Commun. Korean Math. Soc. 33 (2018), No. 4, pp. 1341-1356
https://doi.org/10.4134/CKMS.c170378
pISSN: 1225-1763 / eISSN: 2234-3024

SOFT SOMEWHERE DENSE SETS ON
SOFT TOPOLOGICAL SPACES

TAREQ M. AL-SHAMI

ABSTRACT. The author devotes this paper to defining a new class of
generalized soft open sets, namely soft somewhere dense sets and to in-
vestigating its main features. With the help of examples, we illustrate
the relationships between soft somewhere dense sets and some celebrated
generalizations of soft open sets, and point out that the soft somewhere
dense subsets of a soft hyperconnected space coincide with the non-null
soft B-open sets. Also, we give an equivalent condition for the soft cs-
dense sets and verify that every soft set is soft somewhere dense or soft
cs-dense. We show that a collection of all soft somewhere dense subsets
of a strongly soft hyperconnected space forms a soft filter on the universe
set, and this collection with a non-null soft set form a soft topology on
the universe set as well. Moreover, we derive some important results such
as the property of being a soft somewhere dense set is a soft topological
property and the finite product of soft somewhere dense sets is soft some-
where dense. In the end, we point out that the number of soft somewhere
dense subsets of infinite soft topological space is infinite, and we present
some results which associate soft somewhere dense sets with some soft
topological concepts such as soft compact spaces and soft subspaces.

1. Introduction and preliminaries

In the year 1999, Molodtsov [13] proposed a completely new approach for
incomplete information, namely soft sets, and he successfully applied it into
several directions such as smoothness of function, Riemann integration, theory
of measurement and game theory. The nature of parameters sets of soft systems
provide a general framework for modeling uncertain data. This contributes
towards the greatly development of theory of soft sets during a short period
and gives several applications of soft sets in practical situations.

The notion of soft topological spaces was formulated by Shabir and Naz [17]
in 2011. They studied the main concepts regarding soft topologies such as soft
closure operators, soft subspaces and soft separation axioms. Later on, Hussain
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and Ahmad [11] continued studying the fundamental soft topological notions
such as soft interior and soft boundary operators. Aygiinoglu and Aygiin [7]
started studying soft compactness and soft product spaces. In 2012, Zorlutuna
et al. [20] introduced the first shape of soft points to study soft interior points,
soft neighborhood systems and some soft maps. Then the authors of [9] and
[14] did a significant contributions on soft sets and soft topologies by modifying
simultaneously the notion of soft points, which play an important role to obtain
many results and approach it easily. The soft filter and soft ideal notions were
formulated and discussed in ([16], [18]). In 2017, the concepts of somewhere
dense sets and STi-spaces in topological spaces were studied and investigated by
me [5]. In 2018, El-Shafei et al. [10] introduced two new soft relations, namely
partial belong and total non belong, and they defined partial soft separation
axioms, namely p-soft T;-spaces, for i = 0,1, 2,3, 4.

The generalizations of soft open sets play an effective role in soft topology
by using them to redefine and investigate some soft concepts like soft contin-
uous maps, soft compact spaces, soft separation axioms, etc. Most of theses
generalizations are defined by utilizing soft interior and soft closure operators,
and these generalizations share common properties for example a class which
consists of all soft A-open subsets of a soft topological space forms a supra soft
topology on the universe set, for each A € {a, 3, b, pre,semi}. Chen [8] was the
first one who studied generalized soft open sets in 2013. He defined the con-
cepts of soft semi-open sets and soft semi-continuous maps, and studied some
properties of them. At the same year, Arockiarani and Lancy [6] presented
the notions of soft pre-open sets and soft regular sets. After that, Akdag and
Ozkan introduced and investigated the notions of soft a-open sets [1] and soft
b-open sets [2]. In 2015, Yumak and Kaymakci [19] introduced a soft S-open
sets concept and studied its applications.

In this work, we initiate a soft somewhere dense sets notion as a new class
of generalized soft open sets and study its main properties in detail. We show
its relationships with soft regular, soft a-open, soft pre-open, soft semi-open,
soft B-open and soft b-open sets, and verify that it contains all of them except
for a null soft set. With regard to soft union and soft intersection, we point out
under what conditions the union of soft cs-dense sets and soft intersection of soft
somewhere dense sets are soft cs-dense and soft somewhere dense, respectively.
Apart from that, we derive that every soft point in soft disconnected space is
soft cs-dense and illustrate that a collection of soft somewhere dense subsets of
a strongly soft hyperconnected space with a null soft set forms a soft topology
on the universe set. Two of the significant results obtained are Theorem 2.4
which points out that every soft set is soft somewhere dense or soft cs-dense,
and Theorem 2.35 which points out that the finite product of soft somewhere
dense sets is soft somewhere dense. Finally, we present some results which
associate soft somewhere dense sets with some soft topological concepts such
as soft topological properties, soft compact spaces and soft subspaces.
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In what follows, we recall some definitions and results that will be needed
in the sequels.

Definition 1.1 ([13]). A notation G is said to be a soft set over X provided
that G is a map of a set of parameters F into the family of all subsets of X.

