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VOLUMES OF GEODESIC BALLS IN HEISENBERG
GROUPS

SUNJIN JEONG* AND KEUN PARK**

ABSTRACT. Let H® be the 3-dimensional Heisenberg group equipped
with a left-invariant metric. In this paper we calculate the volumes
of geodesic balls in H>. Let B.(R) be the geodesic ball with center e
(the identity of H?) and radius R in H?. Then, the volume of B.(R)

is given by
Vol(B.(R))
= %{ — 16R+ (R*+6)sin R+ (R® + 10R) cos R

R -
+(R4+12R2)/ %ntdt}.
0

1. Introduction

Let N be a 2-step nilpotent Lie algebra with an inner product <, >
and N its unique simply connected 2-step nilpotent Lie group with the
left invariant metric induced by <,> on N. Let Z be the center of
N. Then N is represented by the direct sum of Z and its orthgonal
complement Z=.

For each Z € Z, a skew symmetric linear transformation j(Z) : Z+ —
Z+ is defined by j(Z)X = (adX)*Z for X € Z+. Or, equivalently,

<J(2)X)Y >=< [X,Y],Z >

for all X,Y € Z+.
A 2-step nilpotent Lie algebra A is said to be an algebra of Heisenberg
type if
i(2)* = ~|2%id
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for all Z € Z. And a Lie group N is said to be a group of Heisenberg
type if its Lie algebra N is of Heisenberg type.

The Heisenberg groups are examples of Heisenberg type. That is, let
n > 1 be any integer and {X1,---, X,,Y1,---,Y,} a basis of R?" = V.
Let Z be an one dimensional vector space spanned by {Z}. Define
for any 4 = 1,2,--- ,n with all other brackets are zero. Give on N =
V @ Z the inner product such that the set of vectors {X;,V;, Z|i =
1,2,--- ,n} forms an orthonormal basis. Let N be the simply connected
2-step nilpotent group of Heisenberg type which is determined by N and
equipped with a left-invariant metric induced by the inner product in
N. The group N is called the (2n + 1)-dimensional Heisenberg group
and denoted by H?"*1.

In this paper, we calculate the volumes of the geodesic balls on the
Heisenberg group H?:

THEOREM 1.1. Let B.(R) be the geodesic ball with center e (the
identity of H?®) and radius R in H®. Then, the following holds.

Vol(B.(R))
= %{ — 16R+ (R?> +6)sin R+ (R> + 10R) cos R

sint
Tcht}.

For a Riemannian manifold M and p € M, the volume growth,
VGp(M) of M at p is defined by

R
+ (R* + 12R?) /
0

Vol(By(r) _ g,

If M is a Lie group with a left invariant metric, then we see that
VG,(M) = VGy(M) for any p,q € M. In this case, it is denoted by
VG(M).

COROLLARY 1.2. The volume growth, VG (H?) of H? is given as fol-
lows;

VG,(M) =inf{z € R| h%m

VG(H?) = 4.

2. Preliminaries

Let N be a 2-step nilpotent Lie algebra with an inner product <, >
and N be its unique simply connected 2-step nilpotent Lie group with
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the left invariant metric induced by <,> on N. The center of N is
denoted by Z. Then N can be expressed as the direct sum of Z and its
orthogonal complement Z=.

Recall that for Z € Z, a skew symmetric linear transformation j(Z) :
Z+ — Zt is defined by j(Z2)X = (adX)*Z for X € Z+. Or, equiva-
lently,

()X, Y) = (X,Y], 2)
for X,Y € Z+. A 2-step nilpotent Lie group N is said to be of Heisen-
berg type if
i(2) = |21
forall Z € Z.

Let v(t) be a curve in N such that v(0) = e (identity element in V)
and 7/(0) = Xo + Zy where Xo € Z+ and Zy € Z. Since exp: N — N
is a diffeomorphism ([9]), the curve «(t) can be expressed uniquely by
v(t) = exp (X (t) + Z(t)] with

X(t) e 2+, X'(0) =Xy, X(0)=0
Z(t) e Z, Z'(0)=Zy, Z(0)=0.
A. Kaplan ([7, 8]) shows that the curve v(¢) is a geodesic in N if and
only if
X(t) = j(Zo)X'(1),
Z'(t) + 3[X'(t), X ()] = Zo.
The following Lemma is useful in the later.

LEMMA 2.1. [2] Let N be a simply connected 2-step nilpotent Lie
group with a left invariant metric, and let v(t) be a geodesic of N with
7(0) = e and 7/(0) = Xo + Zo where X € Z+ and Zy € Z. Then, one
has

Y(t) = dlyy(X'(t) + Zo),t € R
where X'(t) = e%(%) Xy and Ly is the left translation by ~(t).

