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STRONG CONVERGENCE OF MODIFIED ISHIKAWA
ITERATES FOR ASYMPTOTICALLY NONEXPANSIVE MAPS
WITH NEW CONTROL CONDITIONS

A. ANTHONY ELDRED AND P. JULIA MARY

ABSTRACT. In this paper, we establish strong convergence of the mod-
ified Ishikawa iterates of an asymptotically non expansive self-mapping
of a nonempty closed bounded and convex subset of a uniformly convex
Banach space under a variety of new control conditions.

1. Introduction and preliminaries

The class of asymptotically nonexpansive maps was introduced by Goebel
and Kirk [5] in 1972, they proved that every asymptotically nonexpansive self-
mapping of a nonempty closed bounded and convex subset of a uniformly
convex Banach space has a fixed point. In the past few decades fixed point
iterations of Mann and Ishikawa schemes have been extensively studied by var-
ious authors to approximate fixed points of nonexpansive and asymptotically
nonexpansive mappings. Mann and Ishikawa process were first studied for non-
expansive operators and later it was modified to study the convergence of fixed
points of asymptotically nonexpansive mappings see [2—4,6-10,12].

In all these results the control sequences {«a,} and {3,} are required to be
bounded away from 0 and 1. Our objective is to show that the strong conver-
gence is still true when «, is allowed to approach 0 or 1 and 3, is allowed to
approach 0 and thereby extending the validity of Mann’s and Ishikwa iteration
scheme. In particular we show that if F is uniformly convex, C' a nonempty
closed convex and bounded subset of E and T: C — C'is a completely con-
tinuous asymptotically nonexpansive mapping with sequence {k,} satisfying
kn > 1 and > °7 (k2 — 1) < oo and the sequence {z,} is defined by the

n=1
Mann'’s iteration
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1272 A. ANTHONY ELDRED AND P. JULIA MARY

or the Ishikawa iteration

Tn+1 = (1 - %)T"yn + %zn;
Yo = 1T72, + (1 - 1)z,

then {z,} strongly converges to a fixed point of T.

Let us see some basic concepts and results related to our work.

Let E be a real Banach space and let C' be a nonempty closed convex subset
of E. A self mapping T': C' — C is called nonexpansive if

(1) [Tz =Ty < [lv -yl Ve,y € C

and asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
lim,, o Kk, = 1 such that

(2) |T"2 —T"y|| < knllz —yll, Yo,y € C and n>1.

Let C be a nonempty convex subset of a normed linear space £, T: C — C' a
mapping and {a,} and {8,} be two sequences in [0, 1]. The sequence {z,}5,
defined by

xo € C,
(3) Tnt1 = ATy + (1 — )Ty
Yn = BnTnxn + (]- - 671)1'71,

is called the modified Ishikawa iterative process.

The Ishikawa iteration was first introduced by Ishikawa for the class of Lip-
schitzian pseudo-contractive operators. Under certain assumptions on the se-
quences {ay} and {f,}, the ishikawa iterative process associated with a Lips-
chitizian pseudocontractive operator converges strongly to a fixed point of T
The result of Ishikawa is stated as follows:

Theorem 1.1 ([7]). If C is a conver compact subset of a Hilbert space H, T
is a lipschitizian pseudo-contractive map from C into itself and x1 is any point
in C, then the sequence {x,}52 1 converges strongly to a fized point of T, where
Ty, s defined iteratively for each positive integer n by

-rn-i-l = (1 - an)xn + anT[(l - ﬁn)xn + BnTan

where {an}oo 1, {Bn}re, are sequences of positive numbers satisfy the following
three conditions:

() 0<an<fu<l, n>l

)
(iii) Yo% anfy = oo,

In [9, 10], Schu introduced a modified Mann process to approximate fixed
points of asymptotically nonexpansive self-maps defined on nonempty closed
convex and bounded subsets of a Hilbert space H.
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Theorem 1.2 ([9]). Let H be a Hilbert space, C a nonempty closed convex and
bounded subset of H. Let T: C'— C be a completely continuous asymptotically
nonexpansive mapping with sequence {k,} C [1,00) for alln > 1, limk, =1
and Y07 (k2 —1) < co. Let {a, }32, be a real sequence in [0,1] satisfying the
condition € < o, <1 —€ for all n > 1 and for some € > 0. Then the sequence
{zn} generated from arbitrary x1 € C' by

Tnt1 = (L —ap)zy + @, Tz, n>1

)

converges strongly to some fixed point of T.

