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FABER POLYNOMIAL COEFFICIENT ESTIMATES
FOR CERTAIN SUBCLASS OF MEROMORPHIC
BI-UNIVALENT FUNCTIONS

AHMAD MOTAMEDNEZHAD AND SAFA SALEHIAN

ABSTRACT. In this paper, we obtain the coefficient bounds for subclass
of meromorphic bi-univalent functions by using the Faber polynomial
expansions. The results presented in this paper would generalize and
improve some recent works.

1. Introduction

Let X denote the class of meromorphic univalent functions f of the form

(1.1) f(z):z+b0+zz—z,
n=1

defined on the domain A = {z € C: 1 < |z| < oo}. Since f € X is univalent, it
has an inverse f~!, that satisfy

U () =2 (z€4)
and

f(f Y (w)=w (M < |Jw| < oo, M >0).

A simple calculation shows that the function g := f~! is given by

o l;n
g(w):w+B0+Zﬁ
(1.2) n=1

b ba + bob bs + 2boby + b2by + b2
:U/—bo—i— 2 + 0001 03 + 20901 + 001 + L,

w? w3

A function f € ¥ is said to be meromorphic bi-univalent in A if both f
and f~! are univalent in A. The family of all meromorphic bi-univalent func-
tions is denoted by Yg3. Estimates on the coefficient of meromorphic univalent
functions were widely investigated in the literature; for example, Schiffer [15]
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obtained the estimate |by| < 2/3 for meromorphic univalent functions f €
with by = 0 and Duren [6] proved that |b,| < 2/(n+ 1) for f € ¥ with by =0,
1<k<n/2.

For the coefficients of inverses of meromorphic univalent functions, Springer
[17] proved that

1
|B3| <1 and |Bs+ §Bf| <

|~

and conjectured that
(2n —2)!
nl(n —1)!

In 1977, Kubota [12] proved that the Springer conjecture is true for n = 3,4,5
and subsequently Schober [16] obtained a sharp bounds for the coefficients
BQn—l, 1 S n S 7.

Several researchers (for example see [4,5,8-11,19]) introduced and investi-
gated new subclasses of meromorphically bi-univalent functions.

Recently, T. Panigrahi [13] introduced the following subclass Ts, (8, ) of
meromorphic bi-univalent function and obtained non sharp estimates on the
initial coefficients |bg|, |b1| and |b2| for functions in this subclass. In this paper,
we use the Faber polynomial expansion [7] to obtain not only improvement of
estimates of coefficients |bg|, |b1| and |ba| which obtained by Panigrahi [13], but
also we find estimates of coefficients |b,,| where n > 3.

|Bon—1| < (n=1,2,...).

Definition 1.1 ([13, Definition 3.1]). A function f(z) € g given by (1.1) is
said to be in the class T, (8, A), if the following conditions are satisfied:

Im{ﬁf@)+@m<1+ﬁ%@)}>ﬁm§5<1JZ1JeA)

f(2) f'(z)
and
wg' (w) N wg" (w) w
Re{)\ o) +(1 )\)(1+ 7w )}>B(O§ﬁ<1,)\217 € A),

where the function g is the inverse of f given by (1.2).

Theorem 1.2 ([13, Thoerem 3.2]). Let f(z) given by (1.1) be in the class
Tsw (B, A). Then

|b0| S M7
1-5 41— )2
i< 1
and
2(1 - B) A1 - p)?
bQSs@A—m[1+ \2 }
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2. Preliminary results

In the present paper by using the Faber polynomial expansions we obtain
estimates of coefficients |a,| where n > 3, of functions in the class Tx,, (8, A).
The Faber polynomials introduced by Faber [7] play an important role in var-
ious areas of mathematical sciences, especially in geometric function theory.
Several authors worked on using Faber polynomial expansions to find coeffi-
cient estimates for classes bi-univalent functions, see for example [3,5,8-11,18].
For this purpose we need the following lemmas.

Lemma 2.1 ([1,2]). Let f(z) =z4+bo+ Y % be meromorphic univalent
function in A ={z € C:1<|z] <oo}. Then we can write,

2f'(2) - 1
2.1 =1 Fr(bo,b1,...,bk_1)—
( ) f(Z) +; k( 0, Y1, s Uk l)zk’
where Fi(bo,b1,...,bk—1) is a Faber polynomial of degree k,
Fr(bo,ba, ... bp_1) = > Alirim i) DoOI bl
114204+ kip=k
and

Ao e (1) kH2iaHBin et (b ik (iy +ig4---+ip — 1)k
(i1,42,00000k) " ( ) il — .
1:292 U

The first Faber polynomials Fy (b, b1, ...,br) are given by:
Fi(by) = —by, Fa(bo,b1) = b2 —2by and Fs(bg,by,ba) = —b3 + 3boby — 3ba.

