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Abstract

When a financial time series consists of daily (closing) returns, traditional volatility models such as au-
toregressive conditional heteroskedasticity (ARCH) and generalized ARCH (GARCH) are useful to figure
out daily volatilities. With high frequency returns in a day, one may adopt various multivariate GARCH
techniques (MGARCH) (Tsay, Multivariate Time Series Analysis With R and Financial Application, John
Wiley, 2014) to obtain intraday volatilities as long as the high frequency is moderate. When it comes to
the ultra high frequency (UHF) case (e.g., one minute prices are available everyday), a new model needs
to be developed to suit UHF time series in order to figure out continuous time intraday-volatilities. Aue et
al. (Journal of Time Series Analysis, 38, 3—21; 2017) proposed functional GARCH (fGARCH) to analyze
functional volatilities based on UHF data. This article introduces f{GARCH to the readers and illustrates
how to estimate f{GARCH equations using UHF data of KOSPI and Hyundai motor company.
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1. ME

SAAE A5 AFolAe skl & e 4 F7H(daily closing price) 2 7/3H A|AIES 24
s}oq A=A (daily volatility)S A A SH= o] UnkA Olv} LEE R generalized au-
toregressive conditional heteroskedasticity (GARCH) 23 (Bollerslev, 1986)°] gz] o] &5 2}
3t 1x}9] GARCH B3 HTIE= 4] (1.1)9] dx B¥o] AA WS4 ZH ZE3IT= o] 4aiA 9
t} (Hansen¥} Lunde, 2005; Li, 2004, p.100). ZFAIAQG EA oA $o5F L defodFo] ofd 21
9 E (log return) S o u|stH d<epol o Hls) ] A o] o2 HlA FR o] Qlt} (Tsay,
2010, Ch.1). W54 A7 thd2 2Rt #9989 WEdelth 54 k-d(day)d +9E2 vl L

o

A F e ojEe= ‘?‘J%*é(z?i—r B oiet 3L &, o7 = Var(ye|Fr—1) 91714 Fie k— 147t
A9 BE GHoIch AAL ()7} 8 A4S 14 6 GARCH(L 1) B alele} 2l
Yk = Ok€k,
2 2 2
ok =06+ ayi_1 + Bok_1, (L.1)
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A7l k=1,2,..., T2 6, a, B= 2F v]S(non-negative) 2 Aolm] {ep}= FFo] ‘00| E4
©] ‘1’9l independent and identically distributed (iid) E&¥H4 =g ot}
% (high frequency; HF) A28 Sh%0] e o) S0 248 AALS AFd. S Sol
158 998 A=2H 1NE ABE 3F 6A17 AHERE n = 24719 o5 FAAT. 1vE F

TARAA = 9% 59 E (intraday return) S 13 A5 FAE2 kLo n7 2A A {yk,i},
i=1,2,...,n2 ek, 54 kLo d7(daily) TAE yee nle] 95 232 F4ES] For U
ERd 4= 91t} (Yoon¥} Hwang, 2015; Tsay, 2010, Ch.1).

Yk = Zym
i=1
A7 4B MBHL 2AR B mE Tt go] 78 4 Arh
o = Var(yk\kal) = ZVar(yk7i|Fk,1) + 2 Z Cov[yk7i7yk,j|Fk,1]. (1.2)
i=1 i<j
o] AoA AR FEAE G2 JHHEY (5, €5 TYE {yriol 2AR idA F9) o= 24
Ag B 5 ok
or = Var(yx|Fr_1) = nVar(yg1|Fr_1) = —— Z Yei — Tr)’ A Yiosi-
i1

r&l

webd o2 Zo] HoH A AE vl A dMEA (realized volatility; RV )2

3

1

RV =Y uits.

i=

-

AZE £ E WBA opo “FL27 FAFOIth 079 FAHFORA RV, Ao b+ Martens
(2002) ¥ Hansen¥} Lunde (2005)& Z313}7] vigty RV, ZUALE ASEA o] tisi-+= Yoond}
Hwang (2015), =A39-RV. ol taAlE Lee®t Hwang (2017)2 HW =& Zolt). o] Kim¥}
Hwang (2018)< o72] Ao 2 Wt A-RV, & At FjALE ] 283 b} I}

H Ao no] T2 FZok= /Mg 20 S (ultra high frequency; UHF) Al22 7A4E &
BFAALGZEE AHFA 078 HAESE dF-H5 A4 (intraday volatility) S F3+A} 3ty &, 3}
F9] HEES A3 A4 A (continuous) YF-HEES FAt sh GubARl FEAA G =
SR AT Y] A 2ol & F-MEAS T FAAAL ZATE W dF-iEAE TR e

2 &#A 9t} (Aue 5, 2017; Hormann 5, 2013; Yoon 5, 2017).

