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DENSITY SMOOTHNESS PARAMETER ESTIMATION WITH
SOME ADDITIVE NOISES

JUNJIAN ZHAO AND ZHITAO ZHUANG

ABSTRACT. In practice, the density function of a random variable X is
always unknown. Even its smoothness parameter is unknown to us. In
this paper, we will consider a density smoothness parameter estimation
problem via wavelet theory. The smoothness parameter is defined in
the sense of equivalent Besov norms. It is well-known that it is almost
impossible to estimate this kind of parameter in general case. But it
becomes possible when we add some conditions (to our proof, we can
not remove them) to the density function. Besides, the density function
contains impurities. It is covered by some additive noises, which is the
key point we want to show in this paper.

1. Introduction

The smoothness parameter estimation of a density function is essential in
studying the rate of convergence of that function’s estimators. Generally speak-
ing, density function is assumed differentiable ([15]) or in Sobolev or Besov
spaces ([1,4]) with smoothness parameters s. When s is unknown, the adpative
methods presented in [2,3,9] make it possible to obtain the optimal rate of con-
vergence (or sub-optimal) of a density estimator. There are also non-adaptive
methods ([6]) of estimation which require the exact value of the parameters s
over certain spaces. In practice, a fundamental problem is needed for verifying
the smoothness assumption and studying the smoothness tests (e.g., [10,11]).
Besides, the paper [8] gives a new light on smoothness parameter estimation
and confirms the need of this estimation.

It is well-known that it is almost impossible to give effective estimation of
smoothness parameter in general case ([2,13]) over such like Besov spaces. But
it does not mean that it is impossible in any case. The paper [6] shows that one
can effectively estimate the smoothness parameter of some classes of density
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functions, such as piecewise-smooth functions. Using characterization of Besov
space B, ., (defined below) in terms of wavelet coefficients, [6] constructed a
“pseudo-consistent” estimator of the smoothness parameter, which is strongly
consistent in the case of density function is a piecewise-smooth function.

Note that the model in [6] does not contain any noise, but not the case in
reality. The density estimation for a statistical model with additive noise plays
important roles in both statistics and econometrics. For example, Gaussian
noise is most widely studied because of importance in both theory and appli-
cations ([9]). However, non-Gaussian noises appear in many areas ([14,16]). In
this paper, we will study moderately ill-posed noise, whose density function ¢
satisfies some conditions in Section 2. With this noise, we derive a estimation of
smoothness parameter. Furthermore, a non-linear wavelet estimator (defined
by thresholding method) gives a better estimation [5,7] than the classical meth-
ods, due to time and frequency localization of wavelet bases. So we will also
study this kind of smoothness parameter estimation under non-linear wavelet
estimators’ sense.

In this section, we will list a series of notations for Besov spaces. Some
lemmas or preliminary results for smoothness parameter estimation will be
given in Section 2. Based on this preparation, we present our main results in
the last section.

Let N, Z and R be the set of positive integers, the set of integers and the
set of real numbers, respectively. Let R¢ be the classical d-dimensional real
number space. Through out this paper, we use A < B to abbreviate that A is
bounded by a constant multiple of B, A 2 B is defined as B < A and A ~ B
means A < B and B < A. For a Lebesgue measurable function f, the support
of f means the set Supp(f) := {z € R: f(z) # 0}, which is well-defined up to
a set of measure 0.

Define f;i(-) := 2%f(2j -—k) through out this paper except for special expla-
nation. The classical Fourier transform is given by f(£) := Jga f(@)e™" "8 dx for
f € L'(R9) and a standard extension in other cases. A Muliresolution analysis
(MRA) is defined below, which is a sequence of approximated spaces allowing
the construction of wavelets.

Definition 1.1. (MRA) A multiresolution analysis of L?(R) is a sequence of
closed subspaces {V;},ecz verifying:

(1) Vj. V; € Vir: ), V5 = {0} and U, V; = L2(®);

(i) f € V; & £(2) € Vyous

(iii) There exists a function ¢ € V; such that the family {¢(x — k) }rez form
a (Riesz) basis of Vj.

