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A MATHEMATICAL MODEL OF HEAT EMISSION ON
THE EPIDERMIS OF A HUMAN BODY

Hee CouL Pak*

ABSTRACT. We develop a mathematical model of heat emission
on the epidermis of a human body. We present a global existence
theorem of solutions for a nonlinear model system of coupled partial
differential equations.

1. Introduction

Methods of mathematical modeling of heat-exchange processes in the
human body are used in various problems in the fields of medicine,
physiology, athletics, the garment industry, and in the design of survival
systems.

The aim of this paper is to construct an appropriate model to explain
movements of body temperature on the epidermis of the human body.

Heat-exchange process models have been studied in a large scale since
the 1940s. In recent years, with the development of modern computa-
tional techniques and the more detailed physiological information avail-
able, the mathematical models have become more refined and more com-
plex. With the help of modern theoretical and applicable mathematical
technique, complex models can be worked out taking into account the
anatomical structure of the body, different heat-transport mechanisms,
and the effect of the thermoregulatory system.

This paper presents a new approach to construct a thermodynamic
model of the human body as an open system under steady state condi-
tions, correlated with the effect of deep body influence on the heat fluxes
at the shell surface (skin). This explains the heat-transfer processes from
the inner layer to the epidermis of the human body.
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2. Derivation of a model of heat emission on the epidermis

Normal human body temperature, also known as normothermia or
euthermia, is a concept that depends upon the place in the body at
which the measurement is made, and the time of day and level of activity
of the person.

The body’s extremities are colder than the body core. The time of
day and other circumstances also affect on the body’s temperature. For
example, the core body temperature of an individual tends to have the
lowest value in the second half of the sleep cycle. The lowest point (called
nadir) is known as one of the primary markers for circadian rhythms.
The body temperature also changes when a person is hungry, sleepy,
or cold. Body temperature can be normally affected by such things
as extreme physical activity, ovulation and pregnancy in women, and
smoking. There is no single number that represents a normal or healthy
temperature for all people under all circumstances using any place of
measurement. Let us say that a distributional measurement p represents
in direct proportion to the body temperature, and m is a distributional
measurement inverse proportional to the body temperature. For our
analysis, we do not specify the exact factors of p and m.

Let Q) be a dermis part of human body with thickness A > 0. The
dermis Q* is bonded along the top by a very thin layer, so called,
epidermis layer, and the skin S is the surface of the epidermis layer.
We assume that S is flat, bounded open subset of 2 dimensional plane
that can be considered as the xy-plane, and we will denote its points
by & = (x1,22) € S. We also assume that the 3 dimensional subset
O is a cylindrical region Q* = S x (=X,0), and denote its points by
r = (x1,29,23) € Q. Since the real body skin is locally diffeomorphic
to S, the constraints for S and Q* are not artificial for the study on the
emission of body temperature. The region Q" is a good heat transfer of
conductivity

kp
A2m’

where k is a proportional constant and we presume the heat conductivity
is in inverse proportion to the square of the thickness A.

The heat is transferred mainly through the skin pores Sy of the skin
surface S. In fact, the skin S is divided into two sub-regions, Sy, So
where the sub-region Sy is assumed to be smooth, and the pores S
are isolated. Due to the A-scaling of the thickness, the epidermis layer
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bonded along the top of the dermis layer Q* has a (vertical) heat-
resistance Ar to a layer in S;. The skin layer S has the horizontal
heat field (flux) Ao and the (horizontal) heat-resistance AR.

Let u(x,t) denote the temperature distribution in Q* and o(%,t) the
temperature at the point Z and time ¢t that goes across S1. There is no
temperature exchanging on S, so we put ©(Z,t) = 0 for & € So — this
only means that the swapping temperature between the dermis layer Q*
and skin S5 is null, however, it does not mean that the temperature on
Sy is zero. The temperature on S is not reflected in v(z, t)(Remark 2.1).

The changing of storage temperature amount in time with respect to
v is %%C, and so C' is a function of v, that is, C'(v). We observe that

@) =@,

where C’(7) denotes the specific heat at the temperature, called the
heat-capacitance, and C'(?) is a positive quantity. It follows that the
corresponding function C(-) is monotone. Also it is natural to say that
the heat-flux o depends on the amount of the field Vo. The dependence

on o for C' and on Vo for o delivers the nonlinearities of the system.

In summary, we have the following system of equations :

k
V- L Vulz,t) =0, zeQ

A2m
Lzt =)\ Ze€s,
kp ou B Af§x7 )7 ‘/1:3_07 ~.73‘ e
2 O 7 Us x3=0U, € o2,
3 %(U—T}), r3 =0, T€S5,
u=20 on 0Sx(=\,0),

1 ~ ~ 1 1
v=0 on 085,
where f and g are the given external forces on the bottom and the top

surfaces. The measurable function p, m are assumed to be bounded.

