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TURÁN-TYPE INEQUALITIES FOR GAUSS AND

CONFLUENT HYPERGEOMETRIC FUNCTIONS VIA

CAUCHY-BUNYAKOVSKY-SCHWARZ INEQUALITY

Piyush Kumar Bhandari and Sushil Kumar Bissu

Abstract. This paper is devoted to the study of Turán-type inequali-
ties for some well-known special functions such as Gauss hypergeometric

functions, generalized complete elliptic integrals and confluent hypergeo-

metric functions which are derived by using a new form of the Cauchy-
Bunyakovsky-Schwarz inequality. We also apply these inequalities for

some sample of interest such as incomplete beta function, incomplete
gamma function, elliptic integrals and modified Bessel functions to ob-

tain their corresponding Turán-type inequalities.

1. Introduction

Special functions constitute a very old branch of mathematics, the origins of
their unified and rather complete theory date to the nineteenth century. Several
special functions such as Gauss hypergeometric functions, generalized complete
elliptic integrals, confluent hypergeometric functions, play a very important and
interesting role in various branches of mathematics and mathematical physics.
The importance of the Gauss hypergeometric functions is that many elementary
and special functions of mathematical physics can directly be represented in
terms of these functions. Similar to Gauss hypergeometric functions, the first
and second kind of confluent hypergeometric functions are so important that
many well-known special functions can directly be expressed in terms of these
functions.

Also, the inequalities of the type

(1) fn (x) fn+2 (x)− [fn+1 (x)]
2 ≤ 0,

where n = 0, 1, 2, . . . , have great importance in different fields of mathematics.
These inequalities are named by Karlin and Szegö [9] as Turán-type inequal-

ities because the first of this type of inequality was introduced by Hungarian
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mathematician P. Turán [18] in 1950, while studying the zeros of Legendre
polynomials.

This classical result has been extended in several directions. Many Turán-
type inequalities have been investigated in the literature. For example, Joshi
and Bissu [8] presented some two-sided inequalities for the ratio of modified
Bessel functions of first kind. They also deduced some Turán-type and Wron-
skian type inequalities for Bessel and modified Bessel functions. Mehrez [13]
presented Turán-type inequalities for the Wright functions. Baricz [3] presented
Turán-type inequalities for regular Coulomb wave functions. Ali, Mondal and
Nisar [1] established some monotonicity properties of the generalized Struve
functions. Nisar, Mondal and Choi [16] presented certain inequalities involving
the k-Struve function.

Motivated by the immense research on Turán-type inequalities, in the present
paper, we investigate Turán-type inequalities for some well-known special func-
tions such as Gauss hypergeometric functions, generalized complete elliptic in-
tegrals and confluent hypergeometric functions and their examples, by using a
new form of the Cauchy-Bunyakovsky-Schwarz inequality.

It is well-known that the discrete version of Cauchy-Schwarz inequality (see
for instant; [14])

(2)

(
n∑
i=1

[aibi]

)2

≤
n∑
i=1

[ai]
2

n∑
i=1

[bi]
2
, (ai, bi ∈ R) ,

and its integral representation in the space of continuous real-valued functions
C ([a, b] ,R), i.e., the Cauchy-Bunyakovsky-Schwarz (CBS) inequality (see for
instant; [14])

(3)

(∫ b

a

[u (t)]
1
2 [v (t)]

1
2 dt

)2

≤

(∫ b

a

u (t) dt

)(∫ b

a

v (t) dt

)
,

play an important role in various branches of modern mathematics. To date, a
large number of generalizations and refinements of the inequalities (2) and (3)
have been investigated in the literature, e.g., [2, 4, 5, 7, 10–12,17].

Recently, in [6], we have proved Turán-type inequalities for Struve functions,
modified Struve functions, Anger Weber functions and Hurwitz zeta function,
by using the following new form of the Cauchy-Bunyakovsky-Schwarz inequal-
ity:

(4)

(∫ b

a

[g (t)]
α

[h (t)]
β
dt

)2

≤

(∫ b

a

[g (t)]
α−λ

[h (t)]
β−γ

dt

)(∫ b

a

[g (t)]
α+λ

[h (t)]
β+γ

dt

)
,

where g and h are two non-negative functions of a real variable and α, β, λ and
γ belong to a set S of real numbers, such that the involved integrals in (4) exist.
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Motivated by this remark, we have the idea to replace u (t) and v (t) in (3)

by [g (t)]
ξ−l

[h (t)]
ξ−m

[f (t)]
ξ−n

and [g (t)]
ξ+l

[h (t)]
ξ+m

[f (t)]
ξ+n

respectively,
to introduce the following new generalized CBS inequality:

(5)

(∫ b

a

[g (t)]
ξ

[h (t)]
ξ

[f (t)]
ξ
dt

)2

≤
(∫ b

a

[g (t)]
ξ−l

[h (t)]
ξ−m

[f (t)]
ξ−n

dt

)(∫ b

a

[g (t)]
ξ+l

[h (t)]
ξ+m

[f (t)]
ξ+n

dt

)
,

in which ξ, l,m, n ∈ R and g, h and f are real integrable functions such that
the involved integrals in (5) exist.

The aim of this paper is to apply the above new form of CBS inequality (5)
to obtain Turán-type inequalities for some well-known special functions.