= A2 GARCH(multivariate GARCH; MGARCH)
£2 A8 WA 574 629 0l 9F AL 0 x 1 WEE TS yi2 HHNA

Yk = (Yk1s-- s Ukm), k=1,2,...,T.

59 WE y, = nWE-GARCH 2302 mule) & 4 9lc},

le

Yk = EEG}C, (2.1)
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AN L& nxn FAR PO ex=n x 1iid WEE (1) Elex) = 0, (2) Var(ex) = [, 2 =3
th 9714 TpE HEA A (volatility matrix) 24 2 AR BALFEAIHo|t).

Zk = Var(yk|Fk_1). (2.2)

54 BA0% 5,2 sefsh Axjeln] WA 5,9 thZ4 A4Eol thsl GARCH(1,1) 2%
o2, %, Z7te] B4l WA o) 294

2 2 2 .
Opyi = 0i + QiYp—1,; + Bio—1,;, 1=1,2,....n

= 7H3skaL, Bp ] vt A Q45 dF-7AENY T4 AHAAR Y T 5 Ark. A5AE d
g U8 FA37] A3 o7 el Ads o] ek (Tsay, 2010, 2014; Lee9} Hwang, 2017). B]=
JP-Morgan 3] A RiskMetricso|A] AF&3h= B 242 thAS X+HEH 2 exponentially weighted
moving average (EWMA) H3g}A2

Sk = 0.06yK_1yp_1 +0.94%,_4 (2.3)

o724 YHA “T7E= AXPLPLS A3} oo % diagonal vectorization (DVEC) FH3}4] vy @
Baba-Engle-Kraft-Kroner (BEKK) 284} S| QIt} (Tsay, 2010). 2E thdzF WyoA YEh=
FAEQ vl S E AT w A no] Sl uet 23T B4Tt g4 Bokkltkes @] A
tH(©]& “curse of dimensionality” 2} FE2t}). B2] 7]E =9l constant conditional correlation
(CCC) 3} dynamic conditional correlation (DCC) 23 @ Cholesky 23 (Cholesky decompo-
sition and volatility modeling) 12|11 I}HEEAE EXZ 3 FAAETH 55 At AAS Y&
Tsay (2010, 2014), Lee$} Hwang (2017) % Jin 5 (2017)&

= Fastd
oJAl nol 2 (F2 n — 00)dFE A Ak AE W 1% 99 €F-F9ES] 4% n = 36001
—

[e

HZ ASA Y] TR AN A olH £oEo] 7|F/A% /AR H L JeH o]+ n — oo F-Fol ¢
ot AAIZE “ArelH” £4ES “FA” 1T d24de A7IsH =k n — o FE 22
H1% (ultra high frequency ; UHF) Zt52 ¥ vy H ol 2uWe AAQY] W54 #4s A%

&+=2] (functional) WEA 23 o] 7= At} (Aue 5, 2017; Hormann 5, 2013; Yoon 5, 2017). Al
ZF i AA t= [0,1] Abele] FE 7AW L% (intraday)- AN A ZHS YERZIZ 1AMt = 02 (A=Al
]

NS 283t = 12 FEAE FAIS. 37 (function space) Fi= 22 e] [0,1]0]aL 4

Fe Ze FFER o|FoIR gty 53] AFTT AR 7hed FrE FAEE 30U 8
E F7HHilbert space) 9l F = L*([0,1])S 2ej3l7]& sttt F = L2([0,1]) @437l A9] Q29
27)(norm)E || £ = [y f2(s)dsol Q4 f9} g7re] WA (inner product)S [ f(s)g(s)dsolth. “3F
FA7olEhs ol 1Hste FEWUSYE B ‘B EC] FeFtt FO 949 onjgith. 53] WE
AL FolnR HgEeE TAE Fo FREAES FTE Xe “Bp7EL Fhof daolth §
4 AR kDo tA A THE o] Pe(t) D W “FA” $OE yi(t) € th 2t