Throughout this paper, different tangent spaces will be identified with
N via left translation. So, in above lemma, we can consider +'(t) as

’)/(t) = X,(t) + Zy = etj(ZO)XO + Zy.

Let H? be the 3 dimensional Heisenberg group with a left invariant
metric and H its Lie algebra. Let (¢) be an unit speed geodesic on H3
with v(0) = e(the identity element of H3) and 7'(0) = X + Zy where
Xo € 2+ and Zy € Z. Assume that Xy # 0 and Zy # 0. Then

Z X 1
(x4 20505, 150

X, — 27 jZX}
Xol " ™ T20) 2 oo B0 Ko
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is an orthonormal basis of H. Let

Zo| <, | Xol
1) = 120 xrqy 120l
() | Xo| Q |Zo| ©*
1
)= ———i(Zy) X'(t).

Then, {¥/(t),e1(t),e2(t)} is an orthonormal frame along () on H?.
We start the following Proposition.

PROPOSITION 2.2. [5] For each k = 1,2, let Ji(t) be the Jacobi field
with Ji,(0) = 0, J;(0) = ex(0). Then, we have that

- w02

Jo(t) ea(t)
where
By = s [0~ 0 ol 0o o) 1)
| Zo|? | Zo| (1 — cos(| Zo|t)) | Zo|? sin(| Zo|t)

COROLLARY 2.3. [1, 6] Let H? be the (2n+1)-dimensional Heisenberg
group and N its Lie algebra. Let v(t) be an unit speed geodesic in N
with v(0) = e(the identity element of N) and ~'(0) = Xy + Zy where
Xo € 2t and Zy € Z. If Zy # 0, then all the conjugate points along

are att € %Z* U A where

7F={£1,£2,...}
and
Zolt Zolt
A= {t eR—{0}/(1— \202);)' = tan|20|} .
In particular, é—g' is the first conjugate point of e along ~.
If Zy = 0, then there are no conjugate points along ~y.

For the conjugate points of another type of Heisenberg groups, Quater-
nionic Heisenberg groups H*"*+3, see [4].

G. Walschap [10] showed that the first conjugate loci and the cut
loci are equal in the case of the groups of Heisenberg type or the 2-
step nilpotent groups with one-dimensional center. So, we consider the
geodesic balls Be(r) with the radius r < 27.

In [5], C. Jang, J. Park and K. Park obtained a fomula of the volumes
of geodesic balls in the Heisenberg group H? as the form of power series.
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THEOREM 2.4. [5] Let Be(R) be the geodesic ball with center e and
radius R in H3. Then, the following holds.

R2n+1
Vol(B(R)) = 4r <+2Z (2n + 1) (2n—1)(2n—3))'

3. Main results
LEMMA 3.1. [5]

det(B(t)) = Zt|4{2(1 —cos(|Zo|t)) — (1 = | Zo[*)| Zot sin(| Zo| 1)}
> 0.

LEMMA 3.2. Let n be a natural number and f : [0,x] — R have
continuous n—th derivatives. Assume that for k = 0,1,--- ;n — 1, the
i f(k)(t) it d f(n)(t) ‘s int bl 0 Th f@) .. -
imy_,o+ “m=p" exists and ~—— is integrable on [0, x]. Then, ;7¢1 is in-

tegrable on [0, z] and the following holds.

SO 1 IO R ARl
tn+1dt__zn(n—1)---(n—k)[t"k 0++mo t “

0 k=0

where

ek -k or R

[f(’“)(t)r_: GO NILI0

Proof. We use the mathematical induction. For n = 1, we see that

L= [ r0a-p--[12] + [

Suppose that

10 ¢ 1 Pol" 1w
dt = — +— dt
g tntl l;)n(n— 1)---(n—k)| tnk o n! Jo t
holds. Then,

4—(n+1)
0 tn+2 / f 7’L—|— 1 +1 )
f(t) } S T A AU ()
+ /0 dt.

n+1 |:tn+1 o+ n+1 tn+1

—
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Since

FIOM

tn+1

n—1 1 f(k+1) (t) r 1 x f(n+l)(t)
:kzzon(n—l)-~-(n—k) [ N ¢

0

we have that

EUPEE 1 70
g tnt2 — n+1)(n+1-1)---(n+1—k) |tntl-k o
z £(n+1)
T / I gy,
This completes the proof. ]

LEmMA 3.3. For R > 0, the followings are hold.

(1)/R2t+tcost—351ntdt
0

t5
R4
T4

R —2 R
t—1 t R t
(2)/0 o 3 €80 gt = 5 <—sinR+RcosR+R2/O Sl?dt).