Definition 1.2 ([13]). For a soft set Gg over X and x € X, we say that:
(i) z € Gg if v € G(e) for each e € E.
(ii) = ¢ Gg if x & G(e) for some e € E.

Definition 1.3 ([3]). A soft set Gg over X is called:

(i) A null soft set, denoting by 0, if G(e) =0 for each e € E.
(ii) An absolute soft set, denoting by X, if G(e) = X for each e € E.

Definition 1.4 ([3]). The relative complement of a soft set Gg is denoted by
G%, where G¢ : E — 2% is a mapping defined by G¢(e) = X \ G(e) for each
ec k.

Definition 1.5 ([3]). The union of two soft sets G4 and Fp over X is the soft
set Vp, where D = A|JB and amap V : D — 2% is defined as follows:

Gd) : deA-B
F(d : deB—A
Gd)F(d) : de ANB

V(d)

It is written briefly, GAOFB =Vp.

Definition 1.6 ([15]). The intersection of two soft sets G4 and Fp over X
is the soft set Vp, where D = A(\ B, and a map V : D — 2% is defined by
V(d) = G(d)( F(d) for all d € D. It is written briefly, Ga(\Fs = Vp.

Definition 1.7 ([15]). A soft set G4 is a soft subset of a soft set Fp if A C B
and G(a) C F(a) for all a € A.

Definition 1.8 ([17]). A collection 6 of soft sets over X under a parameters
set F is said to be a soft topology on X if it satisfies the following three axioms:
(i) X and 0 belong to 6.
(ii) The intersection of a finite family of soft sets in € belongs to 6.
(iii) The union of an arbitrary family of soft sets in 6 belongs to 6.

The triple (X, 0, F) is called a soft topological space. Every member of 6 is
called a soft open set and its relative complement is called a soft closed set.

Proposition 1.9 ([17]). If (X, 0, E) is a soft topological space, then a family
0. = {G(e) : Gg € 0} forms a topology on X, for each e € E.
Definition 1.10 ([17]). Let Fg be a soft subset of (X, 6, E). Then:

(i) cl(Fg) is the intersection of all soft closed subsets of (X, 6, E) contain-
ing FE.
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(ii) (cl(F))E is defined as (cl(F))(e) = cl(F(e)) for each e € E, where the
closure of F(e) is taken in (X, 0.) which defined in the above proposi-
tion.

Proposition 1.11 ([17]). Let Fg be a soft subset of (X,0,E). Then
(cl(F))g C cl(Fg).

Definition 1.12 ([14]). Let Yz be a non-null soft subset of (X,6, E). Then

Oy = {Yg ﬁ Gg : Gg € 0} is called a soft relative topology on Yg and
(Yg,0y,, E) is said to be a soft subspace of (X, 0, F).

Definition 1.13 ([11]). Let Fg be a soft subset of (X, 6, E). Then:

(i) int(Fg) is the union of all soft open subsets of (X, 6, E) contained in
Fg.

(ii) A soft boundary of a soft set Fg, denoted by b(FEg), is given by b(Fg) =
c(Fg) \ int(Fg).

Theorem 1.14 ([11]). For any soft subset Bg of (X,0,E), we have the fol-
lowing results:

(i) int(BS) = (cl(Bg))°.

(i) cl(Bg) = (int(Br))" )

(ii) If Fg is soft closed, then b(Fg) C Fg.

Definition 1.15 ([7]). Let G4 and Hp be soft sets over X and Y, respectively.
Then the cartesian product of G4 and Hp is denoted by (G x H)axp and is
defined as (G x H)(a,b) = G(a) x H(b) for each a € A and b € B.

Theorem 1.16 ([7]). Let (X1, 601, E1) and (X2, 02, E2) be soft topological spaces.
A soft topology T for X1 x Xo whose soft base is the collection B = {Gg, xGg, :
GE, €01 and Gg, € 05} is called product soft topology and (X1 x Xo, T, E) is
called soft product space of (X1,601, E1) and (X2,02, E3), where E = Ey X Es.

Definition 1.17 ([9]). A soft set Hg over X is called finite (resp. countable)
it H(e) is finite (resp. countable) for each e € E.

Definition 1.18 ([9], [14]). A soft subset Py of X is called soft point if there
exists e € E and there exists © € X such that P(e) = {z} and P(a) = 0 for
each a € E'\ {e}. A soft point will be shortly denoted by P? and we say that
P? € Gg, if z € G(e).

Definition 1.19 ([14], [20]). A soft map f, : (X,0,4) — (Y, 7, B) is said to
be:
(i) Soft continuous if the inverse image of each soft open subset of (Y, 7, B)
is a soft open subset of (X, 6, A).
(ii) Soft open (resp. soft closed) if the image of each soft open (resp. soft
closed) subset of (X,0,A) is a soft open (resp. soft closed) subset of
Y, 7, B).
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(iii) Soft homeomorphism if it is bijective, soft continuous and soft open.

Definition 1.20. A soft subset Ag of (X, 0, E) is said to be:

(i) Soft semi open [8] if Ag C cl(int(Ag)).

(ii) Soft S-open [19] if Ag C cl(int(cl(Ag))).

(iii) Soft regular open [6] if Ap = int(cl(AEg)).