2. The results

In this section, we apply the inequality (5) to establish Turán-type inequali-
ties for Gauss hypergeometric functions, generalized complete elliptic integrals
and confluent hypergeometric functions. We also apply this inequality to some
other functions such as incomplete beta function, incomplete gamma func-
tion, elliptic integrals, modified Bessel functions and obtain their corresponding
Turán-type inequalities.

2.1. Turán-type inequalities for Gauss hypergeometric functions

Let us start our discussion with the well-known Gauss differential equation
[15]:

(6) x (1− x)
d2y

dx2
+ (γ − (α+ β + 1)x)

dy

dx
− αβy (x) = 0,

where α, β and γ are constant parameters.
The indicial equation of (6) has respectively two roots r1 = 0 and r2 = 1−γ,

and the series solution (for r1 = 0) of the Gauss differential equation is given
by

(7) y1 (x) = 2F1

(
α, β

γ

∣∣∣x) =
∞∑
k=0

(α)k (β)k
(γ)k

xk

k!
,

in which γ 6= 0,−1,−2, . . . , and (α)n is the Pochhammer (or Appell) symbol
defined by

(α)n ≡
Γ (α+ n)

Γ (α)
= α (α+ 1) · · · (α+ n− 1) , n ∈ N,

(α)0 = 1, (α+ 1)−1 =
1

α
, α 6= 0

with the gamma function Γ (x) ≡
∫∞

0
e−ttx−1dt for x > 0 and series converges

for −1 ≤ x ≤ 1.
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The function (7) is known as Gauss hypergeometric function and has a
specific integral representation as

(8)
2F1

(
α, β

γ

∣∣∣x) =
Γ (γ)

Γ (α) Γ (γ − α)

∫ 1

0

tα−1 (1− t)γ−α−1
(1− xt)−β dt,

(γ > α > 0; |x| ≤ 1) .

Now if g (t) = tα−1, h (t) = (1− t)γ−α−1
and f (t) = (1− xt)−β are substi-

tuted in inequality (5) for [a, b] = [0, 1], the following inequality is derived for
the class of Gauss hypergeometric functions:(∫ 1

0

tξ(α−1) (1− t)ξ(γ−α−1)
(1− xt)−ξβ dt

)2

≤
(∫ 1

0

t(ξ−l)(α−1) (1− t)(ξ−m)(γ−α−1)
(1− xt)−(ξ−n)β

dt

)
×
(∫ 1

0

t(ξ+l)(α−1) (1− t)(ξ+m)(γ−α−1)
(1− xt)−(ξ+n)β

dt

)
.

By applying the identity (8), the following result will eventually be obtained

[Γ {ξ (α− 1) + 1}]2 [Γ {ξ (γ − α− 1) + 1}]2

[Γ {ξ (γ − 2) + 2}]2

[
2F1

(
ξ (α− 1) + 1, ξβ

ξ (γ − 2) + 2

∣∣∣x)]2

≤ Γ [(ξ − l) (α− 1) + 1] Γ [(ξ −m) (γ − α− 1) + 1]

Γ [(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2]

× 2F1

(
(ξ − l) (α− 1) + 1, (ξ − n)β

(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2

∣∣∣x)
× Γ [(ξ + l) (α− 1) + 1] Γ [(ξ +m) (γ − α− 1) + 1]

Γ [(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2]

× 2F1

(
(ξ + l) (α− 1) + 1, (ξ + n)β

(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2

∣∣∣x)
which can also be written as[

2F1

(
ξ (α− 1) + 1, ξβ

ξ (γ − 2) + 2

∣∣∣x)]2

≤ [Γ {ξ (γ − 2) + 2}]2

[Γ {ξ (α− 1) + 1}]2 [Γ {ξ (γ − α− 1) + 1}]2

× Γ [(ξ − l) (α− 1) + 1] Γ [(ξ −m) (γ − α− 1) + 1]

Γ [(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2]

× Γ [(ξ + l) (α− 1) + 1] Γ [(ξ +m) (γ − α− 1) + 1]

Γ [(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2]

× 2F1

(
(ξ − l) (α− 1) + 1, (ξ − n)β

(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2

∣∣∣x)
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× 2F1

(
(ξ + l) (α− 1) + 1, (ξ + n)β

(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2

∣∣∣x) .(9)

If we replace ν1 = ξ (α− 1) + 1, ν2 = ξ (γ − α− 1) + 1, ν3 = ξβ and
µ1 = l (α− 1), µ2 = m (γ − α− 1), µ3 = nβ in inequality (9), we obtain
the Turán-type inequality for the class of Gauss hypergeometric functions as
follows:[

2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x)]2

≤ [Γ (ν1 + ν2)]
2

[Γ (ν1)]
2

[Γ (ν2)]
2

Γ (ν1 − µ1) Γ (ν2 − µ2)

Γ [(ν1 − µ1) + (ν2 − µ2)]

× Γ (ν1 + µ1) Γ (ν2 + µ2)

Γ [(ν1 + µ1) + (ν2 + µ2)]

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x) .(10)

With the help of the well-known following relation between beta and gamma
functions,

(11) B (p, q) =
Γ (p) Γ (q)

Γ (p+ q)
, p, q > 0.