We can derive a wavelet function via ¢(z) = >, (—=1)*hi_x¢1 k(x) with
hp = fgb(bl,kdx. It is clear that both {¢0,k7¢j,k}j20,kez and {%‘,k}j,kez are
orthonormal bases of L?(R). This theory will be used in characterization of
Besov spaces.
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Let 0 < p,g < 00,8 >0and s =n+d withn € N, § € (0,1]. W;(Rd)
is the classical LP-Sobolev spaces with Hf||W;l (R4) ‘= KR | r ey + 1 £l L (re
Besov spaces are defined by

By ((RY) :={f € Wy (R) : ([t %w) (f™, 1) < o0}

p,q

Here, w2(f,t) = sup [ f(-+2h) =2f(-+h)+ f(-)|| Lr(re) denotes the 2-th order
R
smoothness modulus of f, and

1
lfll*:z{ o If®11E)7, 1< q< o0
? ess sup, | f(t )|7 q=00

The Besov (quasi-)norm is given by ||fllps (ze) := [ fllwrwe) + [ flBs  @a)-

When d = 1, Besov space is denoted by B, (R). A function ¢ is called
r-regular, if ¢ € C"(R) and ¢ (z) < C(1 + |«|*)~! for each | € Z and
m=0,1,...,r. Based on r-regular condition, characterization of Besov spaces
is given below in terms of wavelet coefficients. It should be pointed out that
this result is the foundation of our estimation. Meanwhile, we use [|A[;, to
denote [P(Z) norm for A := {Ap}rez € IP(Z), where [N, = O, \)\k|p)% for
p < oo and ||A||;. = supy, [ Akl

Lemma 1.1 ([9]). Let ¢ be r-regular with 0 < s < r and v be the corresponding
wavelets. If f € LP(R), then the followings are equivalent.

(i) f € By 4(R), 1 <p,q < o0

" (s4l—1

(i) [[(ox)rezlls, + 127CF275)1(8;, k)kezl|lp)j20||lq < 00, where ag) =

[ f(x)pok(x)dz, 5gk—ff () k(x)de

Moreover,

eyl 1
I£1l5; @ ~ (o r)kezll, + 127272185 ez, )izoll, -

Note that the constants of upper and lower bounds for equivalent norm are all
only dependent on r,s,p,q.

Throughout this paper we shall denote by C' and C; (j = 1,2, ...) for various
positive constants whose exact value may change from lines to lines but are not
essential to the analysis of problem.

2. Estimation of smoothness parameter

Let us define a smoothness parameter of a function f € LP(R) for some
I1<p<ooor feCyR) in case p = oo as (Cp(R) is the space of all continues
and bounded functions)

s, =sup{s: f € B, (R)}.

We take sup@) = 0 and supR = co. By Lemma 1.1, a function f € LP(R) with
the expansion f =", aor¢or + Z;’;O > Bk belongs to By | (R) if and
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only if

sup(2/C 752 [|(B;1)kli,) < oo and |[(ao k)l < oo
>0

With the help of the above results, [6] gives an important result below.
Lemma 2.1 ([6]). Let ¢,v come from a r-reqular MRA, r > 1,1 < p < 0.
If 0 < s, <r, then the set of indices

Ji={j 2 1:1(Bjk)rll, # 0}
has infinitely many elements and

—log, ||(§j,k)k||zp _eo 11
J Popo 2
As usual, let P; and Q; be the orthogonal projections from L?(R) to V; and
W;, respectively. Here W; :=V, ;1 & Vj.

Pif =) ajrdjk and Q;f = Piaf — Pif = Bistj,
k k

liminf; o0 jes

with a5 := [ fé;rde and Bj == [ fi); xdz. We can extend these definitions
of projections to L?(R) sense [17], i.e.,

Pif = ojrtjk and Q;f == > Bjxtj
k k

for f € LP(R). And a lemma is followed by this definition.

Lemma 2.2 ([9]). Let h be a scaling or wavelet function with
6(h) := supz |h(z — k)| < 0.
zE€R &

Then there exist 0 < C; < Cy < oo such that
L2 E DA, < 1S Mhyallze < Ca27E DAL,
k
for 1 <p<oo, A :={ A }rez € IP(2).

So P; and Q; are well-defined for f € LP(R). The Daubechies and Meyer’s
scaling and wavelet functions satisfy (h) < oco. Then, we have a corollary by

replacing >, Aphj with Q; f.
Corollary 2.1. Let ¢ be a r-reqular wavelet function, 1 < p < oo and 0 <
s, <r. Then
—logy |Q; fllzr _ .
7 =s,.
We say this is “pseudo-consistent” because of “liminf; , jc;” but not
“lim; 00", and “lim;_,o.” is called strongly consistent. Through out this pa-
per, define logy, 0 = —oco. What we want to show is that whether we have

lim infjﬁoo’jej
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similar results when ;. (or Q;f) is changed into an estimator Bj (or /]\f)
with additive noise, and their definitions are in Theorem 3.1 and Remark 3.1.

