ∈ V .

Proof. Since

f(x) =
Df(x,−x,−x)−Df(x, x,−x)

2
+ f(−x) = f(−x)

for all x ∈ V \{0}, we have

f(0) =
4Df(x, x, x)− 2Df(2x,−x,−x)− 3Df(x, x,−x)

5
= 0

and

f(2x) =
Df(x, x,−x)

2
+ 4f(x) = 4f(x).

So we easily know that Df(x, y, 0) = Df(x, y,−y) = 0, Df(x, 0, z) =
Df(x, z,−z) = 0, Df(0, y, z) = Df(y, z,−z) = 0, Df(x, 0, 0) = 0,
Df(0, 0, z) = 0, Df(0, y, 0) = 0, Df(0, 0, 0) = 0 for all x, y, z ∈ V \{0}
as we desired.

By Lemma 2.4 and Theorem 2.2, we can easily obtain the following
theorem.

Theorem 2.5. Let s = 1,−1 and let φ : (V \{0})3 → [0,∞) be a
function satisfying the condition:

∞∑
j=0

3−2sjφ(3sjx, 3sjy2, 3sjz) < ∞



402 Sun-Sook Jin and Yang-Hi Lee

for all x, y, z ∈ V \{0}. Suppose f : V → Y is a mapping such that

∥Df(x, y, z)∥ ≤ φ(x, y, z)

for all x, y, z ∈ V \{0} with f(0) = 0. Then there exists a unique qua-
dratic mapping F : V → Y such that

∥f(x)− F (x)∥ ≤
∞∑
i=0

32τ−s,iφ(3τs,ix)

for all x ∈ V \{0}.
Corollary 2.6. Let p be a real number such that p < 0. If f : X →

Y is a mapping such that

(2.6) ∥Df(x, y, z)∥ ≤ θ
(
∥x∥p + ∥y∥p + ∥z∥p

)
for all x, y, z ∈ X\{0} and for some constant θ ≥ 0, then f is itself a
quadratic mapping.

Proof. Put φ(x, y, z) := θ
(
∥x∥p+ ∥y∥p+ ∥z∥p

)
for all x, y, z ∈ X\{0}

in Theorem 2.5. Choose x ∈ X\{0}. Then
∥10f(0)∥ =∥8Df(nx, nx, nx)− 4Df(2nx,−nx,−nx)

− 27Df(nx, nx,−nx) + 21Df(nx,−nx,−nx)∥
≤8∥Df(nx, nx, nx)∥+ 4∥Df(2nx,−nx,−nx)∥

+ 27∥Df(nx, nx,−nx)∥+ 21∥Df(nx,−nx,−nx)∥
≤(176 + 4 · 2p)np∥x∥p

→ 0, as n → ∞,

which means that f(0) = 0. On the other hand, there exists a unique
quadratic mapping F such that

(2.7) ∥f(x)− F (x)∥ ≤ 3θ∥x∥p

9− 3p

for all x ∈ X\{0} by Theorem 2.5. Since 2f(x) = Df((k+1)x, kx, kx)−
f((3k + 1)x) + 3f((k + 1)x) + 6f(kx) and DF ((k + 1)x, kx, kx) = 0 for
all x ∈ X\{0}, it follows from (2.7) that

2∥f(x)− F (x)∥
≤ ∥Df((k + 1)x, kx, kx)∥+ ∥(F − f)((3k + 1)x)∥
+ 3∥(F − f)((k + 1)x)∥+ 6∥(F − f)(−kx)∥

≤
(
(k + 1)p + 2kp +

3((3k + 1)p + 3(k + 1)p + 6kp)

9− 3p

)
θ∥x∥p

→ 0, as k → ∞,
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i.e, f(x) = F (x) for all x ∈ X\{0}. Because f(0) = 0 = F (0), we get
the desired result.

3. Stability of the set-valued functional equation (1.1)

In this section, we present some related concepts and results which
are mainly derived from [16, 17].

From now on, let V be a real vector space and Y a Banach space.
The family of all nonempty closed convex subsets of Y will be denoted
by cc(Y ).

Let A,B be nonempty subsets of a real vector space V and let λ and
µ be real numbers. If we define

A+B := {x ∈ V : x = a+ b, a ∈ V, b ∈ B},
λA := {x ∈ V : x = λa, a ∈ V },

then

λ(A+B) = λA+ λB

(λ+ µ)A ⊆ λA+ µA.

Moreover, if A is a convex set and λµ ≥ 0, then we have

(λ+ µ)A = λA+ µA.

