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VOLUMES OF GEODESIC BALLS IN HEISENBERG

GROUPS

Sunjin Jeong* and Keun Park**

Abstract. LetH3 be the 3-dimensional Heisenberg group equipped
with a left-invariant metric. In this paper we calculate the volumes
of geodesic balls in H3. Let Be(R) be the geodesic ball with center e
(the identity of H3) and radius R in H3. Then, the volume of Be(R)
is given by

V ol(Be(R))

=
π

6

{
− 16R+ (R2 + 6) sinR+ (R3 + 10R) cosR

+ (R4 + 12R2)

∫ R

0

sin t

t
dt
}
.

1. Introduction

Let N be a 2-step nilpotent Lie algebra with an inner product <,>
and N its unique simply connected 2-step nilpotent Lie group with the
left invariant metric induced by <,> on N . Let Z be the center of
N . Then N is represented by the direct sum of Z and its orthgonal
complement Z⊥.

For each Z ∈ Z, a skew symmetric linear transformation j(Z) : Z⊥ →
Z⊥ is defined by j(Z)X = (adX)∗Z for X ∈ Z⊥. Or, equivalently,

< j(Z)X,Y >=< [X,Y ], Z >

for all X,Y ∈ Z⊥.
A 2-step nilpotent Lie algebraN is said to be an algebra of Heisenberg

type if
j(Z)2 = −|Z|2id
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for all Z ∈ Z. And a Lie group N is said to be a group of Heisenberg
type if its Lie algebra N is of Heisenberg type.

The Heisenberg groups are examples of Heisenberg type. That is, let
n ≥ 1 be any integer and {X1, · · · , Xn, Y1, · · · , Yn} a basis of R2n = V.
Let Z be an one dimensional vector space spanned by {Z}. Define

[Xi, Yi] = −[Yi, Xi] = Z

for any i = 1, 2, · · · , n with all other brackets are zero. Give on N =
V ⊕ Z the inner product such that the set of vectors {Xi, Yi, Z|i =
1, 2, · · · , n} forms an orthonormal basis. Let N be the simply connected
2-step nilpotent group of Heisenberg type which is determined by N and
equipped with a left-invariant metric induced by the inner product in
N . The group N is called the (2n + 1)-dimensional Heisenberg group
and denoted by H2n+1.

In this paper, we calculate the volumes of the geodesic balls on the
Heisenberg group H3:

Theorem 1.1. Let Be(R) be the geodesic ball with center e (the
identity of H3) and radius R in H3. Then, the following holds.

V ol(Be(R))

=
π

6

{
− 16R+ (R2 + 6) sinR+ (R3 + 10R) cosR

+ (R4 + 12R2)

∫ R

0

sin t

t
dt
}
.

For a Riemannian manifold M and p ∈ M , the volume growth,
V Gp(M) of M at p is defined by

V Gp(M) = inf{x ∈ R| lim
r→∞

V ol(Bp(r))

rx
= 0}.

If M is a Lie group with a left invariant metric, then we see that
V Gp(M) = V Gq(M) for any p, q ∈ M. In this case, it is denoted by
V G(M).

Corollary 1.2. The volume growth, V G(H3) of H3 is given as fol-
lows;

V G(H3) = 4.

2. Preliminaries

Let N be a 2-step nilpotent Lie algebra with an inner product <,>
and N be its unique simply connected 2-step nilpotent Lie group with
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the left invariant metric induced by <,> on N . The center of N is
denoted by Z. Then N can be expressed as the direct sum of Z and its
orthogonal complement Z⊥.

Recall that for Z ∈ Z, a skew symmetric linear transformation j(Z) :
Z⊥ → Z⊥ is defined by j(Z)X = (adX)∗Z for X ∈ Z⊥. Or, equiva-
lently,

⟨j(Z)X,Y ⟩ = ⟨[X,Y ], Z⟩
for X,Y ∈ Z⊥. A 2-step nilpotent Lie group N is said to be of Heisen-
berg type if

j(Z)2 = −|Z|2 id
for all Z ∈ Z.

Let γ(t) be a curve in N such that γ(0) = e (identity element in N)
and γ′(0) = X0 + Z0 where X0 ∈ Z⊥ and Z0 ∈ Z. Since exp :N → N
is a diffeomorphism ([9]), the curve γ(t) can be expressed uniquely by
γ(t) = exp (X(t) + Z(t)] with

X(t) ∈ Z⊥ , X ′(0) = X0 , X(0) = 0
Z(t) ∈ Z , Z ′(0) = Z0 , Z(0) = 0 .