R .
<—16R + (R*+18)sin R + (R®* — 2R) cos R + R4/ Sltntdt> .
0

Proof. (1) Let f(t) = 2t 4+ tcost — 3sint. Then, direct calculations
give that

1R
@ :R_4(2R+RcosR—3sinR),
t4 _ 0+
- 1R
(1)
/ t3(t) =R (2 —2cos R — Rsin R),
L Jot+
- R
(2)
/ tz(t) = R %(sin R — Rcos R),
L Jo+
- 1R
(3)
A0 =sin RR.
I
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Since f()(t) =sint + tcost, by Lemma 3.2, we have that
0

0o 10

o
f(’“)<t)] 1R

A=k o 4! J, t

é 1
_Z4><3><---><(4—/~c)
k=0

R 2 , 3 4 [Psint
0
Proof of (2) is similar to (1). O

We introduce the volume formula of geodesic balls in Riemannian
manifolds, which is well-known. For example, see [3]. Let M be a
Riemannian manifold with a metric ¢ and p € M. Take an orthonor-
mal basis {ui,ug, - ,un} of T,M and let (x1,z2,---,2,) be the co-
ordinates determined by {uy,ug,- - ,u,}. This local coordinate system
is called the normal coordinate system at p. It is easy to show that
aiim = (dexpp)yr | 4, (ui) Where m = exp,(d i1 ziu;). Then, the
volume form v4 on U, is given by

o 0
Vg = \/det <g(a(m, %))dxl ANdxo A+ ANdxy,

where g;; is the metric coefficients of g in U,. Therefore, the volume of
the geodesic ball By, (r) is given by

Vol(Bp(r)) :/ . exp,, vy
expp (Bp(r))

Let v(¢) be the unit speed geodesic in M with v(0) = p, v/(0) = uy
and let J;(t) be the Jacobi field with J;(0) = 0 and J/(0) = u; for each
i =2,3,---,n. Then we know that

(d expp)u ur = 7'(t)
and
1
(dexpp)tului = zjl(t)

for each i = 2,3,--- ,n. So, we see that

\/det ) RO
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Hence, we have that

expy vy =t~ " \/det(g(Ji(t), J;()))dardzy - - - day,

where du denote the canonical measure of the unit sphere S”~!. There-
fore, by Fubini’s Theorem we get that

Vol(B /Sn 1/ V/det(g( (1), J;(t))) dtdu.

THEOREM 3.4. Let 0 < R < 27w and Be(R) be the geodesic ball with
center e and radius R in H3. Then, the following holds.

Vol(Be(R))
= %{ —16R + (R2 + 6)sin R + (R® + 10R) cos R

R
+ (R + 12R2)/ LMdt}

0
Proof. Using Proposition 2.2, we have that

det (< Jy(t), J;(t) >)

=det (J;(t) - J;(t))

=aa ([35] e o)

— det (B(t) [Zgg] t <B(t) [253]))

—det (B(t) ! (B(1)))

= (g 201 — cos(Zol0) - (1= |Zo\2>\Zo’fsm<’Z“‘t>}>2'

Since
det(B(t)) = ;)V*{Q(l — cos(| Zolt)) — (1 — | Zo[?)| Zo|t sin(| Zolt)} > 0,

we see that

= |Zt|4{2(1 — cos(|Zolt)) — (1 — | Zo|?)| Zolt sin(| Zo|t)}.
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Let u = (21, 20, 23) € 5% and
1
f(x3,t) = —{2(1 = cos(wst)) — (1 — 23)wst sin(wst)}.
T3

Then, we see that

Vol(B //fxg, t)dtdu.
S2

Since area element du on the sphere S? is given by

1
du = dridzs,
1— (2] +23)

we have that

Vol(Be
1
= 2/ / 1-— a:l +$2) ) dtdaflde,

1- (951 +x2)

where
D = {(z1,29)|2% + 23 < 1}.

Changing the coordinates on D to polar coordinates, we have

Vol(B = 47T/ / 1—1r2t) dtdr.
\/ﬁ

Replacing z = v/1 — r2, we see that

Vol(B —477// f(x, t)dtdz

Flot) = %{2(1 — cos(at) — (1 — 22)wst sin(zt)}.

where

Since

377

/ fla,t)d _ 2Rz + Rz cos(Rz) — 3sin(Rz) N sin(Rz) — Rx cos(Rx)

s 3

)
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we have that
Vol(B.(R))

// f(z, t)dtdzx

7r/ <2Rx + Rx cos(Rx) — 3sin(Rx) N sin(Rz) — Rx cos(Ra:)) s
0

x® x3
4 [B2t+tcost — 3sint Rsint —tcost
= d4r R/ - dt+R2/ ———dt .
0 t 0 t
By Lemma 3.3, we see that
Vol(Be(R))
R : R o
2 _ _
s <R4/ t—l—tcos;ﬁ 3smtdt+R2/ sin ¢ 3tcostdt>
0 t 0 t
- %{ —16R + (R®> +6)sin R + (R® + 10R) cos R
t
+ (R* +12R?) / St
0
This completes the proof. O
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