In this paper, we get the stability result of the set-valued functional
equation

f

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

f(xi − xj) ⊆ n

n∑
i=1

f(xi)(3.1)

for all x, x1, . . . , xn ∈ V .

Theorem 3.1. Let cc(Y ) are the family of all nonempty closed convex
subsets of Y . If f : V → cc(Y ) is a set-valued mapping satisfying the
inclusion (3.1) and

lim
m→∞

diam(f(nmx))

n2m
= 0(3.2)

for all x, x1, . . . , xn ∈ V , then there exists a unique quadratic mapping
g : V → Y such that g(x) ∈ f(x)− n

2n+2f(0) for all x ∈ V .
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Proof. Since f(0) ∈ cc(Y ), f(0) has at least an element, say p ∈ f(0).
Putting xk = 0 for k ∈ {1, 2, . . . , n} in (3.1), we have

n(n− 1) + 2

2
p ∈ f(0) +

n(n− 1)

2
f(0) ⊆ n2f(0),

which means that n(n−1)+2
2n2 p ∈ f(0). So

(
n(n−1)+2

2n2

)m
p ∈ f(0) for all

m ∈ N and 0 = limm→∞

(
n(n−1)+2

2n2

)m
p ∈ f(0). Putting xk = x for

k ∈ {1, 2, . . . , n} in (3.1), we have

f(nx) = f(nx) +
n(n− 1)

2
{0}

⊆ f(nx) +
n(n− 1)

2
f(0) ⊆ n2f(x),(3.3)

i.e.,

f(nx) ⊆ n2f(x).(3.4)

Replacing x by nm−1x and dividing both sides by n2m in (3.4), then we
obtain

n−2mf(nmx) ⊆ n−2m+2f(nm−1x)

for all x ∈ V . Denoting Fm(x) := n−2mf(nmx) for all x ∈ V and
m ∈ N∪{0}, it results that {Fm(x)}m is a decreasing sequence of closed
subsets of the Banach space Y . By (3.2), we get limn→∞ diam(Fm(x)) =
diam

(
n−2m (f(nmx))

)
= 0 for all x ∈ V. For the sequence {Fm(x)}m≥0,

the intersection
∩

m≥0 Fm(x) has a single element and we denote this

single element by g(x) for all x ∈ V . Thus we obtain a mapping g : V →
Y which is a selection of f because g(x) ∈ F0(x) = f(x) for all x ∈ V .

Now we show that g is quadratic. From the definition of Fm(x), we
know that

Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj) = n−2mf

(
n∑

i=1

nmxi

)
+

∑
1≤i<j≤n

n−2mf(nmxi − nmxj)

⊆ n

n∑
i=1

n−2mf(nmxi)

= n

n∑
i=1

Fm(xi)
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for all x1, . . . , xn ∈ V . With the definition of g and the above property,
we have

g

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

g(xi − xj) ∈ Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)

⊆ n

n∑
i=1

Fm(xi)

and

n
n∑

i=1

g(xi) ∈ n
n∑

i=1

Fm(xi)

for all m ≥ 0 and x1, · · · , xn ∈ V . Since

n

n∑
i=1

Fm+1(xi) ⊆ n

n∑
i=1

Fm(xi)

and

diam

(
n

n∑
i=1

Fm(xi)

)
≤ n

n∑
i=1

diam (Fm(xi)) → 0 as m → ∞,

for any x1, . . . , xn ∈ V , it results that {n
∑n

i=1 Fm(xi)}≥0 is a decreasing
sequence of closed subsets of the Banach space Y . For this sequence, the
intersection

∩
m≥0(n

∑n
i=1 Fm(xi)) has a single element and so we have

g

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

g(xi − xj) = n

n∑
i=1

g(xi)

for all x1, . . . , xn ∈ V . Therefore, we conclude that there exists a qua-
dratic mapping g : V → Y such that g(x) ∈ f(x) for all x ∈ V .

Next, we will finalize the proof by proving the uniqueness of g for
the case g(x) ∈ f(x). Suppose that g′ : V → Y is another quadratic
mapping such that g′(x) ∈ f(x) for all x ∈ V . We have

g(x) = g(nmx)
n2m ∈ f(nmx)

n2m and

g′(x) = g′(nmx)
n2m ∈ f(nmx)

n2m

for all m ∈ N ∪ {0}. Since the intersection
∩

m≥0
f(nmx)
n2m has a single

element, we have g(x) = g′(x) for all x ∈ V , as desired.