A. Kaplan ([7, 8]) shows that the curve γ(t) is a geodesic in N if and
only if

X ′′(t) = j(Z0)X
′(t),

Z ′(t) + 1
2 [X

′(t), X(t)] ≡ Z0.

The following Lemma is useful in the later.

Lemma 2.1. [2] Let N be a simply connected 2-step nilpotent Lie
group with a left invariant metric, and let γ(t) be a geodesic of N with
γ(0) = e and γ′(0) = X0 + Z0 where X0 ∈ Z⊥ and Z0 ∈ Z. Then, one
has

γ′(t) = dlγ(t)(X
′(t) + Z0), t ∈ R

where X ′(t) = etj(Z0)X0 and lγ(t) is the left translation by γ(t).

Throughout this paper, different tangent spaces will be identified with
N via left translation. So, in above lemma, we can consider γ′(t) as

γ′(t) = X ′(t) + Z0 = etj(Z0)X0 + Z0.

Let H3 be the 3 dimensional Heisenberg group with a left invariant
metric and H its Lie algebra. Let γ(t) be an unit speed geodesic on H3

with γ(0) = e(the identity element of H3) and γ′(0) = X0 + Z0 where
X0 ∈ Z⊥ and Z0 ∈ Z. Assume that X0 ̸= 0 and Z0 ̸= 0. Then{

X0 + Z0,
|Z0|
|X0|

X0 −
|X0|
|Z0|

Z0,
1

|Z0||X0|
j(Z0)X0

}
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is an orthonormal basis of H. Let

e1(t) =
|Z0|
|X0|

X ′(t)− |X0|
|Z0|

Z0,

e2(t) =
1

|Z0||X0|
j(Z0)X

′(t).

Then, {γ′(t), e1(t), e2(t)} is an orthonormal frame along γ(t) on H3.

We start the following Proposition.

Proposition 2.2. [5] For each k = 1, 2, let Jk(t) be the Jacobi field
with Jk(0) = 0, J ′

k(0) = ek(0). Then, we have that[
J1(t)
J2(t)

]
= B(t)

[
e1(t)
e2(t)

]
where

B(t) =
1

|Z0|3

[
sin(|Z0|t)− (1− |Z0|2)|Z0|t |Z0|(cos(|Z0|t)− 1)

|Z0|(1− cos(|Z0|t)) |Z0|2 sin(|Z0|t)

]
.

Corollary 2.3. [1, 6] Let H3 be the (2n+1)-dimensional Heisenberg
group and N its Lie algebra. Let γ(t) be an unit speed geodesic in N
with γ(0) = e(the identity element of N) and γ′(0) = X0 + Z0 where
X0 ∈ Z⊥ and Z0 ∈ Z. If Z0 ̸= 0, then all the conjugate points along γ
are at t ∈ 2π

|Z0|Z
∗ ∪ A where

Z∗ = {±1,±2, . . .}

and

A =

{
t ∈ R− {0}|(1− |Z0|2)

|Z0|t
2

= tan
|Z0|t
2

}
.

In particular, 2π
|Z0| is the first conjugate point of e along γ.

If Z0 = 0, then there are no conjugate points along γ.

For the conjugate points of another type of Heisenberg groups, Quater-
nionic Heisenberg groups H4n+3, see [4].

G. Walschap [10] showed that the first conjugate loci and the cut
loci are equal in the case of the groups of Heisenberg type or the 2-
step nilpotent groups with one-dimensional center. So, we consider the
geodesic balls Be(r) with the radius r ≤ 2π.

In [5], C. Jang, J. Park and K. Park obtained a fomula of the volumes
of geodesic balls in the Heisenberg group H3 as the form of power series.
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Theorem 2.4. [5] Let Be(R) be the geodesic ball with center e and
radius R in H3. Then, the following holds.

V ol(Be(R)) = 4π

(
R3

3
+ 2

∞∑
n=2

(−1)n
R2n+1

(2n+ 1)!(2n− 1)(2n− 3)

)
.

3. Main results

Lemma 3.1. [5]

det(B(t)) =
1

|Z0|4
{2(1− cos(|Z0|t))− (1− |Z0|2)|Z0|t sin(|Z0|t)}

≥ 0.