Turán-type inequality (10) can also be put in the following form:[
2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x)]2

≤ B (ν1 − µ1, ν2 − µ2)B (ν1 + µ1, ν2 + µ2)

[B (ν1, ν2)]
2

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x) ,(12)

provided that ν1 > |µ1|, ν2 > |µ2| and |x| ≤ 1.
In the particular case when ξ = 1, the inequality (9) reduces to following

inequality[
2F1

(
α, β

γ

∣∣∣x)]2

≤ [Γ (γ)]
2

[Γ (α)]
2

[Γ (γ − α)]
2

× Γ [α− l (α− 1)] Γ [(γ − α)−m (γ − α− 1)] Γ [α+ l (α− 1)] Γ [(γ − α) +m (γ − α− 1)]

Γ [γ − l (α− 1)−m (γ − α− 1)] Γ [γ + l (α− 1) +m (γ − α− 1)]

× 2F1

(
α− l (α− 1) , (1− n)β

γ − l (α− 1)−m (γ − α− 1)

∣∣∣x)
× 2F1

(
α+ l (α− 1) , (1 + n)β

γ + l (α− 1) +m (γ − α− 1)

∣∣∣x) .(13)
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For l (α− 1) = λ, m (γ − α− 1) = µ and nβ = w, the inequality (13) trans-
forms to the much nicer version of Turán-type inequality for Gauss hypergeo-
metric functions as follows:[

2F1

(
α, β

γ

∣∣∣x)]2

≤ [Γ (γ)]
2

Γ (α− λ) Γ [(γ − α)− µ] Γ (α+ λ) Γ [(γ − α) + µ]

[Γ (α)]
2

[Γ (γ − α)]
2

Γ [γ − (λ+ µ)] Γ [γ + (λ+ µ)]

× 2F1

(
α− λ, β − w
γ − (λ+ µ)

∣∣∣x) 2F1

(
α+ λ, β + w

γ + (λ+ µ)

∣∣∣x) .(14)

Or equivalently[
2F1

(
α, β

γ

∣∣∣x)]2

≤ B [α− λ, (γ − α)− µ]B [α+ λ, (γ − α) + µ]

[B (α, γ − α)]
2

× 2F1

(
α− λ, β − w
γ − (λ+ µ)

∣∣∣x) 2F1

(
α+ λ, β + w

γ + (λ+ µ)

∣∣∣x) ,(15)

provided that α > |λ|, γ − α > |µ| and |x| ≤ 1.

Example 1 (Turán-type inequalities for the incomplete beta function). If one
considers the integral representation of the incomplete beta function

(16)
Bx (u; υ) =

∫ x

0

tu−1 (1− t)υ−1
dt = u−1xu2F1

(
u, 1− υ
u+ 1

∣∣∣x) ,
(0 ≤ x ≤ 1;u, υ > 0) .

and replaces α = u, β = 1 − υ and γ = u + 1 with λ = l (u− 1) , µ = 0 and
w = n (1− υ) in inequality (14), then one obtains[

2F1

(
u, 1− υ
u+ 1

∣∣∣x)]2

≤ [Γ (u+ 1)]
2

Γ (u− λ) Γ (u+ λ)

[Γ (u)]
2

Γ (u− λ+ 1) Γ (u+ λ+ 1)

× 2F1

(
u− λ, (1− υ)− w

u+ 1− λ

∣∣∣x)
× 2F1

(
u+ λ, (1− υ) + w

u+ 1 + λ

∣∣∣x) .
Corresponding to the definition (16), above inequality is equivalent to

u2

x2u
[Bx (u; υ)]

2 ≤ [Γ (u+ 1)]
2

Γ (u− λ) Γ (u+ λ)

[Γ (u)]
2

Γ (u− λ+ 1) Γ (u+ λ+ 1)

× (u− λ)

xu−λ
Bx (u− λ; υ + w)× (u+ λ)

xu+λ
Bx (u+ λ; υ − w) .

By applying the identity of gamma function

(17) Γ (p+ 1) = pΓ (p) , p > 0.
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We have the Turán-type inequality for incomplete beta function as follows:

(18) [Bx (u; υ)]
2 ≤ Bx (u− λ; υ + w)Bx (u+ λ; υ − w) ,

provided that 0 ≤ x ≤ 1;u > |λ| and υ > |w|.

2.2. Turán-type inequalities for generalized complete elliptic inte-
grals

The first and second kind of generalized complete elliptic integrals for x ∈
(0, 1) , x

′
=
√

1− x2 and ϕ ∈ (0, 1) are defined by κϕ (x) = π
2 2F1

(
1−ϕ, ϕ

1 |x2
)

κ′ϕ (x) = κϕ (x′)
κϕ (0) = π

2 , κϕ (1) =∞
and 

Eϕ (x) = π
2 2F1

(
1−ϕ, ϕ−1

1 |x2
)

E′ϕ (x) = Eϕ (x′)

Eϕ (0) = π
2 , Eϕ (1) = sinπϕ

2(1−ϕ) .

and can respectively be represented by the following integrals

(19)
κϕ (x) =

π

2

1

Γ (ϕ) Γ (1− ϕ)

∫ 1

0

t−ϕ (1− t)ϕ−1 (
1− x2t

)−ϕ
dt,

(0 < ϕ < 1; 0 < x < 1)

and

(20)
Eϕ (x) =

π

2

1

Γ (ϕ) Γ (1− ϕ)

∫ 1

0

t−ϕ (1− t)ϕ−1 (
1− x2t

)−(ϕ−1)
dt,

(0 < ϕ < 1; 0 < x < 1) .