In [11], Rhoades extended the theorem of Schu to uniformly convex Banach
space using modified Ishikawa iteration scheme. The following are the main
results of [11].

Theorem 1.3 ([11]). Let E be uniformly convex, C' a nonempty closed con-
vexr and bounded subset of E. Let T: C — C be a completely continuous
asymptotically nonexpansive mapping with sequence {k, } satisfying k, > 1 and
Yoo (kh —1) < oo, r = max{2,p}; € < a, < 1—€ for all n and for some

€ > 0. Choose g € C by
Tnt1 = (1 —ap)zy + @, T2, n>0.
Then the sequence {x,} converges strongly to some fixed point of T.

Theorem 1.4. ([11]) Let E be uniformly convezr, C' a nonempty closed con-
vex and bounded subset of E. Let T: C — C be a completely continuous
asymptotically nonexpansive mapping with sequence {k,} satisfying k, > 1 and
S (klh—1) < oo, r =max{2,p}. Define {a,}, {Bn} to satisfy e < (1—ay),

(1=5,) <1—c¢€ for alln and for some € > 0. Define
Tpt1 = nT"yn + (1 — ) Tn;
Yn = 6nTnxn + (1 - ﬂn)xn

Then the sequence {x,} converges strongly to a fized point of T.
The following definitions and results will be used in our main results.

Definition 1.5. A Banach space X is said to be

(1) uniformly convex if there exists a strictly increasing function 0 : (0,2] —
[0,1] such that for every z,y,p € X, R > 0 and r € [0,2R], the following
implication holds:

|z —pll <R,
ly—p| <R, =
|z =yl >r

) ER;

o
|
I=vl i
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(ii) strictly convex if for every x,y,p € X and R > 0, the following implica-
tion holds:

fe-pl<r
-rl<k = |TF s <r
rFy

Lemma 1.6 ([13]). Let r > 0 be a fized real number. Then a Banach space
E is uniformly convex if and only if there is a continuous strictly increasing
conver map g: [0,00) — [0,00) with g(0) = 0 such that for all x,y € B,[0] =
2 2 2

{re Bz <r} Az + 1 =Nyl” < All"+1=A) [ly[IP=A1=N)g(llz = yl))
for all A € [0,1].

Lemma 1.7 ([14]). Let g: [0,00) — [0,00) with g(0) = 0 be a strictly in-
creasing map. If a sequence {x,} in [0,00) satisfies lim, o g(x,) = 0, then
lim,, oo T, = 0.

Lemma 1.8 ([9]). Let C be a nonempty convex subset of a normed space E. Let
T:C — C be uniformly L-lipschitzian and {a,} and {B,} € [0,1]. Suppose
{zn} is defined as in (3) and set ¢, = | T"(xn) — xpl|| for all m € N. Then
|z — T(zn)|| < n + cn—1L(1 4+ 3L + 2L?) for alln € N.

Lemma 1.9 ([3]). Let {a,} and {b,} be two sequences of nonnegative real
numbers with >~ | b, < co. If one of the following condition is satisfied:

(1) An+1 S an+bn7n2 17
(11) An+1 < (1 + bn>an7 n = 17
then lim,,_,  a,, exists.

2. Main results

Lemma 2.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E. Let T: C — C' be an asymptotically nonerpansive map with
sequence ky C [1,00) and ), <, (k, —1) < 0o with at least one fized point. Let
an C (0,1). Suppose {x,} is given by (3). Then lim, o ||z, — p| ezists for
each p € F(T).

Proof. Let p € F(T). Then

[#n1 = pll = llan(T"yn — p) + (1 — an)(@n — p)

an | T"yn = T"pll + (1 = an) [lzn — pl|

ankn |yn — pll + (1 — an) [lzn — p||

= anky [[Bn(T"2n — p) + (1 = Bp) (@0 — p)[| + (1 — o) [z — P
anBrkn [T %y — pll + ankn (1 = Bn) |zn — pll

+ (I —an) lzn —pll

< an Bkl 20 — pll + ankn(1 = Ba) llzn = pll + (1 = ) [l — pl|
lzn —pll [anﬁnki + ankn — Bk, +1— an]

VARVAN

IN

A
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= 2 = pl [ Bk (i = 1) + i = 1)+ 1]
= llzn = pll 1 + gl
where (1, = anfnkn(kn — 1) + an(ky — 1).
Therefore
(4) [2ns1 = pll < llzn — pll 1+ pn]-
Also we deduce that

|1 =l < llex = pll (14 p2) (L4 pa2) - (1 + pa) < 2 = pll 7= ().