Lemma 3.2. Let n be a natural number and f : [0, x] → R have
continuous n−th derivatives. Assume that for k = 0, 1, · · · , n − 1, the

limt→0+
f (k)(t)
tn−k exists and f (n)(t)

t is integrable on [0, x]. Then, f(t)
tn+1 is in-

tegrable on [0, x] and the following holds.∫ x

0

f(t)

tn+1
dt = −

n−1∑
k=0

1

n(n− 1) · · · (n− k)

[
f (k)(t)

tn−k

]x−

0+

+
1

n!

∫ x

0

f (n)(t)

t
dt

where [
f (k)(t)

tn−k

]x−

0+

= lim
t→x−

f (k)(t)

tn−k
− lim

t→0+

f (k)(t)

tn−k
.

Proof. We use the mathematical induction. For n = 1, we see that∫ x

0

f(t)

t2
dx =

∫ x

0
f(t)d(−1

t
) = −

[
f(t)

t

]x−

0+
+

∫ x

0

f (1)(t)

t
dt.

Suppose that∫ x

0

f(t)

tn+1
dt = −

n−1∑
k=0

1

n(n− 1) · · · (n− k)

[
f (k)(t)

tn−k

]x−

0+

+
1

n!

∫ x

0

f (n)(t)

t
dt

holds. Then,∫ x

0

f(t)

tn+2
dt =

∫ x

0
f(t)d(− 1

n+ 1
t−(n+1))

= − 1

n+ 1

[
f(t)

tn+1

]x−

0+
+

1

n+ 1

∫ x

0

f (1)(t)

tn+1
dt.
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Since∫ x

0

f (1)(t)

tn+1
dx

= −
n−1∑
k=0

1

n(n− 1) · · · (n− k)

[
f (k+1)(t)

tn−k

]x−

0+

+
1

n!

∫ x

0

f (n+1)(t)

t
dt,

we have that∫ x

0

f(t)

tn+2
dt =−

n∑
k=0

1

(n+ 1)(n+ 1− 1) · · · (n+ 1− k)

[
f (k)(t)

tn+1−k

]x−

0+

+
1

(n+ 1)!

∫ x

0

f (n+1)(t)

t
dt.

This completes the proof.

Lemma 3.3. For R > 0, the followings are hold.

(1)

∫ R

0

2t+ t cos t− 3 sin t

t5
dt

=
R−4

24

(
−16R+ (R2 + 18) sinR+ (R3 − 2R) cosR+R4

∫ R

0

sin t

t
dt

)
.

(2)

∫ R

0

sin t− t cos t

t3
dt =

R−2

2

(
− sinR+R cosR+R2

∫ R

0

sin t

t
dt

)
.

Proof. (1) Let f(t) = 2t + t cos t − 3 sin t. Then, direct calculations
give that [

f(t)

t4

]R
0+

= R−4(2R+R cosR− 3 sinR),[
f (1)(t)

t3

]R
0+

= R−3(2− 2 cosR−R sinR),

[
f (2)(t)

t2

]R
0+

= R−2(sinR−R cosR),

[
f (3)(t)

t

]R
0+

= sinR.
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Since f (4)(t) = sin t+ t cos t, by Lemma 3.2, we have that∫ R

0

f(t)

t5
dt

=−
3∑

k=0

1

4× 3× · · · × (4− k)

[
f (k)(t)

t4−k

]R−

0+

+
1

4!

∫ R

0

f (4)(t)

t
dt

=
R−4

24

(
−16R+ (R2 + 18) sinR+ (R3 − 2R) cosR+R4

∫ R

0

sin t

t
dt

)
.

Proof of (2) is similar to (1).

We introduce the volume formula of geodesic balls in Riemannian
manifolds, which is well-known. For example, see [3]. Let M be a
Riemannian manifold with a metric g and p ∈ M. Take an orthonor-
mal basis {u1, u2, · · · , un} of TpM and let (x1, x2, · · · , xn) be the co-
ordinates determined by {u1, u2, · · · , un}. This local coordinate system
is called the normal coordinate system at p. It is easy to show that
∂
∂xim

= (d expp)
∑n

i=1 xiui
(ui) where m = expp(

∑n
i=1 xiui). Then, the

volume form vg on Up is given by

vg =

√
det

(
g(

∂

∂xi
,

∂

∂xj
)

)
dx1 ∧ dx2 ∧ · · · ∧ dxn

where gij is the metric coefficients of g in Up. Therefore, the volume of
the geodesic ball Bp(r) is given by

V ol(Bp(r)) =

∫
exp−1

p (Bp(r))
exp∗p vg.