(iv) Soft pre open [6] if Ap C int(cl(Ag)).

(v) Soft a-open [1] if Ag C int(cl(int(Ag))).

(vi)
Definition 1.21 ([5]). A subset A of a topological space (X, 6) is called some-
where dense if int(cl(A)) # (.

Soft b-open [2] if Ap C int(cl(Ag)) U cl(int(Ag)).

Definition 1.22 ([16]). A non-null soft collection F of soft subsets of X is
said to be a soft filter if it meets the next three axioms:
(i) 0 g F.
(ii) The soft superset of any member of F belongs to F.
(iii) The soft intersection of any two member of F belongs to F.

Definition 1.23 ([18]). A non-null soft collection Z of soft subsets of X is said
to be a solft ideal if it meets the following three axioms:
(i) X ¢T.
(ii) The soft subset of any member of Z belongs to Z.
(iii) The soft union of any two member of Z belongs to Z.

Definition 1.24 ([12]). A soft topological space (X, 0, F) with no mutually
disjoint non-null soft open sets is called soft hyperconnected.

2. Soft somewhere dense sets

Definition 2.1. A soft subset D of (X,0, F) is said to be soft somewhere
dense if there exists a non-null soft open set Gg such that Gg C ¢l(Dg). The
complement of a soft somewhere dense set is said to be soft cs-dense.

Remark 2.2. A collection of all soft somewhere dense subsets of (X, 0, F) is
denoted by SS(6).

Proposition 2.3. If (X, 0, E) is indiscrete, then SS(0)|J{0} is the discrete
soft topology on X.

Proof. For any non-null soft subset Ag of an indiscrete soft topological space
(X,6,F), we have that cl(Ag) = X. Then every non-null soft subset of X is
soft somewhere dense. This completes the proof. (I

Theorem 2.4. Every soft subset of (X, 0, E) is soft somewhere dense or soft
cs-dense.
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Proof. Suppose that Ag is a soft subset of X that is not soft somewhere dense.
Then cl(Ag) has null soft interior, so we cannot have cl(Ag) = X. Then
(cl(Ag))¢ is a non-null soft open subset of A%, hence of cl(A%), so AS; is soft
somewhere dense and Ag is soft cs-dense. O

Theorem 2.5. A soft subset Bg of (X,0,FE) is soft cs-dense if and only if
there exists a proper soft closed subset Fr of X such that int(Bg) C Fg.

Proof. Suppose that Bg is a soft cs-dense set. Then B, is soft somewhere
dense. So there exists a non-null soft open set G satisfies that G C cl(BS).
Now, we can observe that (cl(B%))¢ C G and G, # X. It follows, by Theorem
1.14, that int(Bg) C GY%. Putting Fp = G%, hence the proof of the necessary
part is made.

Conversely, consider Bpg C X and there exists a proper soft closed set
Fg such that int(Bg) C Fg. Then F§ C (int(Bg))¢ and F§ # (. Since

(int(Bg))¢ = cl(B%), then B, is soft somewhere dense. Hence Bpg is soft
cs-dense. 0

Corollary 2.6. Every soft subset of a soft cs-dense set is soft cs-dense.

Corollary 2.7. If (X,0, FE) is soft disconnected, then every soft point in X is
soft cs-dense.

Proof. Suppose that X is soft disconnected. Then there exists a proper non-null
soft subset Hp of X which is both soft open and soft closed. This means that
there exist proper soft closed subsets Fg and Lg of X such that int(Hg) C Fg
and int(H%) C L. So for each P* € X, we have either P* € Hp or P €

H$,. Hence we find that int(P*) C Fg or int(P*) C Lg. This completes the
proof. O

Proposition 2.8. FEvery non-null soft 5-open set is soft somewhere dense.

Proof. Assume that Dg is a non-null soft S-open set. Then
Dg C cl(int(cl(Dg))) C cl(cl(Dg)) = cd(Dg).

Therefore int(cl(Dg)) is a non-null soft open set contained in ¢l(Dg). This
automatically means that Dg is a soft somewhere dense set. (I

The example below shows that the converse of the above proposition fails.

Example 2.9. Let E = {e1,e2} be a set of parameters and the four soft sets
Gi,, Gog, Gz, and Gy over X = {x,y,w, z} be defined as follows:

Gier) = {z}, Gi(e2) =

Galer) =A{z,y}, Galea) ={w, z};
Gs(e1) ={w, z}, Gs(e2) = {z,y}; and
Ga(er) = {z,w, 2z}, Ga(ea) = {z,y}.
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Then a collection 6 = {ﬁ,X,GlE,GgE,GgE,G4E} forms a soft topology on
X. Let Fg be a soft subset of X such that F(e1) = {y,w,z} and F(es) = X.
Since G3E§cl(FE) = Fg, then F is soft somewhere dense. On the other hand,
cl(int(cl(Fg))) = Gs,. This implies that F is not soft S-open.

Remark 2.10. In [2], the authors showed that every soft regular, soft open, soft
a-open, soft semi-open, soft pre-open and soft b-open sets are soft S-open set.
Then, by Proposition 2.8, we can deduce that they are a soft somewhere dense
set.