Now, applying inequality (5) for g (t) = t−ϕ, h (t) = (1− t)ϕ−1
, f (t) =(

1− x2t
)−ϕ

and [a, b] = [0, 1] , results in the following inequality for first kind
of generalized complete elliptic integrals:(∫ 1

0

t−ξϕ (1− t)ξ(ϕ−1) (
1− x2t

)−ξϕ
dt

)2

≤
(∫ 1

0

t−(ξ−l)ϕ (1− t)(ξ−m)(ϕ−1) (
1− x2t

)−(ξ−n)ϕ
dt

)
×
(∫ 1

0

t−(ξ+l)ϕ (1− t)(ξ+m)(ϕ−1) (
1− x2t

)−(ξ+n)ϕ
dt

)
.

Corresponding to the identity (8), this is transformed to

[Γ (1− ξϕ)]
2

[Γ {ξ (ϕ− 1) + 1}]2

[Γ (2− ξ)]2

[
2F1

(
1− ξϕ, ξϕ

2− ξ

∣∣∣x2

)]2

≤ Γ [1− (ξ − l)ϕ] Γ [(ξ −m) (ϕ− 1) + 1]

Γ [2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)]
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2F1

(
1− (ξ − l)ϕ, (ξ − n)ϕ

2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)

∣∣∣x2

)
× Γ [1− (ξ + l)ϕ] Γ [(ξ +m) (ϕ− 1) + 1]

Γ [2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)]

2F1

(
1− (ξ + l)ϕ, (ξ + n)ϕ

2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)

∣∣∣x2

)
⇒
[

2F1

(
1− ξϕ, ξϕ

2− ξ

∣∣∣x2

)]2

≤ [Γ (2− ξ)]2

[Γ (1− ξϕ)]
2

[Γ {ξ (ϕ− 1) + 1}]2

× Γ [1− (ξ − l)ϕ] Γ [(ξ −m) (ϕ− 1) + 1] Γ [1− (ξ + l)ϕ] Γ [(ξ +m) (ϕ− 1) + 1]

Γ [2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)] Γ [2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)]

2F1

(
1− (ξ − l)ϕ, (ξ − n)ϕ

2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)

∣∣∣x2

)
× 2F1

(
1− (ξ + l)ϕ, (ξ + n)ϕ

2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)

∣∣∣x2

)
.(21)

If we replace ν1 = 1− ξϕ, ν2 = ξ (ϕ− 1) + 1, ν3 = ξϕ and µ1 = −lϕ, µ2 =
m (ϕ− 1) , µ3 = nϕ in inequality (21), we obtain the Turán-type inequality for
the class of generalized complete elliptic integrals of first kind as follows:[

2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x2

)]2

≤ [Γ (ν1 + ν2)]
2

[Γ (ν1)]
2

[Γ (ν2)]
2

Γ (ν1 − µ1) Γ (ν2 − µ2)

Γ [(ν1 − µ1) + (ν2 − µ2)]

× Γ (ν1 + µ1) Γ (ν2 + µ2)

Γ [(ν1 + µ1) + (ν2 + µ2)]

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x2

)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x2

)
.(22)

On the other hand, by applying the well-known relationship between beta
and gamma functions (11) we can obtain the final result as:[

2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x2

)]2

≤ B (ν1 − µ1, ν2 − µ2)B (ν1 + µ1, ν2 + µ2)

[B (ν1, ν2)]
2

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x2

)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x2

)
,(23)

provided that x ∈ (0, 1) ; ν1 > |µ1| and ν2 > |µ2|.
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When ξ = 1, inequality (21) reduces to the following inequality for the
function κϕ (x)[

2F1

(
1− ϕ, ϕ

1

∣∣∣x2

)]2

≤ [Γ (1)]
2

Γ [1− ϕ+ lϕ] Γ [ϕ−m (ϕ− 1)] Γ [1− ϕ− lϕ] Γ [ϕ+m (ϕ− 1)]

[Γ (1− ϕ)]
2

[Γ (ϕ)]
2

Γ [1 + lϕ−m (ϕ− 1)] Γ [1− lϕ+m (ϕ− 1)]

× 2F1

(
1− ϕ+ lϕ, (1− n)ϕ

1 + lϕ−m (ϕ− 1)

∣∣∣x2

)
2F1

(
1− ϕ− lϕ, (1 + n)ϕ

1− lϕ+m (ϕ− 1)

∣∣∣x2

)
.

If we put (−lϕ) = λ, m (ϕ− 1) = µ and nϕ = w in the above inequality,
we obtain the Turán-type inequality for generalized complete elliptic integrals
of the first kind as follows:[

2F1

(
1− ϕ, ϕ

1

∣∣∣x2

)]2

≤ [Γ (1)]
2

Γ [1− ϕ− λ] Γ [ϕ− µ] Γ [1− ϕ+ λ] Γ [ϕ+ µ]

[Γ (1− ϕ)]
2

[Γ (ϕ)]
2

Γ [1− (λ+ µ)] Γ [1 + (λ+ µ)]

× 2F1

(
1− ϕ− λ, ϕ− w

1− (λ+ µ)

∣∣∣x2

)
2F1

(
1− ϕ+ λ, ϕ+ w

1 + (λ+ µ)

∣∣∣x2

)
.(24)

From the definition of generalized complete elliptic integrals of first kind
κϕ (x) and relation (11), we get