Thus [z, — pl| is bounded and since 3, -, (k,—1) < oo, applying (4) in Lemma
1.9, we conclude that lim, . ||z, — p|| exists. O

The following lemma is very much useful in proving our results.

Lemma 2.2. Let {a,}52; and {b,}32, be positive sequences of real numbers
satisfying
(i) {an} is a decreasing sequence,
(il) > a, = oo,
(iii) > anby, < 0.
Then there exists a subsequence {ny} of N such that the sequence {by, ,bn,+1} =
brys bny 41,000, bnot1y oo, by, bny41, ... converges to zero.

Proof. 1t is enough to show that given € > 0 and an positive integer k there
exists ng > k such that b,, <e and b,, 41 <e.

Suppose it is not true then there exist € > 0 and a positive integer kg such
that for each n > kg either b, > € or b,y1 > ¢e. Let Ny = {n > ko : b, > ¢}
and No = {n > ko : b, < €}. Arrange the elements of N; and N, in natural
order denoted by n; and m; respectively. Since m; € N, m; — 1 € N;. From
condition (ii) and by our assumption both N7 and N, are infinite.

As n; € Ny, we have
az:ank < Zankbnk < 00

which implies Y a,, < oo.
Also apm,; < @m,—1 and m; — 1 € Ny, therefore

oo oo oo
Zami < Zamiq < Zan < 00.
i=1 =1 i=1

And

o0 o0 o0
Z Ay = Z A, + Z Ayp,; < OO

i=k+1 i=k+1 i=k+1

a contradiction. Hence the lemma. O



1276 A. ANTHONY ELDRED AND P. JULIA MARY

Lemma 2.3. Let C' be a nonempty closed convex subset of a Banach space E.
Let T: C' — C be continuous and {x,,} be defined in C' such that lim ||z, — p||
n—oo

exists for each p € F(T). Suppose there exists a convergent subsequence {x, }

such that ||zy, — Txp, || = 0 then {x,} converges to a fized point of T.

Proof. Let {xn,} be a sequence of {z,} converging to some =z € C. As

|2n, — Ty, || — 0and since T is continuous we have Tz = z. As lim ||z, — z||
n—o0

exists, we conclude that z,, — . [l

Theorem 2.4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E and let T: C — C be an asymptotically nonexpansive map with
at least one fived point and the sequence {kn} > 1 be decreasing and satisfy
Yoo (k2 —1) < oco. Let {a,} and {B,} be sequences in [0,1] satisfying one of
the following conditions:

(A) > jan(l—ay,) =00 and B, L B <1,
(B) Y0 Bn(1 =) =00 and o, L >0 and B, | B <1,
(C)0<a, <b<1,>* a,=o00 and B, — 0 asn — co.

Then there exists a subsequence {x,, } of {xn} such that ||x,, — Txy, | — 0.

Proof. For any p € F(T'), we have

|Zn41 — 2l
= |lan (T"yn — p) + (1 — ) (¥ — p)
n 2 2 n
< an |[T"yn —pI" + (1 — o) |20 = pII" — an (1 — an) g ([[2n — T"ynl|)
(using Lemma 1.6)

2
|

k2 (g = I + (1 = ) llo = > = an (1 = @) g (2 — T
= anky, [Bu(T" 20 = p) + (1= Ba) @ — p’
+ (1= an) 2 = pI = an (1= @n) g (2 = T"yul)
k2 { B IT" @0 = pI* + (1 = Ba) 2 = pI* = Bul(l = Bu)g llzn — T}
+ (1= an) an = pl = (L= @) g (= T2
k2 { Buk llow = pI* + (1= Ba) = B = Bu(1 = B)g (lon — T"wall)}
+ (1= ) 2 = pI = an(l = an)g (lan = T"yul)
= anBak |20 = pII” + ank2(1 = Bu) lle — pI
— ank2 (1 = B)g(len — T"en]) + (1= an) 2 = plf
— an(l = an)g(llzn = T"yal)
= Bk [n =PI + @k [ = pI* = @nfuk? n = pl* + 2 — p|
— [ = pI* = k2 Bu(1 = Bu)g(llzn — T"n))