REMARK 2.1. 1. We can say that skin is a closed 2-manifold with-
out boundary, and the part 9S x (—\,0) of the boundary is empty.
The Dirichlet boundary condition on S x (—\,0) means that no heat-
exchange through 0S x (—\,0) is assumed.

2. The temperature component, say v(z,t), on S which is not af-
fected by the heat from skin pores is reflected in the function g(Z,t), for

~

example, as in a heat equation g(Z,t) = %v(i,t) — AD(Z, ).
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3. Mathematical analysis: weak formulation

First, we rescale the vertical axis. For it, let Q! = Q and we employ
a change of variables x3 = Az, % = /\8%3 to get

~ kp~ d kp 0

1) -v £ L
(3.1) A% mVu(:r,z,t) 52 32 92
k,p ou f(i‘)t) on § X {_1}7
W@? = %U on 52 X {0},
3 2(u—v) on Sy x {0},

u=0 on 9Sx(—1,0),

(Z,2,t) =0, (&,2) Q!

(3.2) =C(v)—V-No(z, VD) + %(T} —u) + ET} =g, on S; x {0},

with appropriate initial and boundary conditions. Now the parameter
A > 0 affects the geometry only through the skin pore array S; at z = 0.
All additional effects are contained in the size of various coefficients in
the above system.

We put v := C(9) and let s be the inverse function of C~1, so that we
have v = s(v). We assume that the continuously differentiable function
s increases the p — 1 order, that is to say, |s(7)| < ¢|7[P~! for all T € R.
We also impose an assumption that o (&, Vs(v)) = a(&, Vo) for some
measurable function « : S x R?> — R? which satisfies Leray-Lions type
conditions: that is, there are positive constants ¢y, ¢ such that for all
¢,n € R? and almost every & € S

(3:3) a(Z,€) - § > alél,
A (&, )| < ealéP,
(3.5) (a(Z,8) — a(@,n) - (€ —n) >0 for & #n.
A ﬁundamentﬁl efampleNOf the operator -V oz, %u) is the p-Laplacian
—Apu = —V - |Vu[P~2Vu. Then we have a semi-linear equation
(3.6) Qv — V. a(&, V) + 1{s(v) —u}+ ls(v) =g(z,t)
' ot ’ r R7Y T

from the equation (3.2).
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In order to obtain an appropriate weak formulation, we introduce two
function spaces,

Vo={ueW(Q):u=0 ondSx(-1,0)},
V=Wpt(S)  (p=2).
By the zero-extension to S3, we regard v € VVO1 P(S1) as an element in

LP(S). Then for ¢ € Vy, we multiply both sides of the equation (3.1) by
¢ and integrate over ) to obtain

9k 0
q 02 \2m 0z

An application of Green’s theorem yields

_/ G0, 2 0@, 2)dide— w(i, 2,0)6(F, 2)didz = 0.
O m

kau(aj 2,t)-Vo(Z, 2 dxdz—/ (T, 2,t) -v) p(T, 2)dS(T)d=
Qm as m
N R R kp =
L em 9z u(z, z t)azqﬁ(x,z)da:dz 2 9 —u(Z, z,t) ¢ L dz =0,

Where v is the unit outward normal Vector. The boundary conditions
show that this is equivalent to

kp~ . S . kp 0O 0 . -
/QmVu(x,z,t) . ng(x,z)da:dz—}—/ 2 Bs u(z, z,t) ang(x,z)da:dz

1. ) N U
—l—/sr{u(x,o,t)—s(v)(x,t)}qﬁ(m,())dx—/Sf(a:,t)qﬁ(m,l)da:.

For ¢ € Vi, multiplying the two sides of the equation (3.6) by ¢ and
integrating over S show that

dv —dT + )\2/ oz, Vv) - @gpdiﬂ—/ ls(v)cpal:i"
s, Ot s si R
(3.8) + 1{s(v)—u(i‘,O,t)}gpdi: :/ g(z,t)dx.
s T S1

Thus a solution of system (3.1), (3.6) satisfies u(t) € Vo, v(t) € V; for
0<t<T,and (3.7), (3.8) hold for each ¢ € Vy, ¢ € V;. Conversely, it
follows directly that an appropriately smooth solution of (3.7) and (3.8)
will satisfy the system (3.1), (3.6) above.

In order to more clearly display the structure of the equations (3.7)
and (3.8), we specify some notation. Define two forms ap, ag as follows.
For uy, us € Vy,

kp ~ kp Ouy Ous
= \Y, \V/ dzd
ai(u1, uz) /Q< up - Vug + e 0r 8z> Taz.
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This determines a family of linear operators A; : Vo — V| by
Ajug (uz) = aq(uq, uz), uy, uz € V.

For V1, V2 € V1,
~ ~ 1
(3.9) as(v1,v2) = / <)\2a(§:, Vi) - Vg + Rs(m)m) dz
St

determines the family of nonlinear operators Ay : Vi — V| by
Agvi(v2) = az(vi,v2), v1,v2 € V1.