[κϕ (x)]
2 ≤ π2

4
× B (1− ϕ− λ, ϕ− µ) B (1− ϕ+ λ, ϕ+ µ)

[B (1− ϕ, ϕ)]
2

× 2F1

(
1− ϕ− λ, ϕ− w

1− (λ+ µ)

∣∣∣x2

)
2F1

(
1− ϕ+ λ, ϕ+ w

1 + (λ+ µ)

∣∣∣x2

)
,(25)

provided that x ∈ (0, 1) ; 1− ϕ > |λ| and ϕ > |µ|.
By a similar approach, substituting g (t) = t−ϕ, h (t) = (1− t)ϕ−1

and

f (t) =
(
1− x2t

)−(ϕ−1)
in inequality (5) for [a, b] = [0, 1], we obtain(∫ 1

0

t−ξϕ (1− t)ξ(ϕ−1) (
1− x2t

)−ξ(ϕ−1)
dt

)2

≤
(∫ 1

0

t−(ξ−l)ϕ (1− t)(ξ−m)(ϕ−1) (
1− x2t

)−(ξ−n)(ϕ−1)
dt

)
×
(∫ 1

0

t−(ξ+l)ϕ (1− t)(ξ+m)(ϕ−1) (
1− x2t

)−(ξ+n)(ϕ−1)
dt

)
.

Corresponding to relation (8), after simplification eventually yields the fol-
lowing inequality[

2F1

(
1− ξϕ, ξ (ϕ− 1)

2− ξ

∣∣∣x2

)]2
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≤ [Γ (2− ξ)]2

[Γ (1− ξϕ)]
2

[Γ {ξ (ϕ− 1) + 1}]2

× Γ [1− (ξ − l)ϕ] Γ [(ξ −m) (ϕ− 1) + 1] Γ [1− (ξ + l)ϕ] Γ [(ξ +m) (ϕ− 1) + 1]

Γ [2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)] Γ [2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)]

× 2F1

(
1− (ξ − l)ϕ, (ξ − n) (ϕ− 1)

2− (ξ − l)ϕ+ (ξ −m) (ϕ− 1)

∣∣∣x2

)
× 2F1

(
1− (ξ + l)ϕ, (ξ + n) (ϕ− 1)

2− (ξ + l)ϕ+ (ξ +m) (ϕ− 1)

∣∣∣x2

)
.(26)

Hence, if we take ν1 = 1 − ξϕ, ν2 = ξ (ϕ− 1) + 1, ν3 = ξ (ϕ− 1) and
µ1 = −lϕ, µ2 = m (ϕ− 1) , µ3 = n (ϕ− 1) in inequality (26), then we get
Turán-type inequality for the class of generalized complete elliptic integral of
second kind as follows:[

2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x2

)]2

≤ [Γ (ν1 + ν2)]
2

[Γ (ν1)]
2

[Γ (ν2)]
2

Γ (ν1 − µ1) Γ (ν2 − µ2)

Γ [(ν1 − µ1) + (ν2 − µ2)]

× Γ (ν1 + µ1) Γ (ν2 + µ2)

Γ [(ν1 + µ1) + (ν2 + µ2)]

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x2

)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x2

)
.(27)

Or equivalently[
2F1

(
ν1, ν3

ν1 + ν2

∣∣∣x2

)]2

≤ B (ν1 − µ1, ν2 − µ2)B (ν1 + µ1, ν2 + µ2)

[B (ν1, ν2)]
2

× 2F1

(
ν1 − µ1, ν3 − µ3

(ν1 + ν2)− (µ1 + µ2)

∣∣∣x2

)
× 2F1

(
ν1 + µ1, ν3 + µ3

(ν1 + ν2) + (µ1 + µ2)

∣∣∣x2

)
,(28)

provided that x ∈ (0, 1) ; ν1 > |µ1| and ν2 > |µ2|.
Also when ξ = 1, we get the following inequality for the function Eϕ (x)

from the inequality (26)[
2F1

(
1− ϕ, ϕ− 1

1

∣∣∣x2

)]2

≤ [Γ (1)]
2

Γ [1− ϕ+ lϕ] Γ [ϕ−m (ϕ− 1)] Γ [1− ϕ− lϕ] Γ [ϕ+m (ϕ− 1)]

[Γ (1− ϕ)]
2

[Γ (ϕ)]
2

Γ [1 + lϕ−m (ϕ− 1)] Γ [1− lϕ+m (ϕ− 1)]

× 2F1

(
1− ϕ+ lϕ, (1− n) (ϕ− 1)

1 + lϕ−m (ϕ− 1)

∣∣∣x2

)
2F1

(
1− ϕ− lϕ, (1 + n) (ϕ− 1)

1− lϕ+m (ϕ− 1)

∣∣∣x2

)
.
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For (−lϕ) = λ, m (ϕ− 1) = µ and n (ϕ− 1) = w, the above inequality
reduces to the Turán-type inequality for generalized complete elliptic integrals
of second kind as follows:[

2F1

(
1− ϕ, ϕ− 1

1

∣∣∣x2

)]2

≤ [Γ (1)]
2

Γ [1− ϕ− λ] Γ [ϕ− µ] Γ [1− ϕ+ λ] Γ [ϕ+ µ]

[Γ (1− ϕ)]
2

[Γ (ϕ)]
2

Γ [1− (λ+ µ)] Γ [1 + (λ+ µ)]