The relationships which discussed in the previous proposition and example
are illustrated in the following figure.

Non-null soft

/ semi-open \

Non-null Non-null N Non-null Non-null Non-null N Soft some-
soft regular soft open soft a-open soft b-open soft f-open where dense

\ Non-null soft /

pre-open

FIGURE 1. The relationships between soft somewhere dense
set and some generalized soft open sets

For the sake of brevity, the proof of the following two propositions has been
omitted.

Proposition 2.11. Every non-null proper soft regular open subset of (X, 0, E)
is both soft somewhere dense and soft cs-dense.

Proposition 2.12. If (X, 0, E) is soft hyperconnected, then a collection of soft
somewhere dense sets coincides with a collection of non-null soft 5-open sets.

Definition 2.13. A soft subset Wg of (X, 6, E) is said to be soft S-neighbor-
hood of P¢ €X if there exists a soft somewhere dense set Dg such that P € Dg
C Wg.

Now, it is easy to prove the following three propositions.

Proposition 2.14. A soft subset D of (X, 0, E) is soft somewhere dense if
and only if it is soft S-neighbourhood of at least one soft point PY € Dg.

Proposition 2.15. Fvery soft neighbourhood of any soft point in (X,0,E) is
a soft somewhere dense set.

Proposition 2.16. FEvery proper superset of a soft somewhere dense set Dg
is soft somewhere dense.



1348 T. M. AL-SHAMI

Corollary 2.17. If a soft boundary of a soft closed set Fg is soft somewhere
dense, then Fg is soft somewhere dense.

Proof. Suppose that Fg is soft closed such that b(Fg) is soft somewhere dense.
Then b(Fg) C Fg. So Fg is soft somewhere dense. O

The converse Proposition 2.15 and Proposition 2.16 need not be true in
general as shown in the following example.

Example 2.18. Assume that (X, 0, E) is the same as in Example 2.9. Let the
two soft subsets F'r and Lg of X be defined as follows:

F(e1) ={y}, F(e2) = {z,w} and
Ler) = {y}, L(ez2) = {w, z}.
Then we note the following:
(i) Fg is soft somewhere dense but it is not soft neighbourhood of any soft
point belongs to X.

(ii) For any proper superset Hg of Lg, we can see that Hg is soft some-
where dense, whereas Lg is not soft somewhere dense.

Theorem 2.19. The union of an arbitrary non-empty collection of soft some-
where dense subsets of (X, 0, E) is soft somewhere dense.

Proof. Let {D;, : i € I # 0} be a family of soft somewhere dense sets. Then
there exists i9 € I and there exists a non-null soft open set Gg such that

Gg C d(Dy,,) C c (DieIDiE)‘ Hence OieIDiE is a soft somewhere dense
set. u

Corollary 2.20. The intersection of an arbitrary non-empty collection of soft
cs-dense subsets of (X,0, E) is soft cs-dense.

Remark 2.21. The intersection of a finite soft somewhere dense sets is not
always soft somewhere dense and the union of a finite soft cs-dense sets is not
always soft cs-dense as illustrated in the following example.

Example 2.22. Assume that (X, 6, E) is the same as in Example 2.9. Let the
four soft subsets Ag, Bg, Hg and Lg of X be defined as follows:

Aler) = {y,w}, Alez) ={w, z};

Bler) ={y, z}, Blez2) = {z,y};

H(ey) ={z,w}, H(ez) = X; and

L(e1) = {z}, L(ea) = {w, z}.
Then we note the following:

(i) Ag and Bp are soft somewhere dense sets but their intersection is not
soft somewhere dense.
(i) Hg and Lg are soft cs-dense sets but their union is not soft cs-dense.
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Proposition 2.23. Let {My, : k € K} be a class of soft subsets of (X,0,E).

Then Jye My is soft somewhere dense if and only if Uy xcl(Myy) is soft
somewhere dense.

Proof. Since cl(OkeKcl(MkE)) = Cl(OkeKMkE)7 then the proposition holds.
O

Lemma 2.24. If Ap is a soft open subset of (X,0,E), then AEﬁcl(BE) Cdl
(AEﬂBE) for each Bg C X.

Proof. Let P? € AEﬂcl(BE) Then P¢ € Ag and PY € cl(Bg). Therefore for
each soft open set Ug containing PZ, we have UEﬂBE 75 @ Since UEﬂAE is
a non-null soft open set and P7 € UEﬂAE, then (UEﬂAE)ﬂBE # 0. Now,
UEﬂ(AEﬂBE) £0 1mphes that P? € cl(AEﬂBE) Hence

Theorem 2.25. If A is soft open and Bg is soft somewhere dense subsets of
a soft hyperconnected space (X,0,F), then Agp(\Bg is soft somewhere dense.

Proof. Consider that By is a soft somewhere dense Substit of (X,0,FE). Then
there exists a non-null soft open set Gg such that Gg C cl(Bg). Therefore
AEﬁGE c AEﬁ cl(Bg) C cl(AEﬁBE). Since (X, 8, E) is soft hyperconnected,
then AEﬁGE # @ Thus AEﬁBE is soft somewhere dense. O

Corollary 2.26. If Mg is soft closed and Ng is soft cs-dense subsets of a soft
hyperconnected space (X,0, E), then Mg|JNg is soft cs-dense.