IN

IN
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- an(l - an)g(Hxn - TnynH)
and hence
an(1 = an)g(lzn — T"yall) + O‘nkiﬁn(l = Bn)g([|xn — T xn|)
< ”mn —p||2 - ||$n+1 - pH2 + {O‘nﬁnki - anﬁnki + ankr% - an} Hxn - p”2 .
From which we obtain the following inequalities
(5) an (1 - an)g(Hxn - Tnyn”)
2 2 2
< lwn = plI” = l[#ns1 —plI” + {anﬁnki(k?z -1+ an(ki =D} lzn —plI”,

(6)  anBukn(l = Ba)g(llen — T"zu])
< lwn = pI* = llznr = pl” + {anBakyy (k= 1) + an(ky = D} 2, — p|*.
Case (i). Suppose {a,,} and {8,} satisfy (A). Let m > 1 then from (5),

Mz

an (1 - an)g(Hxn - TnynH)
1

3
I

2 2
(lzn = plI” = llzn1 = pI7)

1

Y Mz = pl* {anBuks (k= 1) + an(k; = 1)}

n=1

3
I

+

pnqs

2 2
(e = oI = llznsa = ol )
1

+ o Bk ann pl* ( +Z||wn pl* e (k7 — 1)

3
Il

= a1 —p|| - H90m+1 —p||
+anBukn Y o —pl? (k2 = 1) +an Y [lzn —pl* (k2 = 1) .
n=1 n=1

Since {||zn — p||} is bounded, allowing m — oo we have

Z an(1—ap)g (|Jxn — T ynll) <

Let ¢, = ||lxp, —T™ an and d,, = ||z, — T"yn| .- Put a, = a, (1 — ;) and
bn = g([[zn — T"yn||), then from Lemma 2.2, {g(dy, ), g(dn,,,)} converges to
zero. Again from Lemma 1.7, {d,, ,dn, ., } converges to zero.

Since

|2n =T || = |20 — T"yn — T"n + T"yy||
<Mwn =T ynll + |1 T" 20 — T"yu|
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< zn = T"Yull + kn (|20 — ynl|
= Hxn - Tnyn” + kn Hxn — BTy — xpn + annH
= [|zn = T"Yull + knBy |z — T 24| 4
(1 = knBn) cn < d,,.
Since 3, | 8 < 1, and k,, | 1 the sequence ¢, converges to zero whenever d,,

converges to zero. Hence we conclude that {cy, , cn,+1} converges to zero.
Case (ii). Let «,, and B, satisfy (B). Then from (6),

Zanﬂn (1= Bn) g (|lzn —T"zy||)
n=1

m

2 2
> lzn = plI* = llzns1 = pII*)
n=1

IN

+ Z 2 — plI* {nBak? (k2 — 1) + v (K2 — 1)}

= Hxl—pll — [&ms1 —pl?
+Z||xn plI* an Bk, (k +lewn pl* o (k7 —1) .
n=1

Letting m — oo, as in Case (i) we have
S a2 (1= ) g (70 — T} < o0
n=1
Since «,, | a > 0 and 8, | 8 < 1. From condition (B) we have
Z an Bk (1= Bn) =

Put ¢, = ||zn, — T"zy|| then from Lemma 2.2, {cy, , ¢n,+1} converges to zero.
Case (iii). Let o, and S, satisfy (C).
Using the condition 0 < o, <b < 1 in (5),
an(1 =0)g(llzn —T"(yn)lI)
2 2
< an = pl* = lznss = oI + 20 — plI* {anBaks (ki — 1) + an(ky — 1)} .
Summing the first m terms,

m

Z an(1=0)g(l|lzn — T ynll)

< Y (lea=pl*=lenr—pl* +Z|\xn plI* {anBakis (ks = 1) +an(ky — 1)}

n=1

3
-

3
—
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= Jlzv = pI* = lemsr =PI+ lon—pl* {anBuki (k7 = 1) + an(k; = 1)} .

n=1

Since {||z, — p||} is bounded, allowing m — co we have

Z (1 =b)g([|zn — T"ynl|) < 0.
n=1

Let dy, = ||zn — T"Ynl, ¢n = ||xn — T"xy||. Proceeding as in Case (i), we
conclude that {cy, , ¢n,+1} converges to zero.