× 2F1

(
1− ϕ− λ, (ϕ− 1)− w

1− (λ+ µ)

∣∣∣x2

)
2F1

(
1− ϕ+ λ, (ϕ− 1) + w

1 + (λ+ µ)

∣∣∣x2

)
.(29)

From the definition of generalized complete elliptic integrals of second kind
Eϕ (x) and relation (11), we obtain

[Eϕ (x)]
2 ≤ π2

4
× B (1− ϕ− λ, ϕ− µ)B (1− ϕ+ λ, ϕ+ µ)

[B (1− ϕ, ϕ)]
2

× 2F1

(
1− ϕ− λ, (ϕ− 1)− w

1− (λ+ µ)

∣∣∣x2

)
× 2F1

(
1− ϕ+ λ, (ϕ− 1) + w

1 + (λ+ µ)

∣∣∣x2

)
,(30)

provided that x ∈ (0, 1) ; 1− ϕ > |λ| and ϕ > |µ|.
In the particular case when ϕ = 1/2, the functions κϕ (x) and Eϕ (x) re-

duces to the elliptic integrals of the first and second kind κ1/2 (x) and E1/2 (x)
respectively.

On replacing ϕ = 1/2 with λ = −l/2, µ = −m/2 and w = n/2 in inequality
(24), then we get[

2F1

( 1
2 ,

1
2

1

∣∣∣x2

)]2

≤
Γ
(

1+l
2

)
Γ
(

1+m
2

)
Γ
(

1−l
2

)
Γ
(

1−m
2

)[
Γ
(

1
2

)]4
Γ
[
1 + (l+m)

2

]
Γ
[
1− (l+m)

2

]
× 2F1

(
1+l
2 , 1−n

2

1 + (l+m)
2

∣∣∣x2

)
2F1

(
1−l
2 , 1+n

2

1− (l+m)
2

∣∣∣x2

)
.

Applying the well-known identities (17) and

(31) Γ (p) Γ (1− p) =
π

sin (pπ)
, 0 < p < 1,

with Γ (1/2) =
√
π, we have[

κ1/2 (x)
]2 ≤ π

2
×

sin
[
(l +m) π2

]
(l +m) sin

[
(1− l) π2

]
sin
[
(1−m) π2

]
× 2F1

(
1+l
2 , 1−n

2

1 + (l+m)
2

∣∣∣x2

)
2F1

(
1−l
2 , 1+n

2

1− (l+m)
2

∣∣∣x2

)
,(32)

where x ∈ (0, 1) ; l,m ∈ (−1, 1) and n ∈ R.
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By a similar approach, on substituting ϕ = 1/2, with λ = −l/2, µ = −m/2
and w = −n/2 in inequality (29), then one finally obtains[

E1/2 (x)
]2 ≤ π

2
×

sin
[
(l +m) π2

]
(l +m) sin

[
(1− l) π2

]
sin
[
(1−m) π2

]
× 2F1

(
1+l
2 , −

(
1−n

2

)
1 + (l+m)

2

∣∣∣x2

)
2F1

(
1−l
2 , −

(
1+n

2

)
1− (l+m)

2

∣∣∣x2

)
,(33)

where x ∈ (0, 1) ; l,m ∈ (−1, 1) and n ∈ R.

2.3. Turán-type inequalities for confluent hypergeometric functions

Due to the importance of these functions, let us consider the confluent dif-
ferential equation:

(34) x
d2y

dx2
+ (γ − x)

dy

dx
− αy (x) = 0,

where α and γ are constant parameters. One of the basic solutions of the
confluent differential equation is the hypergeometric function of order (1, 1),
i.e.,

(35) y1 (x) = 1F1

(
α

γ

∣∣∣x) =

∞∑
k=0

(α)k
(γ)k

xk

k!
,

in which γ 6= 0,−1,−2, . . . , (α)n = α (α+ 1) · · · (α+ n− 1) and the series con-
verges for −1 ≤ x ≤ 1.

This Taylor series at x = 0 is known as the confluent hypergeometric function
of first kind [15] and has a specific integral representation as

(36)
1F1

(
α

γ

∣∣∣x) =
Γ (γ)

Γ (α) Γ (γ − α)

∫ 1

0

exttα−1 (1− t)γ−α−1
dt,

(γ > α > 0; |x| ≤ 1) ,

which we apply in inequality (5) to obtain a new inequality for the class of
confluent hypergeometric functions of first kind. For this purpose, let us first
replace g (t) = tα−1, h (t) = (1− t)γ−α−1

and f (t) = ext in inequality (5) for
[a, b] = [0, 1] to reach(∫ 1

0

tξ(α−1) (1− t)ξ(γ−α−1)
eξxtdt

)2

≤
(∫ 1

0

t(ξ−l)(α−1) (1− t)(ξ−m)(γ−α−1)
e(ξ−n)xtdt

)
×
(∫ 1

0

t(ξ+l)(α−1) (1− t)(ξ+m)(γ−α−1)
e(ξ+n)xtdt

)
.
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Therefore, according to (36), we obtain[
1F1

(
ξ (α− 1) + 1

ξ (γ − 2) + 2

∣∣∣ξx)]2

≤ [Γ {ξ (γ − 2) + 2}]2

[Γ {ξ (α− 1) + 1}]2 [Γ {ξ (γ − α− 1) + 1}]2

× Γ [(ξ − l) (α− 1) + 1] Γ [(ξ −m) (γ − α− 1) + 1]