The following corollary is a refined stability result of Theorem 3.1 in
[17] if we take n = 2.
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Corollary 3.2. If f : V → cc(Y ) is a set-valued mapping satisfying
the conditions

f(x+ y) + f(x− y) ⊆ 2f(x) + 2f(y)

and

sup{diam(f(x)) : x ∈ V } < +∞
for all x, y ∈ V , then there exists a unique quadratic mapping g : V → Y
such that g(x) ∈ f(x) for all x ∈ V .

Proof. Since sup{diam(f(x)) : x ∈ V } < +∞, we get

lim
m→∞

diam

(
f(2mx)

4m

)
= 0

for all x ∈ V . By Theorem 3.1, we complete the proof, where g(x) ∈
f(x).

Theorem 3.3. If f : V → cc(Y ) is a set-valued mapping satisfying

n

n∑
i=1

f(xi) ⊆ f

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

f(xi − xj)(3.5)

and

lim
m→∞

n2mdiam
(
f
( x

nm

))
= 0(3.6)

for all x, x1, . . . , xn ∈ V , then there exists a unique quadratic mapping
g : V → Y such that g(x) ∈ f(x) + (−1)f(0) for all x ∈ V .

Proof. Since n > 1 and n2f(0) ⊂ n(n−1)+2
2 f(0), we easily get f(0) is

a singleton set and f(0) = {0}. Taking xi = x for all i = 1, 2, . . . , n in
(3.5), we obtain

n2f (x) ⊆ f(nx) +
n(n− 1) + 2

2
{0} = f(nx)(3.7)

for all x ∈ V . Denoting Fm(x) = n2mf
( x

nm

)
, x ∈ V , m ∈ N ∪ {0},

we obtain that {Fm(x)}m≥0 is a decreasing sequence of closed subsets
of the Banach space Y . We have also

diam(Fm(x)) = diam
(
n2mf

( x

nm

))
= n2mdiam

(
f
( x

nm

))
.

By (3.6), we get limm→∞ diam(Fm(x)) = 0 for all x ∈ V .
For the sequence {Fm(x)}m≥0, we obtain that the intersection

∩
m≥0

Fm(x) has a single element and we denote this element by g(x) for all
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x ∈ V . Thus we obtain a mapping g : V → Y such that g(x) ∈ F0(x) =
f(x) for all x ∈ V .

Now we show that g is quadratic. From the definition of Fm(x), we
know that

n

n∑
i=1

Fm(xi) = n

n∑
i=1

n2mf
( xi
nm

)
⊆ n2mf

(
n∑

i=1

xi
nm

)
+

∑
1≤i<j≤n

n2mf

(
xi − xj
nm

)

= Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)

for all x1, . . . , xn ∈ V . With the definition of g and the above property,
we have

n

n∑
i=1

g(xi) ∈ n

n∑
i=1

Fm(xi) ⊆ Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)

and

g

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

g(xi − xj) ∈ Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)

for all m ≥ 0 and x1, · · · , xn ∈ V . Since

Fm+1

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm+1(xi − xj)

⊆ Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)

and

diam

Fm

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

Fm(xi − xj)


≤ diam

(
Fm

(
n∑

i=1

xi

))
+

∑
1≤i<j≤n

diam (Fm(xi − xj)) → 0 as m → ∞,

for any x1, . . . , xn ∈ V , it results that {Fm(
∑n

i=1 xi)+
∑

1≤i<j≤n Fm(xi−
xj)}m≥0 is a decreasing sequence of closed subsets of the Banach space Y .
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For this sequence, the intersection
∩

m≥0(Fm(
∑n

i=1 xi)+
∑

1≤i<j≤n Fm(xi−
xj)) has a single element and so we have

n

n∑
i=1

g(xi) = g

(
n∑

i=1

xi

)
+

∑
1≤i<j≤n

g(xi − xj)

for all x1, . . . , xn ∈ V .
Therefore, we conclude that there exists a quadratic mapping g : V →

Y such that g(x) ∈ f(x) for all x ∈ V .
Next, we will finalize the proof by proving the uniqueness of g for

the case g(x) ∈ f(x). Suppose that g′ : V → Y is another quadratic
mapping such that g′(x) ∈ f(x) for all x ∈ V . We have

g(x) = n2mg
( x

nm

)
∈ n2mf

( x

nm

)
,

g′(x) = n2mg′
( x

nm

)
∈ n2mf

( x

nm

)
for all m ∈ N ∪ {0}. Since

diam
(
n2mf

( x

nm

))
→ 0 as m → ∞,

the intersection
∩

m≥0 n
2mf

(
x
nm

)
has a single element and so we have

g(x) = g′(x) for all x ∈ V , as desired.
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