Definition 2.27. A soft topological space (X, 0, F) is called strongly soft hy-
perconnected provided that a soft subset of X is soft dense if and only if it is
non-null soft open.

One can directly notice that every strongly soft hyperconnected space is
soft hyperconnected, however the converse is not always true as shown by the
example below.

Example 2.28. Let E be a set of parameters and 6 = {(7) Gg : G% is finite}
be a soft topology on the set of real numbers R. Then (R,6,E) is a soft
hyperconnected space, but it is not a strongly soft hyperconnected space.

Theorem 2.29. Let Mg and Ng be soft subsets of a strongly soft hypercon-
nected space (X, 0, E). If int(Mg) = int(Ng) = 0, then int(MgUNEg) = 0.

Proof. If Mg or Ng are null, then the proof is trivial.
Let Mg and Ng be non-null soft sets satisfy the given condition. Suppose,
to the contrary, that mt(MEUNE) + (. Then there is P? € mt(MEUNE)

and this implies that there is a soft open set Gg containing P such that Gg
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is contained in M EON g. Since (X, 60, E) is strongly soft hyperconnected, then
we get

(1) cd(Mg)| Jel(Ng) = X.

If cl(Mg) is soft dense, then Mg is non-null soft open. But this contradicts
that int(Mg) = 0. Therefore ) C cl(Mg) C X. Similarly, § C ¢l(Ng) C X.
Thus 0 C (cl(Mg))¢ C X and 0 C (cl(Ng))¢ C X. From (1), we obtain

(el(Mp)) V(e (Ng))" = 0.
But (cl(Mg))© and (cl(Ng))© are disjoint non-null soft open sets and this con-
tradicts that (X, 0, F) is stgongly soﬁt hyperconnected. As a contradiction arises
by assuming that int(Mg|JNg) # 0, then the theorem holds. O

We now investigate under what conditions the union of soft cs-dense sets is
soft cs-dense.

Lemma 2.30. If Mg is a soft cs-dense subset of a strongly soft hyperconnected
space (X, 0, F), then int(Mg) = 0.

Proof. Let Mg be a soft cs-dense subset of (X,0,F). Then there is a soft
closed set F; # X containing int(Mg). Suppose that int(Mg) # (. Then
c(Fg) = X and this implies that a soft set Fg is soft open. But this contradicts
that (X, 6, E) is strongly soft hyperconnected. Hence int(Mg) = 0. O

Theorem 2.31. If Mp and Ng are soft cs-dense subsets of a strongly soft
hyperconnected space (X,0, F), then Mg|JNg is soft cs-dense.

Proof. Consider that Mg and Ng are soft cs-dense subsets of (X, 6, E'). Then
there are two soft closed sets Fg # X and Hp # X such that nt(Mg) C Fg
and int(Ng) C Hg. Since (X,0,F) is strongly soft hyperconnected, then
int(Mg) = 0, int(Ng) = 0 and FEOHE # X. From Theorem 2.29, we obtain

int(Mg)|_Jint(Ng) = int(Mg| JNg) = 0.
Consequently, int(MEONE) c FEOHE Hence the proof is completed. O

Corollary 2.32. If Mg and Ng are soft somewhere dense subsets of a strongly
soft hyperconnected space (X,0, E), then Mg(\Ng is soft somewhere dense.

Proposition 2.33. If (X,0,F) is a strongly soft hyperconnected space, then
7 =S85(0) {0} forms a soft topology on X.

Proof. Obviously, X €SS (9) C 7, and from the definition of 7, we find that

0 € 7. From Theorem 2.19 and Corollary 2.32, we find that 7 is closed under

arbitrary soft union and finite soft intersection. Hence 7 is a soft topology on
X. O
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Lemma 2.34. Let Mg, be soft subsets of (X;,0;, E;) fori=1,2,...,s. Then
I1 cl(Mg,) = cl([] Mg,).

i=1 i=1

Proof. We prove the lemma for two soft sets and one can prove it similarly for
n soft sets.

Necessity: Let P((ac gg € [cl(Mg,) x cl(Mg,)]. Then Py € cl(Mg,) and Pj €

cl(Mg,). Suppose, to the contrary, that P((qc y; & [cl(Mg, x Mg,)]. Then there
exists a soft open set Hp, x g, containing P(( gg such that HEleQﬁ(ME1

Mg,) = 0 B, xE,- This means that there exist soft open sets Ug, and Vg, such
that Hg, xg, = Ug, X Vg,. In this case, we can note that UEI(]ME1 = ®E’1
and Vi,Mg, = 0p,. Thus Py ¢ cl(Mg,) and P§ & cl(Mg,). This implies

that P((x g; & [cl(Mg,) x cl(Mg,)]. But this contradicts our assumption. Thus

P8 € [el(Mp, x Mg,)]. Hence cl(Mg,) x cl(Mg,) C cl(Mg, x Mpg,).