Γ [(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2]

× Γ [(ξ + l) (α− 1) + 1] Γ [(ξ +m) (γ − α− 1) + 1]

Γ [(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2]

× 1F1

(
(ξ − l) (α− 1) + 1

(ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2

∣∣∣ (ξ − n)x

)
× 1F1

(
(ξ + l) (α− 1) + 1

(ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2

∣∣∣ (ξ + n)x

)
.(37)

For ξ = 1, inequality (37) is transformed to the following inequality for
confluent hypergeometric function of first kind:[

1F1

(
α

γ

∣∣∣x)]2

≤ [Γ (γ)]
2

[Γ (α)]
2

[Γ (γ − α)]
2

× Γ [α− l (α− 1)] Γ [(γ − α)−m (γ − α− 1)] Γ [α+ l (α− 1)] Γ [(γ − α) +m (γ − α− 1)]

Γ [γ − l (α− 1)−m (γ − α− 1)] Γ [γ + l (α− 1) +m (γ − α− 1)]

× 1F1

(
α− l (α− 1)

γ − l (α− 1)−m (γ − α− 1)

∣∣∣ (1− n)x

)
× 1F1

(
α+ l (α− 1)

γ + l (α− 1) +m (γ − α− 1)

∣∣∣ (1 + n)x

)
.(38)

If we put l (α− 1) = λ, m (γ − α− 1) = µ and n = 0 in inequality (38),
we obtain the Turán-type inequality for confluent hypergeometric functions of
first kind as follows:[

1F1

(
α

γ

∣∣∣x)]2

≤ [Γ (γ)]
2

Γ [α− λ] Γ [(γ − α)− µ] Γ [α+ λ] Γ [(γ − α) + µ]

[Γ (α)]
2

[Γ (γ − α)]
2

Γ [γ − (λ+ µ)] Γ [γ + (λ+ µ)]

× 1F1

(
α− λ

γ − (λ+ µ)

∣∣∣x) 1F1

(
α+ λ

γ + (λ+ µ)

∣∣∣x) .(39)

Or equivalently[
1F1

(
α

γ

∣∣∣x)]2

≤ B [α− λ, (γ − α)− µ]B [α+ λ, (γ − α) + µ]

[B (α, γ − α)]
2

× 1F1

(
α− λ

γ − (λ+ µ)

∣∣∣x) 1F1

(
α+ λ

γ + (λ+ µ)

∣∣∣x) ,(40)
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provided that α > |λ|, γ − α > |µ| and |x| ≤ 1.
The second basic solution of equation (34) is known as the confluent hyper-

geometric function of second kind [15] and usually given by

(41) y2 (x)=φ (α; γ;x)=
1

Γ (α)

∫ ∞
0

e−xttα−1 (1 + t)
γ−α−1

dt, (α > 0;x > 0) .

As well, now again replace g (t) = tα−1, h (t) = (1 + t)
γ−α−1

, f (t) = e−xt

and [a, b]→ [0,∞) in inequality (5) to reach(∫ ∞
0

tξ(α−1) (1 + t)
ξ(γ−α−1)

e−ξxtdt

)2

≤
(∫ ∞

0

t(ξ−l)(α−1) (1 + t)
(ξ−m)(γ−α−1)

e−(ξ−n)xtdt

)
×
(∫ ∞

0

t(ξ+l)(α−1) (1 + t)
(ξ+m)(γ−α−1)

e−(ξ+n)xtdt

)
.

Corresponding to definition (41), the following result will eventually be ob-
tained

[φ (ξ (α− 1) + 1; ξ (γ − 2) + 2; ξx)]
2

≤ Γ [(ξ − l) (α− 1) + 1] Γ [(ξ + l) (α− 1) + 1]

[Γ {ξ (α− 1) + 1}]2

× φ [(ξ − l) (α− 1) + 1; (ξ − l) (α− 1) + (ξ −m) (γ − α− 1) + 2; (ξ − n)x]

× φ [(ξ + l) (α− 1) + 1; (ξ + l) (α− 1) + (ξ +m) (γ − α− 1) + 2; (ξ + n)x].(42)

In the particular case when ξ = 1, the inequality (42) reduces to the following
inequality for the confluent hypergeometric function of second kind

[φ (α; γ;x)]
2 ≤ Γ [α− l (α− 1)] Γ [α+ l (α− 1)]

[Γ (α)]
2

× φ [α− l (α− 1) ; γ − l (α− 1)−m (γ − α− 1) ; (1− n)x]

× φ [α+ l (α− 1) ; γ + l (α− 1) +m (γ − α− 1) ; (1 + n)x] .(43)

If we put l (α− 1) = λ, m (γ − α− 1) = µ and n = 0 in inequality (43),
we obtain the Turán-type inequality for confluent hypergeometric functions of
second kind as follows:

[φ (α; γ;x)]
2 ≤ Γ (α− λ) Γ (α+ λ)

[Γ (α)]
2

× φ [α− λ; γ − (λ+ µ) ;x]× φ [α+ λ; γ + (λ+ µ) ;x] ,(44)

provided that α > |λ| and x > 0.

Example 2 (Turán-type inequalities for the lower incomplete gamma func-
tion). The lower incomplete Euler’s gamma function is defined for u, x > 0
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as

(45) Γ (u;x) =

∫ x

0

e−ttu−1dt, (u, x > 0) .

