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STABILITY OF AN n-DIMENSIONAL QUADRATIC
FUNCTIONAL EQUATION

SUN-SOOK JIN* AND YANG-HI LEE**

ABSTRACT. In this paper, we investigate the generalized Hyers-
Ulam stability of the functional equation

f(Z%) + Y f(fl?i*%)*"Zf(wi):O

1<i<j<n
for integer values of n such that n > 2, where f is a mapping from
a vector space V to a Banach space Y.

1. Introduction

A stability problem of the functional equation was formulated by S.
M. Ulam in 1940 [20]. In the following year, D. H. Hyers [5] gave a
partial solution of Ulam’s problem for the case of approximate additive
functions. Subsequently, during the last seven decades, Hyers’ theorem
was generalized by several mathematicians worldwide [1, 2, 3, 4, 11, 12,
13, 14, 15, 18, 19].

Throughout this paper, assuming that n > 2 is an integer, V and W
are real vector spaces, X is a normed space, and that Y is a Banach
space, we consider the n-dimensional quadratic functional equation

(1.1) DY |+ D flai—x)—n)_ fla)=0
-1 i=1

1<i<j<n

whose solutions are quadratic mappings.
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In this paper, we investigate a general stability problem for the n-
dimensional quadratic functional equation (1.1).

2. Stability of an n-dimensional quadratic functional equa-
tion (1.1)

For convenience, we use the following abbreviations for a given map-

ping f:V - W:

Df(xy,xe,...,xy) :f<le> + Z flay —Ij) _an(xz)y
i=1 i=1

1<i<j<n
Qf(x,y) == flz+y)+ flx —y) - 2f(x) — 2f(y),
n—th
- ——
T:=7,x,...,2
for all z,y,x1,x0,...,x, € V, where n is a fixed integer greater than 2.

If f is a solution of the functional equation Qf(z,y) = 0 for all
xz,y € V, then f is called a quadratic mapping. The authors have shown
several results about the stability problem of various kind of quadratic
functional equations [6, 7, 8, 9, 10].

LEMMA 2.1. A mapping f:V — W is a solution of (1.1) if and only
if f is a quadratic mapping.

Proof. Let f: V — W satisfy Df(z1,z2,...,2,) = 0. Since f(0) =
2D#(00.:0) _ (j apnq f(=x)=Df(0,2,0,...,0)+ f(z) = f(x), we get

2—n?—n
Qf(z,y) = Df(x,y,0,...,0) =0

for all x,y € V, i.e., f is a quadratic mapping.

Conversely, assume that f is a quadratic mapping. We apply induc-
tionon j € {2,...,n} toprove Df(z1,x9,...,2,) = 0forall z1,za,...,2, €
V. For j = 2, we have

Df(z1,22,0,...,0) = Qf(x1,72) =0

for all z1,2z9 € V. If n > 2 and Df(x1,29,...,2;,0,...,0) = 0 for
some integer j (2 < j < n) and for all z1,22,...,2; € V, then routine
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calculation yields
Df(l'l,xg, sy LT, 0, . ,O)
1
= —5Q@f(@1+ -+ @i, 2501 — )

1
+ §Df(l‘1,$2, sy L1, 2xj, 0,... ,0)

-1

1 1%

+ in(CCl,l‘Q, ce ,ﬂS‘j_l,2l‘j+1,0, e ,0) - 5 X;Qf(l‘l - CCj,:Ej)
1=

-1
13 j j
-5 2 Qf (i = zjr1, xj1) + 5QF (25, 25) + SQF (241, 2j41)
1=
=0
for all 1, x9,...,2j,2j41 € V. Hence, we get f is a solution of (1.1). [

In the following theorems, we will investigate the generalized Hyers-
Ulam stability problems of the functional equation (1.1).

THEOREM 2.2. Let s = 1,—1 and let ¢ : V" — [0,00) be a function
satisfying the conditions:

(o]
(2.1) Znﬁsj(p(nijl,nijg, con¥r,) < oo

j=0
for all x1,x9, -+ ,x, € V. Suppose f :V — Y is a mapping such that
(22) ||Df($1,l‘2,...,xn)|| SSO(xlafE%---aﬂUn)

for all z1,x2,...,2, € V with f(0) = 0. Then there exists a quadratic
mapping F' : V — Y such that

(2.3) If(z) = F)ll < Y n?™sip(n™iz)
=0

for all x € V, where 7, ,,, are the integers defined by

1 1
Ts;m = 8 m—|—§ ~3

for s € {—1,1}, m € NU {0}.



400 Sun-Sook Jin and Yang-Hi Lee

Proof. 1t follows from (2.2) that

||n_2smf(nsm$) _ n—25(m+m’)f(ns(m+m’)x)”

m+m’—1
(2.4) < Z —n¥siDf(n™iz)s
i=m
m+m’—1
S )
i=m
for all x1,29,...,2, € V.and m+m' >m > 0.