1, (2.4)

Z 4
|

d

kol

{y(t) = Pe(t) = Pe(t—h), 1<k <T, 0<

-
IA
—

A7IA AAF b ofF Z2 A7 ZHAL2A B Ao ASEAY A= h = 1% (one minute) &2 &}
At} Aue £ (2017)¢] functional GARCH (fGARCH(1,1)) 282 4] (1.1)3} A thea} 2ol
Aot Aol t € [0,1]0A HelH MY g4 5= (sequence of random functions on ¢ € [0, 1])
{yr(t), 1<k <T, 0<t<1}7F 029 48 W=3d functional GARCH process of order (1,1),
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Zo)x] f{GARCH(1,1) 23olgtu 1&g

yk(t) = ok(t)ex(?),
or(t) = 6(t) + (aoyi_1)(t) + (Booi_1)(t), (2.5)
A7IA {ex(t)} iide WY T Fdoln §(t) € Fri Fo] obd Foln] Fre A4 (ao

o

V)O3 (Bool ) (0= Tew o] AoHT
(o 1)) = / alt, s)y2_1 (s)ds - (Bo ol 1)(t) = / B(t, $)o? 1 (s)ds, (2.6)

A71A alt, )9 B(t,s), t € [0,1], s € [0,1]= L?[0,1] x L?[0,1]8] D4oln] HE A3 (integral
kernel function)} 2t} g2 2P fGARCH(1,1)9 EEE4 /‘4117 = AANZA, o2y
z27A 9 AFEAN 272 5o haAE= Aue 5 (2017) 2 Hoérmann 5 (2013)S

8914 (2.4) 9 (2.5)014 F4A 2ol ofd H-9-<l

() = yp :en(t) = e on(t) = op : 6(t) =6 : a(t,s) = a: B(t,s) =B (2.7)

°olW fGARCH 23& 254 4 (1.1)9 GARCH Ego] Foll 537 wpabch. =& f(t,s)7}
% (zero)-r9l Ag-ol= fGARCH(1,1) 2% Hérmann 5 (2013)¢] fARCH(1)# S¥3lt}. Yoon
= (2017)0] A A3 )2 AEH 9 GARCH W54 23So] 9 4%, F= 5083} o] Hlu A
% 2 9<% A 7H(continuous time) H|o|EE
Pz

4714 F719 BAo) A AY wh B4A WY P A%
o8BI Yo A% 505 ASA FEL T 4 9k o] Yk E AAAEAT v 2
= ARNEA/

2 RAANHAANEA T ] A WE
54 shetsinz QAWFA ¥

k.
F43 28 (GARCH(I, 1) slohsie 242 &4 6(t) € F* 9 A4 a(t, )5 f(t, 5) & AR 2R
B FATS ulsict. Aol (0,148 AF2A 2 (orthogonal function)EZ ©]F o7 M-X-Y
&7+ M-dimensional class) @y = {d1, P2, ...,on = LHSTE = dpol e TFEY AFEAT
o7 1;]”_‘,,]. 71—0] 7].24 -6]-1:]-

M
5= dmom.
m=1

A4 a(t, 5) 9 B(t, s)= Dar x ©ar9] A2 (element) 2} 71A3LT THE- 7} o] LjERd 4 leh.
M

Z am,m’¢m(t)¢m/(s)a

m,m’=1

o
Me

B(tvs): Z bm,m’¢m(t)¢m/(s)'

m,m’=1

k2 ZE(functional sample) S Z2HE § o, F FH3= EAE A4 B4 (real- valued parame-
ters) A {dm, Gmm/ s bm,m: : mym’ = 1,... , M}& FH3= Aoz B ¢ . FHIAAHNA 2

ol A7 459 class P ARo gz = dubr oz ]9 7] A (Fourier bases) U B-2~Z 2}
¢l 7] & (B-spline bases)S Z3tslu ¢Jjo]E 2l (Wavelets) T=3F 128 4= 9Ith (Aue 5, 2017, Ch.3).
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Figure 3.1. Plot of §(¢) : KOSPI (left) and HD-Motor (right).

oA

Figure 3.2. KOSPI Plot of a(t, s) (left) and B(t, s) (right).