In all the three cases we have proved that {c,, , ¢, +1} converges to zero. Ap-
plying in Lemma 1.8, we obtain a subsequence {z,,, } such that ||z,, — Tz, | =
0 and this completes the proof of the theorem. O

Theorem 2.5. Let E be uniformly convex, C' a nonempty closed conver and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonexpansive mapping with sequence {k,} satisfying kn, > 1 and Y o (k% —
1) < 00. Let {an}, {Bn} be sequences satisfying anyone of the conditions (A),
(B) and (C) in Theorem 2.4. Define

Tn+l1 = anTnyn + (]- - Ckn)l'n,
Then the sequence {x,} converges strongly to a fized point of T.

Proof. Define {x,} as above, then by Theorem 2.4 and since T is completely
continuous, we can find a subsequence {z,,} of {z,} such that z,, — x and
x = Tz. But lim,,_, ||z, —p|| exists whenever p is a fixed point of T'. Therefore
Ty — T. O

Corollary 2.6. Let E be uniformly convex, C' a nonempty closed convexr and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and >~ (k2 —
1) < oo and > 07 an(l — ay,) = 00. Suppose

Tl = T @y + (1 — o)Xy,
Then the sequence {x,} converges strongly to a fized point of T.

Proof. Put 5, = 0 in condition (A). O

Corollary 2.7. Let E be uniformly convex, C' a nonempty closed convexr and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and >~ | (k% —
1) < co. Suppose

1 1
R gT”a:n +(1- ﬁ)x”
Then the sequence {x,} converges strongly to a fized point of T.
Proof. Put a,, =  and 8, = 0 in condition (A). O
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Corollary 2.8. Let E be uniformly convex, C' a nonempty closed convexr and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and Y-, (k2 —
1) < co. Suppose

1

1
Tpt1 = (1 = =)T"Yn + —Tn,
n n
1 1
Yn = =Tz, + (1 — =)y
n n
Then the sequence {x,} converges strongly to a fized point of T.

Proof. Put a, =1 — 1 and 8, = 1 either in (A) or (B) or (C). O
Corollary 2.9. Let E be uniformly convex, C' a nonempty closed convexr and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and >~ (k% —
1) < co. Suppose

1 1
Tn+1 = *Tnyn + (1 - 7)377“
n n
1 1
n n
Then the sequence {x,} converges strongly to a fized point of T.

n

Proof. Put a,, = + and 8, = % in condition (A). O

Corollary 2.10. Let E be uniformly convex, C' a nonempty closed convex and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and >, (k% —
1) < co. Suppose

1
—(1— ™z, + ——a,.
Tpt1 = ( n—i—l) xn+n+1x
Then the sequence {x,} converges strongly to a fized point of T.
Proof. Put a,, =1 — #—1 and S, = 0 in condition (A). O

Corollary 2.11. Let E be uniformly convex, C a nonempty closed convex and
bounded subset of E. Let T: C — C be a completely continuous asymptotically
nonezpansive mapping with sequence {k,} satisfying k, > 1 and Y o, (k2 —
1) < co. Suppose

Tp+1 = Tnynv
1 1
Yn = =Tz, + (1 — =)zp.
n n
Then the sequence {x,} converges strongly to a fized point of T.

Proof. Put a, = 1 and 8, = % in condition (B). O
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Example 2.12. Let E = R? be the euclidean space and let C' = B[0 : 9/10] C
R? where B[0 : 9/10] is the closed ball centered at 0 with radius 9/10. Define
T:C = C by

T(x1,29) = (22, sinzy).
Here T"(x1,22) = (22, sin™ x5) where sin™
function over n times at zs.

9 is the composition of sine

Consider (z1,z2) and (y1,y2) in C

17" (1 w2) = T (1,2 | = || (@37, 50" ) — (5", sinya) |

) o 1/2
= ((mf” — ")+ <sin(") o — sin(™ yg) > .