By (2.1) and (2.4), we get the sequence {n=2"f(n*™xz)} is a Cauchy
sequence for all z € V. Since Y is complete, the sequence {n =2 f (n*™x)}
converges in Y. Hence, we can define a mapping F' : V — Y by

F(z):= W}gnoo n "2 f (S

for all x € V. Moreover, by putting m = 0 and letting m’ — oo in (2.4),
we get (2.3). From the definition of F', we easily have

DF(xy,z9,...,2,) = lim n_QSin(nSixl, e ,nSia:n) =0
1—00
for all z1,x2,...,2, € V, which implies that F' is a quadratic mapping
by Lemma 2.1.

Now let F/ : V — Y be another quadratic mapping satisfying the
inequality (2.3). Because F’ is a quadratic mapping, we can easily show
that F'(x) = n=2mF'(n*"x) for all x € V. Using this equality and
(2.3), we obtain

||F,(l') _ n—QSmf(nsml,)H :Hn—ZsmF/(nsmx) _ n—2$mf(nsmx)||
0
< Y nPTip(nin)
j=m

— 0, as m — o0,

which implies that F'(x) = lim,, s n ™25 f(n*™2z) = F(z) for all x €
V. This proves the uniqueness of F'. O

Put o(z1,z2,...,2n) = 0([|lz1||P + [|z2]/” + - + [|[2n||P) in Theorem
2.2. Then we prove the following corollary.

COROLLARY 2.3. Let p # 2 be a nonnegative real number. Suppose
f: X — Y is a mapping such that

(2.5) IDf (@1, @2, an)l| < O(2allP + [lz2]l” + - + [J2n|P)
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for all x1,xo9,...,x, € X and for some constant § > 0. Then there exists
a unique quadratic mapping F' such that
nf||z|
z) - Flo)| < ——=
1) = Pl < 1
for all x € X.

In particular, we prove the stability of the functional equation (1.1)
for the case n = 3. In other word, we prove the stability of the functional
equation

fatyt+z)+fla—y)+fly—2)+flz—2)=3f(x)=3f(y) —3f(z) =0
for all z,y,z € V.
LEMMA 2.4. If f:V — W is a mapping such that
Df(z,y,z) =0
for all z,y,z € V\{0}, then
Df(z,y,z) =0
for all x,y,z € V.

Proof. Since

flx) =
for all z € V\{0}, we have
£(0) = ADf(z,x,x) — 2Df(2x,5—a:, —x) —=3Df(x,z,—x)

Df(ﬁ, —Z, —l’) B Df(ac,a:, _:E)
2

and D

plaay = PHEDZI ) — aga),

So we easily know that Df(z,y,0) = Df(x,y,—y) = 0, Df(x,0,z) =
Df(l’,Z, 7'2) = 07 Df(O,y,z) = Df(yvza 72) = O’ Df(IaOaO) )
Df(0,0,z) =0, Df(0,y,0) = 0, Df(0,0,0) = 0 for all z,y,z € V\{0}
as we desired.

O

By Lemma 2.4 and Theorem 2.2, we can easily obtain the following
theorem.

THEOREM 2.5. Let s = 1,—1 and let ¢ : (V\{0})®> — [0,00) be a
function satisfying the condition:

o0
D 37Pp(3%2,3%y2,3%2) < o0
j=0
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for all x,y,z € V\{0}. Suppose f : V — Y is a mapping such that

1Df(z,y,2)|| < (2,9, 2)
for all z,y,z € V\{0} with f(0) = 0. Then there exists a unique qua-
dratic mapping F': V — Y such that

o0

If(z) = F(z)|| < ) 3*7=p(3mz)

=0
for all x € V\{0}.

COROLLARY 2.6. Let p be a real number such that p < 0. If f: X —
Y is a mapping such that

(2.6) IDf (@, y, )l < O(lll” + llyl” + 1l=]7)

for all x,y,z € X\{0} and for some constant § > 0, then f is itself a
quadratic mapping.

Proof. Put ¢(z,y,2) := 0(H:E||p + ||ly||P + Hsz) for all z,y, 2 € X\{0}
in Theorem 2.5. Choose z € X\{0}. Then

110£(0)|| =|I8D f (nx,nx,nx) — 4D f (2nx, —nz, —nz)
— 27D f (nx,nx, —nx) + 21D f (nx, —nx, —nz)||
<8||Df(nz,nx,nx)| + 4||Df(2nz, —nz, —nz)||
+ 27||D f(nx, nx, —nzx)|| + 21| D f (nz, —nz, —nz)||
<(176 4+ 4 - 2P)nP||x||P
— 0, as n — oo,

which means that f(0) = 0. On the other hand, there exists a unique
quadratic mapping F' such that
30| x|