We will study a moderately ill-posed noise €, whose density function ¢ sat-
isfies that for some v > 0 (see [12] for more details, here we only need the third
condition):

(C) 3(t) > C(1+ [tP) %,

When ¢ degenerates to the Dirac functional, its Fourier transform ¢ = 1
and (C) hold automatically (v = 0). Then the study goes back to the classical
one in [6].

Let Y7,Ys,...,Y, be independent and identically distributed (i.i.d) random
variables of

Y =X+c¢,

where X stands for real-valued random variable with unknown probability den-
sity f: R — R* (R* is the nonnegative real number set) and ¢ denotes an
independent random noise with the probability density ¢. The problem is to
estimate the smoothness parameter of f via Y7,Ys,...,Y,, in some cases. If
the density of Y is g, as a deconvolution problem, density g equals to the
convolution of f and ¢. That is g = f x ¢ := [ f(- — 2)p(z)dx.

As in [12], we introduce

1 0 ~ 1<
K; = [ e ; ::*E K;h);1(Y7).
Jh‘(y) ot /]%e 8/5(_2jt) dt7 '7]7]“ n 121( ]h‘)J»k( 1)

Replacing f € B;:q(R) by || fllzes®) < oo in Lemma 2.3 of [12], and then put
it into Remark 2.2 in [12], we will have:

Lemma 2.3. Let ¢ satisfy (C), h be r + 2-reqular scaling or wavelet function
and h, f have compact supports with ||f||pe < 00, 1 < p < co. Define 7. :=
(Vi )k Vi, = (Ve and E5j = 7,k with j27 <n. Then

g’ < = 59i(rp+1)
D ~Y

ElAj, =,

Lemma 2.4. By Lemma 2.4 in [12], when h is the Meyer scaling or wavelet
function, without assuming compact support of f, we also have the same result
forp>2 and || f| zr®) < oo (because of f* o € L%).

3. Main results and proofs

Now, it’s time to present our Main results. Theorem 3.1 shows that we

-~ —log, [|3;,- Il . :
can use ;1= —=2-0 e % — % as an estimator of Sy This result can be

extended to the case of by using Meyer scaling (wavelet) functions, and even
by the thresholding methods.

Theorem 3.1. Let ¢, come from a (r + 2)-reqgular MRA with compact sup-
ports, T > 0, 1 < p < oco. Let Y7,Y5,...,Y, be a sequence of i.i.d random
variables with density f+@ (n is the size of experiment) and ¢ satisfy condition
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(C). Assume that ||f||pe®) < oo and f has compact support. If 0 < s; <,
n o~ 22023 then

. —log, [18;..I L 11
hmlnfj_)ooﬂ-eu;fp =5, — 2; + 3 a.e.,

where By = % S (Kyw); 0 (Yi), By i= (Ba)k and Bj. = (Bjx).
Proof. Let 1 < p < 0o, using mathematical expectation’s definition, we have
5 o
PUB, 8.1, > by DTl
This with Lemma 2.3,
P{|IB;. — B, > 97~ 3)) < OB oilrpr)gir(s—5+3),
Considering the choice of n,

> P{B;. - 8;.
j=0

1

1, > 2_j(S_P+%)} < 00

holds for 0 < s < r. Since P{||B\J = By, > 277'(57%*%)} > P{H|§j||lp
185, I1,| > 2797572y > P{I; |y, > 277¢75F2) 4 ||, |, }, it follows that

ZP{H@,.nzp 1851l > C279C75 4D} < oo
and
(1) S P{IBs N, > 27775 185, } < o
j=0

for 0 <s<r. By the definition of s, for each 0 < s < s, there exists N5 € N,
1851, <277¢75%%) for j > N,. Then Y0 v P{||B;. [, > 2277779} <
00, which means

—lo 1 1 1

ZP{ gz”ﬁy,”l 7s—f+§—f_}<oo.
= p j

Apply Borel-Cantelli Lemma to this inequality,

~logy B, (@), _ 1,1 1

J P2
for almost all w € Q with j > N,. So
—log, ||B3;. 1 1
(2) lim infj_moM >s——+ - ae.
J p 2

for0<s<s;",.
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It is left to show the supreme of s is lim infj—mom N % - %
If s > s5, there exists a subsequence ()22, such that
Hﬁjk,'”lp > 2_jk(s—%+%)
5 —je(s—L141 ~
and P{B5 N, < 327950 = OISy — 1Bl > 185 — &

|1, | > %-27”(87%*%)}. Applying the same
< %,Q—jk(s—%+é)} <

Cin(s—Ll4d =
27t 2} < P{IBG o, 1. a
computation procedure of (1), one has Y p ; P{||3;, .