Sufficiency: Let P(Cf Zg [cl(Mg, x Mg,)]. Suppose, to the contrary, that

P9 & [cl(Mpg,) x cl(Mg,)]. Then PZ & cl(Mg,) or Py & cl(Mg,). Say,
Py ¢ cl(Mg,). Therefore there exists a soft open set Ug, containing Py
such that Ug,Mg, = 0g,. Obviously, Ug, x X, is a soft open set con-

taining P((a g; satisfies that (Ug, X XQ)ﬁ(ME1 X Mg,) = @EleQ This means
that P(x g) ¢ [cl(Mg, x Mg,)]. But this contradicts our assumption. Thus

P8 € [cl(Mg,) x cl(Mg,)]. Hence cl(Mg, x Mg,) C cl(Mg,) x cl(Mg,).

This completes the proof. ([

Theorem 2.35. Let (H X;,T,E) be a finite product soft topological space.
Then Mg, is a soft somewhere dense subset of (X;,0;, E;) for each i=1,2,.
s, if and only if H Mg, is a soft somewhere dense subset of ( H X;, T, E)

i=1 i=1

Proof. Necessity: Let Mg, be a soft somewhere dense subset of (X;,0;, F;).
Then there is a non-null soft open set G, such that Gg, C cl(Mg,). Therefore

Gp, xGpg, x - xGg. C c(Mg,) x cl(Mg,) x - x cl(Mg,) = [[ d(Mg,) =

:m

1

.
Il

c(]] Mg,;). Thus [] Mg, is a soft somewhere dense subset of ([[ X;,T, E).

i=1 i=1 i
Sufficiency: Let [[ Mg, be a soft somewhere dense subset of (][] X;,T, E).
i=1 i=1

Then there is a non-null soft open set Gg, xGg, x---xGpg_ of ([ X;,T, E) such
i=1

IX @
PN
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that Gg, X Gg, X -+ X Gg, C (][] Mg,). Therefore Gg, C cl(Mg,) for each
i=1
i=1,2,...,s. Thus Mg, is a soft somewhere dense subset of (X;,6;, E;). O

Corollary 2.36. Let (H X;,T,E) be a finite product soft topological space.
=1
Then BE s a soft cs dense subset of (X;,0;, E;) for each i =1,2,...,s if and

only if U (Bg, X H X;) is a soft cs-dense subset of(H X, T, E)
i=1 Jj=1,5#i i=1

Definition 2.37. A soft map f, : (X,0,4) — (Y,7,B) is called soft bi-
continuous if it is soft continuous and soft open.

Theorem 2.38. If a soft map fy : (X,0,A) — (Y, 7,B) is soft bi-continuous,
then the image of each soft somewhere dense set is soft somewhere dense.

Proof. Let D4 be a soft somewhere dense subset of (X, 6, A). Then there is a
soft open set G4 such that G4 C cl(Dy). Now, f4(Ga) C fe(cl(Da)). Because
fo is soft open and soft continuous, then fy(G4) is soft open and fy(cl(Da))
C cl(fy(D4)). Hence fy(D4) is a soft somewhere dense subset of (Y, 7,B). O
Corollary 2.39. If [[ Mg, is a soft somewhere dense subset of a product soft
iel
topological space (][] X;, T, E), then Mg, is a soft somewhere dense subset of
iel
(X;,0;, E;) for each i€ 1.

Corollary 2.40. The property of being a soft somewhere dense set is a soft
topological property.

Theorem 2.41. If (X, 0, E) is strongly soft hyperconnected, then SS(6) forms
a soft filter on X.

Proof. Tt can be seen the following properties for S.S(8):

(i) From the definition of soft somewhere dense sets, 0 ¢SS (9).
(ii) From Corollary 2.32, AgﬁBE € S() for each Ag, Bg € SS(6).
(i) If Ap € SS(0) and AgCBpg, then it can be inferred that Bg € SS5(0).
Hence SS(0) is a soft filter on X. O

Theorem 2.42. A collection of all soft cs-dense subsets of a strongly soft
hyperconnected space (X, 0, E) forms a soft ideal on X.

Proof. Let Z be a collection of all soft cs-dense subsets of a strongly soft hy-
perconnected space (X, 0, E). Then we have the following properties for Z:
(i) Obviously, X ¢ T.
(i) From Theorem 2.31, A\ JBg € T for each Ap, Bp € T.
(iii) Let B € T and Ag C Bg. Since B is a soft cs-dense set, then from
Corollary 2.6, we obtain Ag € 7.
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Hence 7 is a soft ideal on X. O

Lemma 2.43. There exists an infinite soft somewhere dense subset Dg of an
infinite soft topological space (X, 8, E) such that DS is infinite.

Proof. If there exists a finite soft somewhere dense subset of (X, 0, F), then the
proof is trivial. Solet A = {D;,, :i € I'} be a family of all soft somewhere dense
subsets of (X, 6, E) such that D;, is infinite, for each i € I. Since X € A, then
1 # 0. Suppose that every Df is finite. Then every soft closed set is finite
as well. Take two infinite disjoint soft subsets Agp and Bg of X such that
ApUBg = X. So cl(Ag) = cl(Bg) = X and int(Ag) = int(Bg) = 0. This
implies that the soft sets A and Bg are both soft somewhere dense and soft
cs-dense. But this contradicts our assumption. Hence the lemma holds. (I

Theorem 2.44. Let A = {D;, : i € I} be a collection of all infinite soft
somewhere dense subsets of an infinite soft topological space (X, 0, E) such that
Dg is infinite, for each i € I. Then an index set I is infinite.