Let γ(t) be the unit speed geodesic in M with γ(0) = p, γ′(0) = u1
and let Ji(t) be the Jacobi field with Ji(0) = 0 and J ′

i(0) = ui for each
i = 2, 3, · · · , n. Then we know that

(d expp)tu1u1 = γ′(t)

and

(d expp)tu1ui =
1

t
Ji(t)

for each i = 2, 3, · · · , n. So, we see that√
det

(
g(

∂

∂xi
,

∂

∂xj
)

)
= t−(n−1)

√
det(g(Ji(t), Jj(t))).
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Hence, we have that

exp∗p vg = t−(n−1)
√

det(g(Ji(t), Jj(t)))dx1dx2 · · · dxn

=
√

det(g(Ji(t), Jj(t)))dtdu

where du denote the canonical measure of the unit sphere Sn−1. There-
fore, by Fubini’s Theorem we get that

V ol(Bp(r)) =

∫
Sn−1

∫ r

0

√
det(g(Ji(t), Jj(t)))dtdu.

Theorem 3.4. Let 0 ≤ R ≤ 2π and Be(R) be the geodesic ball with
center e and radius R in H3. Then, the following holds.

V ol(Be(R))

=
π

6

{
− 16R+ (R2 + 6) sinR+ (R3 + 10R) cosR

+ (R4 + 12R2)

∫ R

0

sin t

t
dt
}
.

Proof. Using Proposition 2.2, we have that

det (< Ji(t), Jj(t) >)

=det (Ji(t) · Jj(t))

=det

([
J1(t)
J2(t)

] [
J1(t) J2(t)

])
=det

(
B(t)

[
e1(t)
e2(t)

]
·t
(
B(t)

[
e1(t)
e2(t)

]))
=det

(
B(t) ·t (B(t))

)
=

(
1

|Z0|4
{2(1− cos(|Z0|t))− (1− |Z0|2)|Z0|t sin(|Z0|t)}

)2

.

Since

det(B(t)) =
1

|Z0|4
{2(1− cos(|Z0|t))− (1− |Z0|2)|Z0|t sin(|Z0|t)} ≥ 0,

we see that√
det (< Ji(t), Jj(t) >)

=
1

|Z0|4
{2(1− cos(|Z0|t))− (1− |Z0|2)|Z0|t sin(|Z0|t)}.
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Let u = (x1, x2, x3) ∈ S2 and

f(x3, t) =
1

x43
{2(1− cos(x3t))− (1− x23)x3t sin(x3t)}.

Then, we see that

V ol(Be(R)) =

∫
S2

∫ R

0
f(x3, t)dtdu.

Since area element du on the sphere S2 is given by

du =
1√

1− (x21 + x22)
dx1dx2,

we have that

V ol(Be(R))

= 2

∫
D

∫ R

0
f(
√

1− (x21 + x22), t)
1√

1− (x21 + x22)
dtdx1dx2,

where

D = {(x1, x2)|x21 + x22 ≤ 1}.

Changing the coordinates on D to polar coordinates, we have

V ol(Be(R)) = 4π

∫ 1

0

∫ R

0
f(
√

1− r2, t)
r√

1− r2
dtdr.

Replacing x =
√
1− r2, we see that

V ol(Be(R)) = 4π

∫ 1

0

∫ R

0
f(x, t)dtdx

where

f(x, t) =
1

x4
{2(1− cos(xt))− (1− x2)x3t sin(xt)}.

Since∫ R

0
f(x, t)dt =

2Rx+Rx cos(Rx)− 3 sin(Rx)

x5
+
sin(Rx)−Rx cos(Rx)

x3
,
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we have that

V ol(Be(R))

= 4π

∫ 1

0

∫ R

0
f(x, t)dtdx

= 4π

∫ 1

0

(
2Rx+Rx cos(Rx)− 3 sin(Rx)

x5
+

sin(Rx)−Rx cos(Rx)

x3

)
dx

= 4π

(
R4

∫ R

0

2t+ t cos t− 3 sin t

t5
dt+R2

∫ R

0

sin t− t cos t

t3
dt

)
.

By Lemma 3.3, we see that

V ol(Be(R))

= 4π

(
R4

∫ R

0

2t+ t cos t− 3 sin t

t5
dt+R2

∫ R

0

sin t− t cos t

t3
dt

)
=

π

6

{
− 16R+ (R2 + 6) sinR+ (R3 + 10R) cosR

+ (R4 + 12R2)

∫ R

0

sin t

t
dt
}
.

This completes the proof.
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