l1,

0, l.e.,
> —logy, |18, 11 1
ZP{—g2 “ﬂ”’“ I >s—-4+-+—}<oo
— Jk P2k
for s, < s <r. Also by Borel-Cantelli Lemma,
—log, ||B;.. 11
(3) lim infjﬁmM <s— 4> ae

J - p 2
for s, < s <r. Next, two class of spaces are defined below,

—logy 165l o, 1 L,

Ay i={w e Q: liminf; + =

J - p 2
and N
—log, 18;,-l 11
By :={we Q:liminf;, ,(, ——————"—2 <s——+ —}.
{w iminf;_, ; <s p—|—2}
Thus,

P(As) =1 for any 0 < s < s, and P(B,) =1 for any s, < s <r
with the help of (2) and (3). Because

o —log ||B I, L, 11 = =
{we: hmlnfjﬁoo% = Sp_§+§} = (ﬂ AS;,%)ﬂ(ﬂ BS,’SJr%)
k=1 k=1

By DeMorgan’s Law,
—log, |13B: . 1 1
—log Biclly _ o 11,
j 2

> 1—ZP(A%7%) _ZP(BSC;;JF%) =1
k=1 k=1

P{w e Q: liminf,_,

Then the result holds for 1 < p < oco.
To end of the proof, we have to show the case of p = co. Note that P{||3;,. —

Bjllie > 2776} < P{B;. = B[, > 27709} = P{B;. — B2 >
272(+3)} < 92HDE| B — By |7
Then we get the result analogously and the proof is completed. (|

Meanwhile, one can get a similar result by using Meyer wavelets.
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Corollary 3.1. Under the same assumptions of Theorem 3.1 except for
Ifllrr)y < 0o with p > 2 (f without compact support), and ¢ () is Meyer
scaling (wavelet) function. Then by Lemma 2.4, we have
—logy [|Bjlly, _ . 11
f”:sp—;—i—i, a.e.

As an example of Theorem 3.1, we have an estimation for piecewise-smooth
function below.

lim infj*)m’jeJ

Corollary 3.2. Let b be Daubechies wavelet, let f be a density satisfying
f € CmHR) (C™(R) is the set of m-order continuous differentiable functions
with m € N), f € O™ ((—o0,d]) and f € C™+([a,+00,)) but f(™)(a™) #
f(a™). The other conditions are the same as Theorem 3.1, then

—1ogy (18, llu, _ 1 1

hm m+7:S;_,_’_
J—roo J p p

5, a.e.

The proof of this corollary is similar to Corollary 4.2 in [6], so we omit it
here. It should be pointed out that we replace Theorem 4.1 of [6] with Theorem
3.1 in the proof’s procedure.

Moreover, the thresholding methods can also get a good estimation.

Theorem 3.2. Let ¢,v come from a (r + 2)-regular MRA, r >0, 1 < p < co.
Let Y1,Ys,...,Y, be a sequence of i.i.d random wvariables with density f x ¢
(n is the size of experiment). Assume that || f||L~®) < oo and f has compact
support. If 0 < s, <, then

“ oo |18 . .
hminfj—ﬂ)o,jEJg2‘l,|Bj) 2 — 5* —

hS]

where Ej,k = Bik |@\J| =T and Tjm ~ 2”(%)%, n ~ 220@r+3),
07 |BJ7| S Tjms

Proof. With the help of Theorem 3.1, what we only to show is the estimation

E”/BJ — 53'7.pr < n—59i(rp+1)

10, S ElBj. = B lI7, + EllB;.- — B5.|I1,, the
left is to show E||8;. — 8.7, < n~ 22007+ In fact,

By triangle inequality, E||EJ — By,

BB, = Bi- 7, = EB;, I{IB;, | < 7jn}llf, Sm 2290+
because of the choice of 7}, and I{S} is the classical indicator function on a
set S. It is similar when p = co and the result holds. (I

Remark 3.1. Tt is easy to show

—logo Qi fllr .
g2 s

liminf; o je ; =S,
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with éj\f = > Bj,k‘/’j,k; Note that when using Meyer scaling and wavelet
functions, we need only assume f € L°°(R) without compact support, and
then the range of p is p > 2 (by Lemma 2.4 of [12]), which is the same as
Theorem 4.1 of [6].