Proof. Let the given conditions be satisfied. Since {Df_ :i € I} is a collection
of all infinite soft cs-dense sets, then a collection of all infinite soft closed sets
is contained in {Df, :4 € I'}. Let D;, € A. Then we have the next two cases:

(i) Either cl(Dj, ) = X. Then {Di,,, O{Pg} : for each P? € DEOE} is a
collection of infinite soft somewhere dense sets. So {Dj, O{Pj }: for
each P’ e DfOE} C A

(ii) Or thereexists j € I such that cl(D;, ) = Dj,. Then an infinite soft set

D5, is both soft somewhere dense and soft cs-dense. So {D$_(J{FP7} :
for each P? € D;_ } is a collection of infinite soft somewhere dense sets.

Thus {D;ED{PC?} : for each P* € D;,} C A.
Since D, and Df, are infinite in the two cases above, then an index set I is
infinite. g

Corollary 2.45. There is an infinite soft somewhere dense subset Dg of an
infinite soft topological space (X, 0, E) contains PT such that DS, is infinite, for
each P? € X.

From the three results above, we conclude that any cover of an infinite soft
topological space consists of soft somewhere dense sets has not a finite subcover.
This conclusion will play a significant role to study new types of soft compact
spaces depending on a notion of soft somewhere dense sets.

Theorem 2.46. Let (X, 0, E) be a soft topological space such that |E| =n and
there exists e; € E such that a topological space (X,0.,) is hyperconnected. If
F(e) is a somewhere dense subset of (X,0.) for each e € E, then Fg is a soft
somewhere dense subset of (X,0, E).
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Proof. Let F(e1) be a somewhere dense subset of (X,6,). Then there exists
a non-empty open set G,i(e1) such that Gji(e1) C cl(F( 1)). In a similar
way, there exist non-empty open sets Gjz2(e2), Gjs(es), ..., Gjn(en) such that
Gyolea) C cA(F(e2)), Gysles) C AlF(es), ., Gonlen) C cl(F(en)). Now, we
define a soft subset Hg as follows:

H(e1) = Gji(en) () Gialer)[)-++( | Ginler) € Gjaler) C el(F(en))-
H(ez2) = Gji(e2) [ Gialea)[)-++( | Ginlez) € Galez) C cl(F(e2)).

H(en) = Gji(en) n Gjz(en) m T ﬂ Gjn(en) € Gin(en) S cl(F(en)).

Putting Hg = ﬁ:;lGan. Obviously, Hg is a soft open subset of (X, 6, E) such
that Hg C (cl(F))E. By hypotheses, there exists a hyperconnected topological
space (X, 0,,) and this implies that H(e;) # . So Hg is a non-null soft open
set. From Proposition 1.11, we obtain (cI(F))z C cl(F). This completes the
proof. ([

Theorem 2.47. If (Ag,04,, ) is a soft open subspace of (X,0,FE) and Lg
CX, then AEﬂcl(LE) = (cl(AEﬂLE))AE, where (cl(Ag(\LEg))ay is the soft
closure of AEﬂLE in the soft subspace (Ag,04,,E).

Proof. Consider P? ¢ A Eﬁcl(L ). Then we have the following two possible
cases:

(i) Either P* ¢ Ag. So P* & (cl(Ap(\LE))A,-

(ii) Or P? € Ag and P? ¢ cl(Lg). This means that there is a soft open sub-
set G of (X, 0, E) containing P’ such that GEﬂLE = . Now, P €
GEﬂAE and Ap is soft open. This implies that (GEﬂAE)ﬂ(LEﬂAE)
= . Thus pPr g (cl(AEﬂLE))

Thus (cl(ApN\LE))a,CANl(LE).
On the other hand, let P? & (cl(Ag(\LE))a,- Then a soft subspace (Ag,
04, F) containing a soft open set Hp satisfies that

P* € H and HEﬁ(AEﬁLE = 0.

By hypotheses, Ag is a soft open subset of X. So Hp is also a soft open
subset of (X, 0, FE). Now, HEﬂ(AEﬂLE) (HeNAg)\Lg = 0, then P* ¢
AgN(Lg). Thus AEﬂcl(LE) C (cl(AEﬂLE))AE. Hence the proof is com-
plete. O

Corollary 2.48. Let Ap be a soft dense subset of (X,0,E) and Hg C Ag. If
Hg is a soft somewhere dense subset of (X,0, F), then Hg is a soft somewhere
dense subset of (Ag,04,,FE).
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Proof. Let Hg be a soft somewhere dense subset of (X, 6, E). Then there exists
a non-null soft open set Gg such that Gg C cl(Hg). Now, there exists a soft
open set F € 04, such that Fg = Gg(AEg C cd(Hg)NAE c (cl(Hg))Ag-

Since Ag is soft dense, then F # @ Thus Hp is a soft somewhere dense subset
of (Ag,04,,F). O