2.7) I£(e) - Fla)ll < S

for all z € X\{0} by Theorem 2.5. Since 2f(z) = Df((k+ 1)z, kx, kz)—
f(Bk+1)x)+3f((k+1)x) +6f(kx) and DF((k + 1)z, kx, kx) = 0 for
all z € X\{0}, it follows from (2.7) that
2| f(z) — F(z)]l
< |Df((k+ Dz, ka, kx) || + [|(F = £)((3k + 1))
+3[[(F = £)((k + D))l + 6[(F = f)(—kx)]|
(B +1)P 4+ 3(k+1)P + 6k‘p))9’$‘|p

3
< | (k+ 1)P + 2kP
_<(+)+ + 3

— 0, as k — oo,
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ie, f(z) = F(x) for all x € X\{0}. Because f(0) = 0 = F(0), we get
the desired result. g

3. Stability of the set-valued functional equation (1.1)

In this section, we present some related concepts and results which
are mainly derived from [16, 17].

From now on, let V' be a real vector space and Y a Banach space.
The family of all nonempty closed convex subsets of Y will be denoted
by ce(Y).

Let A, B be nonempty subsets of a real vector space V and let A and
1 be real numbers. If we define

A+B:={xe€V:z=a+b, acV,be B},
M:i={zxeV:z=X, a€cV}
then
MA+B)=XA+ B
(A + pu)A CAA + pA.
Moreover, if A is a convex set and Ay > 0, then we have

A+ pu)A = XA+ pA.

In this paper, we get the stability result of the set-valued functional
equation

(3.1) f(in) + Y flei—z) S fw)
i=1 1<i<j<n i=1
for all z,xz1,...,2, € V.

THEOREM 3.1. Let cc(Y') are the family of all nonempty closed convex
subsets of Y. If f : V' — cc(Y) is a set-valued mapping satisfying the
inclusion (3.1) and

diam(f(n™x
52) iy om0
m—oo n<m
for all x,x1,...,x, € V, then there exists a unique quadratic mapping

g:V — Y such that g(z) € f(x) — 5,55 f(0) for allz € V.
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Proof. Since f(0) € cc(Y), f(0) has at least an element, say p € f(0).
Putting x = 0 for k € {1,2,...,n} in (3.1), we have

nn-1+2, " =Y 10 < o),

which means that %p € f(0). So <%)mp € f(0) for all

€ f(0)+

m € N and 0 = lim,;,—00 (Mynp € f(0). Putting z; = z for

ke{1,2,...,n}in (3.1), we ha2\7e

Flnz) = fna) + " o)
(33 € fna) + " 5(0) € 2 (o),
(3.4 () € n?f(2).

Replacing x by n™~ !z and dividing both sides by n?™ in (3.4), then we
obtain

n—me(nm:L,) g n—2m+2f(nm—1x)

for all x € V. Denoting F,(z) := n=2"f(n™x) for all z € V and
m € NU{0}, it results that {F,,(z)}, is a decreasing sequence of closed
subsets of the Banach space Y. By (3.2), we get lim,, o diam(Fp,(z)) =
diam (n=2™ (f(n™z))) = 0 for all z € V. For the sequence {Fy,(z)}m>0,
the intersection (,,~, Fm(z) has a single element and we denote this
single element by g(x) for all z € V. Thus we obtain a mapping g : V —
Y which is a selection of f because g(x) € Fy(x) = f(x) for all z € V.

Now we show that g is quadratic. From the definition of F,(x), we
know that

F,, (Z xz) + Z Fo(z; —xj) = n=2mf (Z nmxz>
i=1 i=1

1<i<j<n

+ Z n "2 f(nMr; — n"x;)

1<i<j<n

Cn Z nTEmf(n™May)

i=1

=1
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for all x1,...,xy, € V. With the definition of g and the above property,
we have

g(Zmi>+ Z g(x; —xj) € Fm(z:m)—i— Z Fo(xi — x5)

1<i<j<n 1<i<j<n
n
i=1
and
n n
i=1 i=1

for all m > 0 and x1,--- ,x, € V. Since

n n
n Z Frii1(zi) Cn Z Fo(zi)
i=1 i=1

and
n n
diam (nZFm(xz)) < nZdiam (Fin(zi)) — 0 as m — oo,
i=1 i=1
for any x1,...,x, € V, it results that {n ) ;" | Fyn(x;)}>0 is a decreasing

sequence of closed subsets of the Banach space Y. For this sequence, the
intersection (,,,5o(n Y_i=; Fm(xi)) has a single element and so we have

n n
g(vaz‘) + > glei—z)=n) gz
i=1 1<i<j<n i=1

for all x1,...,x, € V. Therefore, we conclude that there exists a qua-
dratic mapping g : V' — Y such that g(z) € f(z) for all x € V.