Lemma 2.2 ([3, page 52]). Let f(z) = z + by + 3.0, % be meromorphic

n=1 zm
bi-univalent in A = {z € C: 1 < |z| < co}. Then the coefficients of function
g:= f~1 are given
— B — 1 1
(2.2) g(w):w—l—Bo—&-Zw—Zzw—bo—ZEKQHW; M < |w| < oo,
n=1 n=1

where
1
Kjipy = nbg~ by +n(n = Db 2bs + on(n = 1)(n = 2)b 7 (bs + b})

n(n—1)(n —2)(n —3)
* 3]

by~ (ba + biba) + > by UV

Jj=5
and V; with 5 < j < n is a homogeneous polynomial of degree j in the variables
b1,b2,...,b,. In particular K21 = by, %Kg = boby + by and %Kff = b%bl +
2bgby + bs + b%

By applying Lemma 2.1 for a function %((;))/ =1+ Z;,/;i‘j) we can obtain

the following lemma.
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Lemma 2.3. Let f(2) = 2+by+3>.°0 | b be a meromorphic univalent function

n=1 zn

in A={zeC:1<|z| <oo}. Then we can write,

A (Zf/(z)> L (1-)) <1 + Zf%z))

f(2) 70
_ 2f(2) B (2f'(2))
() o (57
23) = 1+T§Fn(bo,b1,...,bn1);1
+ (1= 1+iFn(o,—b1,...,_(n_1)bn1);1
o Z [AFn41(bo, b1, - o bn) 4+ (1 = A) Fpga (0, =by, ., —nby)] ZTIH
n=0

Lemma 2.4 ([14]). If h € P, then |ck| < 2 for each k, where P is the family of
all functions h analytic in A = {z € C: 1 < |z| < oo} for which Re(h(z)) >0
where h(z) =1+ 2+ F + & +---.

3. Coefficient estimates

Theorem 3.1. Let f(z) € Xgg given by (1.1) be in the class Tsy (B, A) (A >

1, 0<B <) Ifby =by =+~ =by_1 =0 for n being odd or if by = by
<o+ =bp_1 =0 forn being even, then

2(1 —
(3.1) b < (1=5) N1

(n+1D)((n+DA—n)"  —

Proof. For meromorphic bi-univalent function f of the form (1.1) by applying
Lemma 2.3, we have:

A (zﬂz)) +(1-N) (1 + zf”(z)>

f(2) f'(z)
(3.2) oo !
=1+ Y [(AFag1(bo,- - bn) + (1= N Fpy1(0,=by, ..., —nby)] 1
n=0
and again by applying Lemma 2.3 for its inverse map g = f~!, we have:
/ 1
A <w9 (“’)) (=N (1 + 2 (w))
g(w) g'(w)
(3.3) oo 1
=1+ [AFur1(Bo, ..., Bn)+(1=A)Fns1(0,~Bu,...,—nB,)| —T

n=0

Since f € Tuy (8, A), by definition, there exist two positive real-part functions
p(z) =14+3,7 ¢z " and g(w) =1+ Y7, dyw™", where Re{p(z)} > 0 and
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Re{gq(w)} > 0 in A so that:

V() s (55

(3.4) - )
= 1 —+ (1 — ﬂ) Z K,}H_l(Cl,CQ, . ,Cn+1)ﬁ
n=0
and
wg' (w) _ wg" (w)
s M) 0 ()
=1+(1—=B)Y Kyi(dida,.. .,dnﬂ)ﬁ.

n=0

By equating the corresponding coefficients of (3.2) and (3.4), we have:

AF41(bo, b1, .. bp) + (1 = A)Fpy1(0, b1, ..., —nby,)
=(1- ﬂ)K71H_1(81, €2y vy Cptl)
and, similarly, from (3.3) and (3.5), we obtain:

AF,41(Bo,B1,...,By) + (1 — A\)F,41(0,—By,...,—nBy,)
= (1= B)Kpy1(di,da, ... dpia).
Note that for b =0; 1 <k <n — 1, we have By = —by, B, = —b,,, then
(3.8) Fri1(bo,0,...,0,b,) = (=1)" 1ot — (n + 1)b,,.