This function can be written in terms of the first kind of confluent hypergeo-
metric function as

(46) Γ (u;x) =

∫ x

0

e−ttu−1dt = u−1xu1F1

(
u

u+ 1

∣∣∣− x) , (u, x > 0) .

If α = u, γ = u+1 with l (u− 1) = λ and µ = 0 are substituted in inequality
(39), then one finally gets[

1F1

(
u

u+ 1

∣∣∣− x)]2

≤ [Γ (u+ 1)]
2

Γ (u− λ) Γ (u+ λ)

[Γ (u)]
2

Γ (u− λ+ 1) Γ (u+ λ+ 1)

× 1F1

(
u− λ

u+ 1− λ

∣∣∣− x) 1F1

(
u+ λ

u+ 1 + λ

∣∣∣− x) .(47)

This means that according to (46), we have

u2

x2u
[Γ (u;x)]

2 ≤ [Γ (u+ 1)]
2

Γ (u− λ) Γ (u+ λ)

[Γ (u)]
2

Γ (u− λ+ 1) Γ (u+ λ+ 1)

× (u− λ)

xu−λ
Γ (u− λ;x)× (u+ λ)

xu+λ
Γ (u+ λ;x) .

Now applying the identity (17), we have the Turán-type inequality for lower
incomplete gamma function as follows:

(48) [Γ (u;x)]
2 ≤ Γ (u− λ;x) Γ (u+ λ;x) , u > λ > 0, x > 0.

Example 3 (Turán-type inequalities for various kinds of modified Bessel func-
tions). It is known that the modified Bessel functions Iυ (x) and Kυ (x) can
respectively be represented in the terms of the first and second kind of confluent
hypergeometric functions by the following relations for x > 0 and υ > −1/2
(see for instant; [15]):

(49) Iυ (x) = I (υ;x) =
e−x

(
x
2

)υ
Γ (υ + 1)

1F1

(
υ + 1

2

2υ + 1

∣∣∣2x) ,
(50) Kυ (x) = K (υ;x) =

√
πe−x (2x)

υ
φ

(
υ +

1

2
; 2υ + 1; 2x

)
.

If we put α = υ+1/2, γ = 2υ+1 with l (υ − 1/2) = λ and m (υ − 1/2) = µ
in inequality (39), we obtain the Turán-type inequality for modified Bessel
functions of first kind Iυ (x) as follows:[

1F1

(
υ + 1

2

2υ + 1

∣∣∣2x)]2
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≤
[Γ (2υ + 1)]

2
Γ
(
υ + 1

2 − λ
)

Γ
(
υ + 1

2 − µ
)

Γ
(
υ + 1

2 + λ
)

Γ
(
υ + 1

2 + µ
)[

Γ
(
υ + 1

2

)]2 [
Γ
(
υ + 1

2

)]2
Γ [2υ + 1− (λ+ µ)] Γ [2υ + 1 + (λ+ µ)]

× 1F1

(
υ + 1

2 − λ
2υ + 1− (λ+ µ)

∣∣∣2x) 1F1

(
υ + 1

2 + λ

2υ + 1 + (λ+ µ)

∣∣∣2x) .(51)

The above inequality (51) can also be expressed as[
1F1

(
υ + 1

2

2υ + 1

∣∣∣2x)]2

≤
B
(
υ + 1

2 − λ, υ + 1
2 − µ

)
B
(
υ + 1

2 + λ, υ + 1
2 + µ

)[
B
(
υ + 1

2 , υ + 1
2

)]2
× 1F1

(
υ + 1

2 − λ
2υ + 1− (λ+ µ)

∣∣∣2x)
× 1F1

(
υ + 1

2 + λ

2υ + 1 + (λ+ µ)

∣∣∣2x) .(52)

For λ = µ and corresponding to definition (49), the following result will
eventually be obtained

[Iυ (x)]
2 ≤

B
(
υ + 1

2 − λ, υ + 1
2 − λ

)
B
(
υ + 1

2 + λ, υ + 1
2 + λ

)[
B
(
υ + 1

2 , υ + 1
2

)]2
×

[
1−

(
λ

υ

)2
]
× Γ (υ − λ) Γ (υ + λ)

[Γ (υ)]
2 × Iυ−λ (x) Iυ+λ (x) ,(53)

provided that υ > |λ| and x > 0.
By a similar approach, substituting α = υ + 1/2 and γ = 2υ + 1 with

l (υ − 1/2) = λ and m (υ − 1/2) = µ in inequality (44), we obtain the Turán-
type inequality for modified Bessel functions of second kind Kυ (x) as follows:[

φ

(
υ +

1

2
; 2υ + 1; 2x

)]2

≤
Γ
(
υ + 1

2 − λ
)

Γ
(
υ + 1

2 + λ
)[

Γ
(
υ + 1

2

)]2
× φ

[
υ +

1

2
− λ; 2υ + 1− (λ+ µ) ; 2x

]
× φ

[
υ +

1

2
+ λ; 2υ + 1 + (λ+ µ) ; 2x

]
.

This means that according to (50) and for λ = µ , we have

(54) [Kυ (x)]
2 ≤

Γ
(
υ + 1

2 − λ
)

Γ
(
υ + 1

2 + λ
)[

Γ
(
υ + 1

2

)]2 ×Kυ−λ (x)Kυ+λ (x) ,

provided that υ + 1
2 > |λ| and x > 0.
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