F44 vloE: 714 G4 (basis function) 59 AT} o1& /1A S ABAHL AT A
89 AT TAYUT B 4+ g Fool A4 wE B2 71AE 18T 5 ¢

714 w3 714 P8 o SIGEA wet £ A7t Aol7 Aok, Felol /A g4

o Lh A §4EE AR (sine) B9k TAF (cosine) $4ES] MO o oA gtk w
o 714 @42 ALBTHE 540 gtk aZetel PEAL A B4E B-aZerel AAE o
£ hge AgaTh 2 AFolA BY 242 UC Davisd] Aue w474 AZHE RI=E 1) 7
2o R £/ 245te] FHHRACH o] 2B B-LEerel A4S ookl 2L g

W
12
O
HT
Iz
=2
=

H o= g4y HsA 2¥e fGARCH(1,1) 28 A8 #AL dAstaxl dit). x5 24 3=
= Aue 5 (2017)9] Al 1A} Aue 4 (UC Davis)7} Al 53] & RIE=ES
H%L volth. Re| e A4S BaEee PUS ool 714 g
71A &, 43} FE o] 831 Fu 2Z 2191 (Cubic spline) 45 ©]43l9tt. 2 & “DEoptim”,
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1000
Figure 3.3. HD-Motor Plot of «(t, s) (left) and B(t, s) (right).
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Figure 3.4. Plot of §(¢) : HD-Motor Data Set-I (left) and Data Set-II (right).

10 Dare 0

expm”, “matrixcalc”, “compiler” 7| A& o] &3te] § T4} o, 8 AAAE FAH3A
AZR A= KOSPI A4 KOSPI £E¢1 #AthxH(HD-Motor)F7} (LHIE)
2010d 19 595E 20159 69 3029714 1,349909] At o]m 7H4A7F S 1
WE ARE ol BT 18 B0l APk AUBAL 1/36000ch 715 P
o] F7kekar s yi(t) = log Pi(t)
7 40188 o gato] 2R,

Figures 3.1 3.3= KOSPI, ®thx 229 2AAT §()9} o
)|

£

ﬁ
<
~
4
o
>,
N

Zt ol A
—log Py(t — h)2 &2 A3l em h =5/3602 o] 5 3t

31004 ¥ A BE 1%E §(H)° LZ(intraday) UL B 4 gon 7} 0 E= 101] ke
o FEE0] thae AR, AAZ AFAILG SFFAIE 2A A AEGo]l & Hg Wrdshe Aot
o

Figure 3.229] KOSPI AAMx} AT t2} s7F 0 == 1

- Stk Figure 3.39] HD-Motor A4Ha} F7 ol A % 13+ AL A BE t9} s AZFH ol Az} A
T (flat) et A2 Hol AFH Q0 GARCH RFo| 443w T4 6(1) 1HE3 RYor Hole £2
ZAow Adeint (4 (2.7) Fa).

IS W) FSo] o] = Agko] gL B
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Figure 3.6. (Data Set-II) HD-Motor «(t, s) (left) and 3(t, s) (right).
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M H=EM fGARCH(1,1)232 E6t

oo
_7T<__T]_U AI);"O:I U=|':/\'|

a

SO 0{KHHE L, PO|UIAEFT S R

o = 1

(20184 8& 17 F <4+, 20184 8 22 7, 2018 8& 222 A EH)

o oF
R ]
Z IR E (ultra high frequency; UHF)AIAIGS] &2 WHEA4 SAHS % F
tional GARCH : fGARCH(1,1) 28-S A/stw 493t

2~ 0

H2 KOSPI/@that 2uWle $£4F AAF ol Ajtste] o A3ttt

ASd, 20PE AAY, &4H-GARCH 2

A 719 44 W54 func-
R-code f{GARCH(1,1) =271

B 7 s2dTAwe Aol os) 33 A7t (NRF-2018R1A2B2004157).
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