(3.6)

(3.7)

Hence, when n is odd, by using equation (3.8) and By = —bg, B, = —b,, the
equalities (3.6) and (3.7) can be written as follow:

Mgt (n+ 1) [n—Xn+1D)]b, = (1 - B)ens,
Mt — (1) [n—An+1)]b, = (1 - B)dni1.
Subtract two above equation, we have

2(n+ 1) [n = An+ D]bp = (1 = B)(cntr = dnta).

Now using Lemma 2.4, we immediately have:

b= =Bl —dunl __ 201-p)
" 2n+ D) (n+DA=n) ~ (n+ 1) (n+ 1A —n)
When n is even, if (bp = --- = b,—1 = 0) again using equation (3.8), the

equalities (3.6) and (3.7) can be written as a follow:

m+1)[n—An+1)]b, =1 - B)enta,
—(n+1)[n—An+1D]b, =(1—-B)dnt1.
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Now getting the absolute values of either of the above two equalities and using
Lemma 2.4, we obtain:

|b |: (1*ﬂ)‘6n+1| < 2(17ﬂ) )
" n+D((n+DA=n) ~ (n+D((n+ 1A —n)

This evidently completes the proof of Theorem 3.1. O

Theorem 3.2. Let f(z) € Tuy (B, A), where (A >1, 0 < 8 < 1). Then

VA A 25 <2
Ibo < > A28 <

2028\ 428 > 2,

1-5
22X — 1|’

2(1-p) 2(1-8)y.
1bs| < s Lty Tl A+26<2

2(1— 4(1—8)?
3((3/\762)) [+ X ,\2,8) i A+26=2.

bi] <

and

Proof. Comparing corresponding coefficients of (3.2) and (3.4) for n = 0,1, 2,
we obtain:

(39) —)\bo = (1 - 5)61,

(3.10) AbZ +2(1 — 20)by = (1 — B)ca,

and

(3.11) — b3 + 3Aboby + 3(2 — 3\)ba = (1 — B)es.

Getting the absolute values of (3.9) and using Lemma 2.4, we have:
2(1 —

(3.12) Ibo| < %.

Similarly, comparing corresponding coefficients of (3.3) and (3.5) for n =1, we
obtain

(3.13) b2 —2(1 = 20)by = (1 — B)do.
Adding (3.10) and (3.13) yields:
2002 = (1 — B)(c2 + do).
Getting the absolute values of the above equality and using Lemma 2.4, we get:

(3.14) |b0|:\/(1_m2|§2+d2|<\/2(1A_ﬁ)'

From (3.12) and (3.14), we obtain the first part of theorem.
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To show the second part of the theorem, subtracting (3.13) from (3.10) we
obtain:

4(1=2X0)by = (1 = B)(c2 — d2).
Getting the absolute values of the above equality and using Lemma 2.4, we get:
(L—Blea—do| _ 1-5
4|1 — 2] 221

Finally, to determine the bound on |bs|, comparing corresponding coefficients
of (3.3) and (3.5) for n = 2, we have

|b1| =

(3.15) Abo® — 6(1 — 20)boby — 3(2 — 3\)by = (1 — B)ds.
Similarly, consider the sum of (3.11) and (3.15), we have
(316) 3(5)\ — 2)bob1 = (1 - ﬁ)(c:g + d3)
Subtracting (3.15) from (3.11) and using (3.16), we obtain
2 -3\

(3.17)  6(2—=3N)b2 = (1 —B)(c3 —d3) — N 2(1 — B)(cs + d3) + 2Xbo®,
ie.,

8A—4 2) ;
By using Lemma 2.4 and (3.12), (3.14) we have the result. O

4. Corollaries and consequences

Remark 4.1. Trivially the estimates of |bg|, |b1] and |be| which obtained in
Theorem 3.2 are better than the corresponding estimates in Theorem 1.2.

By putting A = 1 in Theorem 3.1 and Theorem 3.2, we conclude the following
results.

Corollary 4.2. Let f(2) € Tuo(8) 0<8<1). Ifby=by=---=b,_1 =0
for n being odd or if bg = by = -+ =by_1 =0 for n being even, then
2(1 —
‘bn‘ S M
n+1

Corollary 4.3. Let f(z) € Ty (8) (0< B8 < 1). Then

|b0|<{\/2(15); 0<p<i

21-8); 3<B<1,

|b1‘ Sl*/Ba

and 2(1-8)
1 +20-p)); 0<p8< 2
by < { 1 ( )l 5

2B 44(1-p)2; $<B<1.
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Remark 4.4. The estimates of |bg| and |b1| which obtained in Corollary 4.3 are
better than the corresponding estimates in [10, Theorem 2].
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