Next, we will finalize the proof by proving the uniqueness of ¢ for
the case g(z) € f(z). Suppose that ¢’ : V — Y is another quadratic
mapping such that ¢'(z) € f(z) for all z € V. We have

_ g(:;nx) c f(n"z)

n2m and

g()

J(z) = L0 ¢ fnta)

for all m € N U {0}. Since the intersection (1,5 ! (:2:';1) has a single
element, we have g(z) = ¢'(x) for all x € V, as desired. O

The following corollary is a refined stability result of Theorem 3.1 in
[17] if we take n = 2.
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COROLLARY 3.2. If f : V — cc(Y) is a set-valued mapping satisfying
the conditions

fl@+y)+ flz—y) C2f(z) +2f(y)
and
sup{diam(f(x)):z € V} < +o0

for all z,y € V, then there exists a unique quadratic mapping g : V — Y
such that g(z) € f(x) for allz € V.

Proof. Since sup{diam(f(x)) : x € V} < 400, we get
2m
lim diam <f( $)> =0
m— 00 qm
for all x € V. By Theorem 3.1, we complete the proof, where g(z) €
f(x). O

THEOREM 3.3. If f: V — cc(Y) is a set-valued mapping satisfying

(3.5) ny  flzi) C f(Z xz> + Y flwi— )
=1 i=1

1<i<j<n
and
: 2m g; i
(3.6) lim n“"diam (f (—)) =0
m—00 nm
for all x,x1,...,z, € V, then there exists a unique quadratic mapping

g:V — Y such that g(z) € f(x) + (—=1)f(0) for allx € V.

Proof. Since n > 1 and n?f(0) C %f@), we easily get f(0) is
a singleton set and f(0) = {0}. Taking x; =z for allt =1,2,...,n in
(3.5), we obtain

210y = f(na)

for all x € V. Denoting F,(z) = anf( ° ), x eV, meNU({0},

nm

(3.7) n’f (z) C f(nz) + n(n—21)

we obtain that {F,(x)}m>0 is a decreasing sequence of closed subsets
of the Banach space Y. We have also
. T 2m z — p2m g x
diam(F,,(z)) = diam (n f (nm>> = n""diam <f < m)) .

n

By (3.6), we get lim,, oo diam(Fy,(z)) =0 for all z € V.
For the sequence {Fy,()}m>0, we obtain that the intersection (7,
F,.(z) has a single element and we denote this element by g(z) for all
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x € V. Thus we obtain a mapping g : V — Y such that g(z) € Fy(x) =
f(x) for all z € V.

Now we show that ¢ is quadratic. From the definition of F,(x), we
know that

i=1 i=1
m " xX; m T; — T4
() 5 )

i=1 1<i<j<n
n

= F, E x; | + E Fm(xi—xj)
i=1 1<i<j<n

for all x1,...,z, € V. With the definition of g and the above property,
we have

nZg(mZ) € nZFm(xl) CF, <Z x,) + Z Fo(x; — xj)
i=1 i=1 i=1

1<i<j<n
and
n n
g(Z xz> + Z g(x; —xj) € Fyy, (le> + Z Fo(x; — xj)
i=1 1<i<j<n i=1 1<i<j<n
for all m > 0 and =1, -+ ,x, € V. Since
n
Frp (Z xz) + Y Fuga(wi—ay)
i=1 1<i<j<n
n
g Fm (Z :UZ> + Z Fm(xi — Ij)
i=1 1<i<j<n
and
n
diam | Fy, <Z :C,) + Z Fo(x; — xj)
i=1 1<i<j<n
n
< diam (Fm (Z xz)> + Z diam (Fy,(z; — xj)) — 0 as m — oo,
i=1 1<i<j<n

for any x1,...,z, € V, it results that {F,,,(d>_1", xi)+21§i<j§n Fo(z;—
xj) }m>0 is a decreasing sequence of closed subsets of the Banach space Y.
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For this sequence, the intersection (1,5 (Fm(3_i; i)+ 1 <icjcn Fm(@i—
x;)) has a single element and so we have

nY gle)=g( > mi|+ > glwi—x)
=1 =1

1<i<j<n

for all zq,...,z, € V.

Therefore, we conclude that there exists a quadratic mapping g : V —
Y such that g(z) € f(z) for all z € V.

Next, we will finalize the proof by proving the uniqueness of g for
the case g(z) € f(x). Suppose that ¢’ : V — Y is another quadratic
mapping such that ¢'(x) € f(x) for all z € V. We have

g@) =n*"g (=) e n?f ().
o= () s ()
for all m € NU{0}. Since

diam <n2mf (nim)) — 0 as m — o0,

the intersection ﬂng n’mf (nim) has a single element and so we have
g(x) = ¢'(x) for all x € V, as desired. O
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