We introduce operators for the “trace” at z = 0 and z = 1, respectively.
Define 7o : Vo — L%(S), 7§ : L*(S) — V) (dual), v1 : Vo — L?(S), and
v5 : L2(S) — V) as follows:

o) = [ w(@.00p(@ds A5u() = [ v@)6@0)dE = (w200 205
ylu(go)z/su(:i, De(z)dz, ~7f(¢ /f (z,1) dac-(f,’yul))m

Using these definitions we can rewrite the equations (3.7) and (3.8) in
the following forms.
Find u € C([0,T]; Vo) and v € C([0,T); V1) N CH((0,T); LP(Sy)) :

(3.10) u(t) € Vo : Avu(t) + %VS{WOU(L‘) —s()®)} =) inV

(311) w(t) € Vi + oo(t) + Awo(t) + - {s()(1) —ou()} =g iV

with initial condition v(Z,0) = vo(Z).

In the following section, we assume that inf{p(x),m(x) |z € Q} is a
positive real number. The notation X <Y means that X < CY, where
C' is a fixed but unspecified constant.

4. Existence theorem

First we notice that the family of linear operators A; : Vo — V)
is uniformly Vp-coercive for 0 < A < 1. Indeed, using the generalized
Poincaré lemma in [6], we have for u € V),

Aju(u) > / kp | Vu |? didz
Qm

kp 1 [ kp| du 2
> ==
2/ ’Vu) didz +2/Qm‘5'a:1

dzdz 2 ||uH%,O
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Thus the linear operator
1 * /
./41 + ;’}/0’)/0 : V[) — VO
is uniformly coercive. Hence for any i (f)+ %’yg v € V)|, there is a unique

u(t) € Vp satisfying the equation (3.10) by the Lax-Milgram Theorem.
Therefore the equation (3.10) is equivalent to

4y u= (i) (50 b))

Substituting (4.1) into equation (3.11), we get
w1 1 1
5 + {T (S — (Al-l-r’)’ék’m) T’ySS) + Az} v
1 1 -
= {T’m <A1+T’7§’Yo> "M }f +g iV

We define a corresponding unbounded operator A : D(A) — L%(S)),
% + % = 1. The domain of A is D(A) ={v eV, : Av € L(S1)}, and it
is defined on this domain by

1 1 1
A=- (s — Y <A1 + 7870> 788) + As.
r r r

1. An application of Hélder’s inequality and the condition (3.4) yield

| at@ @) V(@) dz| £ [ [Vo@P 9o di

Sl Sl

< IVelz Vel

S ol gl

for v, ¢ € V1. This implies that the nonlinear operator Ay : Vi — V] is

continuous.

2. Next, we explain that the operator A, is monotone:
(4.2) (Agu — Agv)(u —v) >0

for all u,v € Vy. Clearly, the second term s : Vi — V{ of (3.9) is
monotone because s'(-) > 0. To clarify the monotonicity of the first
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term of (3.9), we can note that the condition (3.5) implies that

(4.3) A2 {a(gz, Vu(i)) -l %(z))} -V (u—v)(Z) > 0.

Integrating both sides of (4.3) on S; together with the monotonicity of
%s, we can get the monotonicity of the operator As.

3. Now, we verify that A is a coercive operator. The condition (3.3)
leads to

~ ~ 1
Asv(v) = )\2/ a(Z, Vv) - Vodi + = [ s(v)vdz
S1 Sl

2 [ 190@Pda+ ol 2 ol
1
4. From the fact that for any v, ¢ € LP(S)),

/ $(0)(@)(F)dz
S1

we notice that s : LP(S1) — LP(S1)’ is continuous. Furthermore, by
virtue of the Sobolev imbedding theorem, we observe that s(v) € L?(S)
for any v € V.

-1
S ol ol e,

5. From the fact that
1 * 711 * 2 2
Y0 A1+;’YO’YO ;’Yo 1 L7(S1) — L°(S1)

is a contraction, we can notice that I — g (A1 —i—%'y(’)‘*yo)_l%fya‘ is contin-
uous and monotone, where I represents the identity map. It follows
that the composition operator s — 7y (A1 —i—%véw)fl%*yé‘s is continuous
and monotone. Adding a positive multiple of this to Ao still retains a
monotonicity. This illustrates the m-accretivity of A.

6. Letting F' = {%*yo (A1+%’y§’yo)_1"yf }f + g, by virtue of the heuris-
tic existence theorem of nonlinear evolution equations(for example, see

page 122 in [6]), we notice that there exists the unique solution of initial
value problem

ov
P Av=F
ot + Av
with v(0) = v € L?(S1). Also, we can recover u(t) via (4.1). Thereby

we obtain:
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THEOREM 4.1 (Existence of the solution u, v). There exists a solution

u € L>([0,T); Vo), v € LP([0,T]; V1) to the system (3.10) and (3.11).

1]
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