Note that the condition 0 < s7 < r is needed in the above two theorems.
The reason comes from the characterization result of Lemma 1.1, which plays
an important role in this paper. In some sense, we get a necessary condition
for the smoothness parameter estimation of density function.

Besides, the proof of Theorem 3.1 is very similar to Theorem 4.1 in [6]. But
the range of p in our result is larger because of the help of Lemma 2.3. And our
density function is covered by additive noises ¢, i.e., random variable sequence
(X1,Xs,...,X,) is replaced by (Y7,Y5,...,Y,,). So we also have a different
choice of size experiment n. Of course, in order to prove Theorem 3.2 more
succinctly, we give a detailed proof for Theorem 3.1.

References

[1] T. T. Cai, Adaptive wavelet estimation: a block thresholding and oracle inequality ap-
proach, Ann. Statist. 27 (1999), no. 3, 898-924.

[2] T. T. Cai and M. G. Low, Adaptive confidence balls, Ann. Statist. 34 (2006), no. 1,
202-228.

[3] E. Chicken and T. T. Cai, Block thresholding for density estimation: local and global
adaptivity, J. Multivariate Anal. 95 (2005), no. 1, 76-106.

[4] D. L. Donoho and I. M. Johnstone, Minimaz estimation via wavelet shrinkage, Ann.
Statist. 26 (1998), no. 3, 879-921.

(5] D. L. Donoho, I. M. Johnstone, G. Kerkyacharian, and D. Picard, Density estimation
by wavelet thresholding, Ann. Statist. 24 (1996), no. 2, 508-539.

(6] K. Dziedziul and B. Cmiel, Density smoothness estimation problem using a wavelet
approach, ESAIM Probab. Stat. 18 (2014), 130-144.

[7] J. Fan and J.-Y. Koo, Wavelet deconvolution, IEEE Trans. Inform. Theory 48 (2002),
no. 3, 734-747.

[8] A. Gloter and M. Hoffmann, Nonparametric reconstruction of a multifractal function
from noisy data, Probab. Theory Related Fields 146 (2010), no. 1-2, 155-187.

[9] W. Héardle, G. Kerkyacharian, D. Picard, and A. Tsybakov, Wavelets, Approximation,
and Statistical Applications, Lecture Notes in Statistics, 129, Springer-Verlag, New
York, 1998.

[10] L. Horvath and P. Kokoszka, Change-point detection with non-parametric regression,
Statistics 36 (2002), no. 1, 9-31.

[11] Y. Ingster and N. Stepanova, Estimation and detection of functions from anisotropic
Sobolev classes, Electron. J. Stat. 5 (2011), 484-506.

[12] R. Li and Y. Liu, Wavelet optimal estimations for a density with some additive noises,
Appl. Comput. Harmon. Anal. 36 (2014), no. 3, 416-433.

[13] M. G. Low, On nonparametric confidence intervals, Ann. Statist. 25 (1997), no. 6,
2547-2554.

[14] A. Martinez, Communication by energy modulation: the additive exponential noise chan-
nel, IEEE Trans. Inform. Theory 57 (2011), no. 6, 3333-3351.

[15] S. J. Sheather and M. C. Jones, A reliable data-based bandwidth selection method for
kernel density estimation, J. Roy. Statist. Soc. Ser. B 563 (1991), no. 3, 683-690.



1376 J. ZHAO AND Z. ZHUANG

[16] J. Sun, H. Morrison, P. Harding, and M. Woodroofe, Density and mizture estimation
from data with measurement errors, Technical report, 2002.

[17] J. Zhao, The convergence of wavelet expansion with divergence-free properties in vector-
valued Besov spaces, Appl. Math. Comput. 251 (2015), 143-153.

JUNJIAN ZHAO

DEPARTMENT OF MATHEMATICS

COLLEGE OF SCIENCE

TIANJIN POLYTECHNIC UNIVERSITY

No. 399 BINSHUIXI STREET, XIQING DISTRICT, TIANJIN 300387, P. R. CHINA
Email address: zhaojunjian@emails.bjut.edu.cn; zhaojunjian@tjpu.edu.cn

ZHITAO ZHUANG

COLLEGE OF MATHEMATICS AND INFORMATION SCIENCE

NORTH CHINA UNIVERSITY OF WATER RESOURCES AND ELECTRIC POWER
ZHENGZHOU, 450011, P. R. CHINA

Email address: zhuangzhitao@ncwu.edu.cn