Let 21 < y1, then

(@" —yi") = (o1 —y) (@ a7 F e T b by Ty )

< (z1—y1)2nyi"
By mean value theorem we have |sin(sinzs) — sin(sinyz)| < |sinzg — sinya| <
|z2 — ya|. Inductively for each n € N

|sin™ 25 — sin™ yo| <| 20 — 15 | .

Thus

e 1/2
17" (@1, 22) = T ()| = (21 = 30)* 40270 4 (@2 = 92)°)

Since 4n2yf(2n_1) < 1 for sufficiently large n it follows that 7" is asymptotically

nonexpansive. But T is not non expansive for
II7(0.8,0) — 7°(0.7,0)|| = |/(0.64,0) — (0.49,0)| = 0.15 > ||(0.8,0) — (0.7,0)]|.

Let 1 = (21,,x1,) € C and suppose x,, = (Zy,, Tp,) is defined as in Corollary
2.10 by

n+1l n+1
Then {x,} converges to the fixed point (0,0).

Ty, + 022"z, +sin™Ma,,
Tn+1 =

3. Rate of convergence

In this section, we present a convergence result for modified Mann’s iterative
sequences which establishes that for a certain class of operators the iteration
defined in Corollary 2.10, converges faster than the usual modified Mann’s
iteration.

Definition 3.1 ([1]). An operator T is called a Zamfirescu operator if there
exist real numbers «, f and v, 0 < a < 1, 0 < g,v < 0.5, such that for any
z,y € F at least one of the following conditions hold:

(a) [Tz =Tyl < alle -yl
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(b) |72 = Tyl < B[l — T|| + lly — Tyll],
(©) 1Tz = Tyl <~lllz = Tyll + lly — T]]].

Definition 3.2. Let {a,}52, and {b,}52, be two positive real sequences con-
verging to 0. We say {a, }22, converges faster than {b,}>2, if

. (279
lim — =0.
n— oo n

Theorem 3.3. Let E be uniformly convex, C' a nonempty closed conver and
bounded subset of E. Let T: C — C be a Zamfirescu operator. Let x1 = y; =
a € C. Suppose we define the sequences {xn}5>, and {y,}o>, by

1
n+1

(7) Tpy1 = (1— )Tz, +

PEN

(8) Ynt1 = anTnyn + (]- - an)ynv e<a,< 1-— €,

where {yn 152 is the usual modified Mann’s iteration. Then both {x,} and
{yn} converge to the unique fized point p of T and {x,} converges faster to p
than {y,}.

Proof. Tt is known from Theorem 2.4 of [1] that any Zamfirescu operator possess
a unique fixed point and satisfies

(9) [Tz —Ty|| < 6.||lz — yll +20.||lz — Tz
for all z,y € C, where
)= max{a, %, ﬁ} <1
Let y,, be the sequence defined by (8). Take y = y,, and = p in (9), then
(10) 1Tyn — pll < 6.llyn — pll

and thus
(11) | T"yn —pll < 6NT" V= pl| < 2 NT" Pyn —pll < -+ < 6"y — pl-
From (11), we obtain
Hyn-‘rl _p” = ”anTnyn + (1 - an)yn _pH

< o[ T"yn — pll + (1 — an)llyn — p|

< and"lyn — pll + (1 — an)llyn — pl|

< (1 —an+and)|yn — ol
which implies that

(12) lyns1 —pll < T (1= an + axd®)llys — pll-
k=1



STRONG CONVERGENCE OF MODIFIED ISHIKAWA ITERATES 1283

Similarly for the sequence x,, defined by (7), we obtain

. 1 1
(13) |z —pll < I <k+1 + (1 - lﬁ—l) 5k) 1 —pl.

k=1

Let a, = [[,_, (%4—1 + < - k%_l) 5’“) and b, = [[}_,(1 — o + ad"). Since
r1 = Y1 = a, it is enough to show that lim, ,. $* = 0. Let ¢, = 3=, then
applying ratio test we see that

1 _ 1 5n+1
CnJrl o n+2 n+2

Cn (1 — Qp41 + Oén+15”+1)
Since € < (1—ap41) < 1—cand 8™ — 0, we get lim,, o, <2 = 0 and therefore
we conclude that 22021 ¢, converges which implies lim,, % =0. O
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