Conclusion

In 1999, Molodtsov [13] gave the novel idea of soft sets as a mathematical
tool to copy with uncertainties and in 2011, Shabir and Naz [17] employed this
notion to initiate the concept of soft topological spaces. The first appearance
of generalized soft open sets was in 2013, by Chen [8]. The main propose of
this work, is to present a soft somewhere dense sets notion as a new class of
generalized soft open sets and study its main properties in detail. We first
illustrate its relationships with the most famous generalized soft open sets,
and verify that it contains all of them except for the null soft set. Under a
condition of strongly soft hyperconnectedness, we point out that the union of
soft cs-dense sets and the intersection of soft somewhere dense sets are soft c¢s-
dense and soft somewhere dense, respectively. We also derive that a collection
of soft somewhere dense subsets of a strongly soft hyperconnected space with a
null soft set forms a soft topology on the universe set. We verify some significant
results such as every soft set is soft somewhere dense or soft cs-dense, and the
finite product of soft somewhere dense sets is soft somewhere dense. Moreover,
we show that a number of infinite soft somewhere dense subsets of any infinite
soft topological space is infinite. This result will be fundamental for studying
soft compact spaces by utilizing a soft somewhere dense cover. Finally, we
present some results which associate soft somewhere dense sets with some soft
topological concepts such as soft topological properties and soft subspaces. In
an upcoming paper, we plan to use an idea of soft somewhere dense sets to
introduce new types of soft maps and soft separation axioms in soft topological
spaces, and we make attempt to improve the significant application of regular
open sets in digital topology which introduced in [4] by utilizing soft regular
open sets.

Acknowledgements. The author would like to thank the reviewers for their
valuable comments which improve the quality of this manuscript.

References

[1] M. Akdag and A. Ozkan, Soft a-open sets and soft a-continuous functions, Abstr. Appl.
Anal. 2014 (2014), Art. ID 891341, 7 pp.

2] , Soft b-open sets and soft b-continuous functions, Math. Sci. (Springer) 8 (2014),
no. 2, Art. 124, 9 pp.

[3] M. I. Ali, F. Feng, X. Liu, W. K. Min, and M. Shabir, On some new operations in soft
set theory, Comput. Math. Appl. 57 (2009), no. 9, 1547-1553.

[4] A. Alpers, Digital topology: regular sets and root images of the cross-median filter, J.
Math. Imaging Vision 17 (2002), no. 1, 7-14.




1356 T. M. AL-SHAMI

[5] T. M. Al-shami, Somewhere dense sets and ST -spaces, Punjab Univ. J. Math. (Lahore)
49 (2017), no. 2, 101-111.
(6] I. Arockiarani and A. A. Lancy, Generalized soft gB3-closed sets and soft gsf3-closed sets
in soft topological spaces, Intern. J. Math. Archive 4 (2013), no.2, 1-7.
[7] A. Aygiinoglu and H. Aygiin, Some notes on soft topological spaces, Neural Computers
and Applications 21 (2012), 113-119.
[8] B. Chen, Soft semi-open sets and related properties in soft topological spaces, Appl.
Math. Inf. Sci. 7 (2013), no. 1, 287-294.
[9] S.Das and S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform. 6 (2013), no. 1, 77-94.
[10] M. E. El-Shafei, M. Abo-Elhamayel, and T. M. Al-shami, Partial soft separation azioms
and soft compact spaces, Filomat 32 (2018), no. 4, Accepted.
[11] S. Hussain and B. Ahmad, Some properties of soft topological spaces, Comput. Math.
Appl. 62 (2011), no. 11, 4058-4067.
[12] A.Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif, Soft connectedness
via soft ideals, J. New Results in Science 4 (2014), 90-108.
[13] D. Molodtsov, Soft set theory—first results, Comput. Math. Appl. 37 (1999), no. 4-5,
19-31.
[14] Sk. Nazmul and S. K. Samanta, Neighbourhood properties of soft topological spaces, Ann.
Fuzzy Math. Inform. 6 (2013), no. 1, 1-15.
[15] D. Pei and D. Miao, From soft sets to information system, In Proceedings of the IEEE
International Conference on Granular Computing 2 (2005), 617-621.
[16] R. Sahin and A. Kuguk, Soft filters and their convergence properties, Ann. Fuzzy Math.
Inform. 6 (2013), no. 3, 529-543.
[17] M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl. 61 (2011),
no. 7, 1786-1799.
[18] S. Yiiksel, N. Tozlu, and Z. G. Ergiil, Soft filter, Math. Sci. (Springer) 8 (2014), no. 1,
Art. 119, 6 pp.
[19] Y. Yumak and A. K. Kaymakci, Soft B-open sets and their applications, J. New Theory
4 (2015), 80-89.
[20] I. Zorlutuna, M. Akdag, W. K. Min, and S. K. Samanta, Remarks on soft topological
spaces, Ann. Fuzzy Math. Inform. 3 (2012), no. 2, 171-185.

TAREQ M. AL-SHAMI

DEPARTMENT OF MATHEMATICS

FACULTY OF SCIENCE

SANA’A UNIVERSITY

SANA’A, YEMEN

Email address: tareqalshami83@gmail.com



